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7RZHUV�RI�+DQRL�
$�YLHZ�RI�+DQRL�

+DQRL�LV�WKH�FDSLWDO�RI�9LHWQDP�ZLWK�D�
PLOOHQQLXP� ORQJ� KLVWRU\�� 2QH� RI� WKH�
PRVW�IDPRXV�WKLQJV�DVVRFLDWHG�ZLWK�LW�
LV�WKLV�P\VWHULRXV�SX]]OH��
$�JURXS�RI�PRQNV�DUH�WKH�NHHSHUV�RI�
WKUHH�WRZHUV�RQ�ZKLFK����JROGHQ�ULQJV�
VLW�� 2ULJLQDOO\� DOO� ��� ULQJV� ZHUH�
VWDFNHG� RQ� RQH� WRZHU� ZLWK� HDFK� ULQJ�

VPDOOHU�WKDQ�WKH�RQH�EHQHDWK��7KH�PRQNV�DUH�WR�PRYH�WKH�ULQJV�IURP�WKLV�
ILUVW� WRZHU� WR� WKH� WKLUG� WRZHU�RQH� DW� D� WLPH�EXW� QHYHU�PRYLQJ� D� ODUJHU�
ULQJ�RQ�WRS�RI�D�VPDOOHU�RQH��2QFH�WKH����ULQJV�KDYH�DOO�EHHQ�PRYHG��WKH�
ZRUOG�ZLOO�FRPH�WR�DQ�HQG��
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�

'RQ·W� EH� GHFHLYHG� E\� DQ\RQH� ZKR� RIIHUV� \RX� PLOOLRQV� RI� SRXQGV� IRU�
FRPSOHWLQJ�WKLV�WDVN��/HW�XV�FRQVLGHU�D�PXFK�VLPSOHU�FDVH�ZLWK���WRZHUV�
DJDLQ� EXW� DVVXPH� WKDW� RXU� WDVN� LV� WR�PRYH� �� VWDFNHG� GLVNV� WR� WRZHU� ��
REH\LQJ�WKH�UXOHV�VHW�E\�WKH�PRQNV���
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)LUVW��VWDUW�ZLWK�PRYLQJ�GLVN���WR�WRZHU����ZK\�QRW�WR�WRZHU��"���
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�

1H[W�VWHS�LV�REYLRXV�DV�ZH�FDQQRW�PRYH�GLVN���DQ\ZKHUH�HOVH�EXW�WR�WRZHU�
���LW�GRHVQ·W�PDNH�VHQVH�WR�PRYH�GLVN���WR�WRZHU������

�

�

5HPHPEHU�WKDW�ZH�ZDQW� WR�PRYH�WKH�ULQJV�IURP�WRZHU� �� WR� WRZHU��� �LQ�
WKHLU�RULJLQDO�RUGHU���WKHUHIRUH�HPSW\LQJ�WRZHU���DW�WKLV�SRLQW�ZRXOG�EH�D�
JRRG�LGHD��6R��GLVN���JRHV�WR�WRZHU����
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(YHU\WKLQJ�ORRNV�LQ�JRRG�VKDSH��0RYH�GLVF���WR�WRZHU���QRZ���
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:H�ZDQW�WR�SXW�GLVF���RQ�WRS�RI�GLVF����VR�ZK\�QRW�PRYH�GLVF���WR�WRZHU��"�
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$QG��DV�ZH�ZDQWHG�GLVF���JRHV�WR�WRZHU����
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$W�ODVW��PRYH�GLVF���WR�WRZHU���WR�FRPSOHWH�WKH�WDVN��
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)LQH�� EXW� ZKDW� GRHV� LW� KDYH� WR� GR� ZLWK� PDWKV"� /HW·V� JR� EDFN� WR� WKH�
TXHVWLRQ�ZH�DVNHG���

