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1. Prove
∂ρ

∂t
+ div j = 0 ,

where

j = −
ih̄

2m
[ψ∗∇ψ − ψ∇ψ∗] ,

using the standard non-relativistic Schrödinger equation.

2. (a) The Lagrange density for a real scalar field is given by

L0 =
1

2
(∂φ)2 −

1

2
m2φ2 .

Show that the Hamiltonian H0 is given by

H0 =
1

2

∫

(

φ̇2 + (∇φ)2 +m2φ2
)

d3x .

(b) The canonical commutation relations are given by

[φ(x, t), π(x′, t)] = ih̄δ(x − x′) ,

[φ(x, t), φ(x′, t)] = 0 ,

[π(x, t), π(x′, t)] = 0 .

Show that with these commutation relations the (Heisenberg) equations of motion for
the time evolution of the operators φ and π,

ih̄φ̇ = [φ,H0] and ih̄π̇ = [π,H0] ,

imply the Klein-Gordon equation for the field φ.

(c) Now consider the Lagrange density

L = L0 + LI ,

with the interaction Lagrangian

LI = −
λ3

3!
φ3 −

λ4

4!
φ4 .

Derive the equation of motion from the general form of the Euler-Lagrange equations

∂µ

[

∂L

∂(∂µφ)

]

−
∂L

∂φ
= 0 .

p.t.o.
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3. Creation and annihilation operators:

(a) Two-particle states are defined by |p1,p2〉 = a†(p1)a
†(p2)|0〉. Show that

〈p′
1
,p′

2
|p1,p2〉 = (2π)6(2p0

1
)(2p0

2
) [δ(p1 − p′

1
)δ(p2 − p′

2
) + δ(p1 − p′

2
)δ(p2 − p′

1
)] .

(b) Show that the number operator, defined by

N :=
1

(2π)3

∫

d3p

2p0
a†(p)a(p) ,

satisfies
[N, a†(p)] = a†(p) ,

and hence
N |p1 . . .pn〉 = n |p1 . . .pn〉 .
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