:K\�GLG�ZH�VWDUW�ZLWK�PRYLQJ��
GLVF���WR�WRZHU���LQVWHDG�RI�WRZHU��"�

:HOO�� WKLQN� DERXW�ZKDW�ZRXOG� KDYH� KDSSHQHG� LI�ZH� KDG�PRYHG� GLVF� �� WR�
WRZHU����&RXOG�WKH�UHDVRQ�EH�WKDW�ZH�ZDQWHG�WR�PRYH�WKH�GLVFV�IDVWHU�RU��
LQ� RWKHU� ZRUGV�� ZLWK� WKH� OHDVW� QXPEHU� RI� VWHSV"� 1RZ�� WKH� TXHVWLRQ�
EHFRPHV�PRUH�PDWKHPDWLFDO��

:KDW�LV�WKH�PLQLPXP�QXPEHU�RI�VWHSV��
WR�PRYH���GLVFV�IURP�WRZHU���WR�WRZHU��"�

2ND\��ILUVW��KDYH�D�ORRN�DW�WKH�VHTXHQFH��
���������������������������������������«�
:KDW�FRPHV�QH[W"�*RRG�JXHVV��

6R��\RX�KDYH�VHHQ�WKH�SDWWHUQ��,Q�PDWKV��WKLV�NLQG�RI�UHODWLRQ�LV�FDOOHG�DQ�
´UHFXUUHQFH�UHODWLRQµ��<RX�PD\�VD\��´:KDW�DERXW�WKH�ILUVW�WZR�QXPEHUV"µ�
:HOO��WKHVH�VWDUW�XS�YDOXHV�DUH�FDOOHG�´LQLWLDO�FRQGLWLRQVµ���
/HW·V�FDOO�WKH�QXPEHUV�LQ�WKH�VHTXHQFH��

:KDW�ZH�ZDQW�WR�GR�LV�ZULWH�GRZQ�D�´UHFXUUHQFH�UHODWLRQµ�IRU�WKH�DERYH�
VHTXHQFH�DV�D�FHUWDLQ�HTXDWLRQ�WKDW�UHODWHV� na �WR�VRPH�RI� 110  , . . . ,  , −naaa ��
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1RZ��WKH�LQLWLDO�FRQGLWLRQV�IRU�D�VHTXHQFH�DUH�MXVW�JLYHQ�YDOXHV�IRU�D�ILQLWH�
QXPEHU�RI�WHUPV�DW�WKH�VWDUW�RI�WKH�VHTXHQFH��

:KDW�ZDV�WKH�TXHVWLRQ�DJDLQ"�´PLQLPXP�QXPEHU�RI�VWHSVµ"�
,I�WKHUH�LV�RQO\���GLVF��ZH�PRYH�LW�IURP�WRZHU���WR�WRZHU���DQG�WKDW·V�LW��
,I� WKHUH� LV�PRUH�WKDQ� ��GLVF� �OHW·V� VD\� ´n µ�� WKHQ�ZH�UHFXUVLYHO\�XVH�RXU�
PHWKRG�WR�PRYH�WKH�WRS� 1−n �GLVFV�WR�WRZHU����WKH�ERWWRP�GLVF�LV�VWLOO�RQ�
WRZHU�����1H[W�ZH�PRYH�WKH�ERWWRP�GLVF��FDOO�LW�GLVF�QXPEHU� n ��WR�WRZHU�
���)LQDOO\��ZH�DJDLQ�UHFXUVLYHO\�XVH�RXU�PHWKRG�WR�PRYH�WKH� 1−n �GLVFV�RQ�
WRZHU���WR�WRZHU����
6R�WKLV�UHDOO\�PHDQV�WKDW�ZH�VROYH�WKH� 1−n �GLVF�SUREOHP��WKHQ�ZH�PRYH�
WKH�ERWWRP�GLVF��GLVF�QXPEHU� n ��IURP�WRZHU���WR�WRZHU���DQG�ILQDOO\�VROYH�
WKH� 1−n �GLVF�SUREOHP�DJDLQ��7KHUHIRUH��

7KH�LQLWLDO�FRQGLWLRQ�LV��

7KH�TXHVWLRQ�DJDLQ"��
´PLQLPXP�QXPEHU�RI�VWHSV�WR�PRYH���GLVFV"µ�

$IWHU�DOO�WKLV�SUHSDUDWLRQ�LW�ZRXOGQ·W�EH�IDLU�WR�VROYH�LW�IRU���GLVFV�RQO\��
/HW·V�FRQVLGHU�n �GLVFV�LQVWHDG��
:H�NQRZ�WKDW�

%\� ORRNLQJ�DW�WKLV�HTXDWLRQ�DQG�VXEVWLWXWLQJ� 1−n �ZKHUHYHU�ZH�VHH� n �ZH�
FDQ�DOVR�ZULWH��

1RZ� na �FDQ�EH�ZULWWHQ�LQ�D�GLIIHUHQW�ZD\��

1             , 1   2  1 >+= − naa nn

1.  1 =a

.1   2  1 += −nn aa

.1   2  21 += −− nn aa

1 2   2  1  1)   2( 2  2
2

2 ++=++= −− nnn aaa



,I�ZH�GR� WKH� VDPH� WKLQJ�ZLWK� ... ,  , 32 −− nn aa � � ZH� FDQ�ZULWH� na � GLIIHUHQWO\�
HDFK�WLPH��

:KHUH� GLG� WKH� VWDUUHG� OLQH� FRPH� IURP"� �:H·OO� GLVFXVV� LW� GXULQJ� WKH�
PHHWLQJ��� ,Q� PDWKHPDWLFDO� WHUPV� WKH� VHULHV� DERYH� WKH� VWDUUHG� RQH� LV�
FDOOHG�D�´JHRPHWULF�VHULHVµ��
:HOO��LV�LW�FOHDU�QRZ�ZK\�ZH�PXVWQ·W�DFFHSW�HYHQ�D�PLOOLRQ�SRXQG�RIIHU�WR�
FRPSOHWH� WKH� PRQNV·� WDVN"� 7KH� PLQLPXP� QXPEHU� RI� PRYHV� WKH� WDVN�
UHTXLUHV�LV��

�$W� WKLV�SRLQW�\RX�PLJKW�VD\�� ´2ND\��EXW�KRZ�GR�,�NQRZ�WKDW�WKLV� LV� WKH�
PLQLPXP�QXPEHU�RI�VWHSV�RU�KRZ�FDQ�,�PDNH�VXUH�WKDW�WKHUH�LVQ·W�D�ZD\�RI�
PRYLQJ�DOO����GLVFV�LQ�OHVV�WKDQ�WKLV�PDQ\�PRYHV"µ�7KH�DQVZHU�FRPHV�IURP�
WKH�VR�FDOOHG�´PDWKHPDWLFDO�LQGXFWLRQµ��+RZ�GRHV�LW�ZRUN"�
/HW·V�FDOO�WKH�QXPEHU�RI�PRYHV�UHTXLUHG�IRU�WKH�EHVW�VROXWLRQ�IRU�WKH� n �
GLVF�SUREOHP� np ���:H�ZDQW�WR�VKRZ�WKDW��
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,I� 1  =n ����
5HPHPEHU�  1  1 =a �LQLWLDO�FRQGLWLRQ���7KH�EHVW�VROXWLRQ�ZLOO�EH�MXVW�RQH�PRYH�
IURP� WRZHU� �� WR� WRZHU� ��� 7KLV� PHDQV� WKDW� 1.  1 =p 7KHUHIRUH�� WKH� DERYH�
VWDWHPHQW�LV�WUXH�IRU� 1  =n ��DQG� 1.    11 == pa �
1RZ��DVVXPH�WKDW�RXU�VWDWHPHQW�LV�WUXH�IRU� 1−n � ��&RQVLGHU�WKH�VWDJH�LQ�
WKH�EHVW�VROXWLRQ�WR�RXU� n �GLVF�SUREOHP�ZKHQ�ZH�KDYH�WR�PRYH�WKH�ODUJHVW�
GLVF�� $W� WKLV� SRLQW� WKH� ODUJHVW� GLVF� KDV� WR� EH� RQ� WRZHU� �� E\� LWVHOI� DQG�
WRZHU� �� KDV� WR� EH� HPSW\�� EXW� WKLV� PHDQV� WKDW� 1 - n � GLVFV� KDYH� WR� EH�
VWDFNHG�RQ�WRZHU����:H�FDQ�VHH�WKDW�WKLV�LV�WKH�VDPH�DV�VROYLQJ�WKH� 1 - n �
GLVF� SUREOHP� ILUVW�� 5HPHPEHU�� ZH� FDOOHG� WKH� QXPEHU� RI�PRYHV� UHTXLUHG�
IRU�WKH�EHVW�VROXWLRQ IRU�WKH� n �GLVF�SUREOHP� np ���7KHUHIRUH��WKH�QXPEHU�
RI�PRYHV�UHTXLUHG�IRU�WKH�EHVW�VROXWLRQ IRU�WKH� 1 - n �GLVF�SUREOHP�ZLOO�EH�

1−np � ��1RZ�� ZH� FDQ�PRYH� WKH� ODUJHVW� GLVF� IURP� WRZHU� �� WR� WRZHU� �� DQG�
ILQDOO\��PRYH�WKH� 1 - n �GLVFV�IURP�WRZHU���WR�WRZHU���ZKLFK�� OLNH�EHIRUH��
KDV�WKH�EHVW�VROXWLRQ�RI� 1−np �DGGLWLRQDO�PRYHV��7KLV�PHDQV�WKDW�

:H� KDYH� DOUHDG\� DVVXPHG� WKDW� RXU� VWDWHPHQW� LV� WUXH� IRU� 1−n ��
�� 11   −− = nn pa ���5HSODFLQJ� 1−np �E\� 1−na ���

7KH� ODVW� HTXDOLW\� LQ� WKH� DERYH� HTXDWLRQ� FDPH� IURP� WKH� UHFXUUHQFH�
UHODWLRQ���
1R�VROXWLRQ�FDQ�WDNH�IHZHU�PRYHV�WKDQ�WKH�EHVW�VROXWLRQ��

8VLQJ�WKH�ODVW�WZR�LQHTXDOLWLHV�ZH�KDYH�

7KHUHIRUH�WKLV�LV�WKH�EHVW�VROXWLRQ��
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7ZR�DGGLWLRQDO�SX]]OHV�IRU�FXULRXV�EUDLQV��
��� ,PDJLQH� WKDW� \RX·YH� JRW� D� FKHVV� ERDUG� ���� VTXDUHV�� DQG� D� URSH�� <RX�

VWUHWFK�WKH�URSH�DQG�PRYH�LW�RQ�WKH�VXUIDFH�RI�WKH�ERDUG��+RZ�PDQ\�
VTXDUHV�FDQ�\RX�WRXFK�ZLWK�WKH�URSH�DW�PRVW"��
'LIILFXOW"��
:K\�QRW�FRQVLGHU�D�VLPSOHU�FDVH"��
/LNH�ZKDW"���
/LNH�D���[���FKHVV�ERDUG"�
&DQ�\RX�JHQHUDOLVH�LW�WR���[���QRZ"�
�

��� 7KHUH� DUH� DQ� RGG� QXPEHU� RI� SHRSOH� LQ� D� FURZG� �ZHOO�� OHW·V� VD\� PRUH�
WKDQ� �� SHRSOH��� <RX� WHOO� HYHU\RQH� WR� FKRRVH� WKUHH� LQ� WKH� FURZG� WR�
VKDUH�D�VHFUHW�DQG�VRPHERG\�WHOOV�\RX�WKDW�WKDW·V�QRW�SRVVLEOH��
3X]]OHG"�
$JDLQ�VWDUW�ZLWK�D�VLPSOHU�FDVH"�/HW·V�VD\�WKDW�WKHUH�DUH�RQO\���SHRSOH�
LQ�WKH�FURZG��
&DQ�\RX�JHQHUDOLVH�LW"��


