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String sigma model:

∫
Σ

gµν(x)dxµ ∧ ∗dxν +
∫
D

H

� x : Σ→ X (X - target space)

� ∂D = Σ

� H = dBα (Bα defined on a patch Xα)

(SUPER)SYMMETRIES OF THE TARGET SPACE
VS.

GOLBAL CONSTRAINS



Phase space of string sigma model

• The phase space for the string sigma model on S1 × R is T ∗LX — the cotangent
bundle to the loop space of X (X - compact smooth manifold.)

• T ∗LX is naturally a symplectic space: given a loop x : S1 ↪→ X, the symplectic
form is

ωX =
∮
S1
dσ
[
δp+ ı(∂σx)H

]
(where

∮
S1 dσ ı(∂σx)H = 1

2

∮
S1 dσ ∂σx

M (σ)HMNP (x(σ))δxN (σ) ∧ δxP (σ))

• Geometric quantization – a hermitian line bundle over the phase space with a
connection that has curvature ω (in the patch Xα):

ϑX = δzα +
∮
S1
dσ
[
p− ı(∂σx)Bα

]
with

� ı(∂σx)B = ∂σx
MBMNδx

N (σ).

� on the twofold intersection Xαβ : Bα −Bβ = dAαβ

� p is globally well defined: it is a section of x∗(T ∗X) ( zα − zβ =
∮
S1 x

∗Aαβ)



Current algebra.

• Given a section (v, ρ) of TX ⊕ T ∗X one can construct a current:

Jε(v, ρ) =
∮
S1
dσ ε(σ)

[
ı(v)p+ ı(∂σx) ρ

]
ε(σ) is a smooth (test) function on the circle.

→ ε(σ) – smooth (test) function on the circle

→ Noether current for ıvH = dρ

• Poisson bracket of two such currents is

{Jε1(v1, ρ1), Jε2(v2, ρ2)} = Jε1ε2
(
[(v1, ρ1), (v2, ρ2)]H

)
−1

2

∮
S1
dσ (ε1∂σε2−ε2∂σε1)

[
ıv1ρ2+ıv2ρ1

]
• [·, ·]H is the twisted Courant bracket:

[(v1, ρ1), (v2, ρ2)]H = [v1, v2]Lie +
{
Lv1ρ2 − Lv2ρ1 −

1
2
d(ıv1ρ2 − ıv2ρ1) + ıv1 ıv2H

}
A special case of a derived bracket : [A,B]D ≡ [{A·, D}, B·] (with D2 = 0, e.g.
D = d, (d−H∧), ...). For Lie bracket: [{ıv, d}, ıw] = ı[v,w]Lie



Courant and GCG

• GCG J : T ⊕ T ∗ −→ T ⊕ T ∗ (J 2 = −1; J †IJ = I)

� Structure group: ⇒ U(3,3)

• GCS integrable: π+[π−(v), π−(w)]Lie = 0 7→ Π+[Π−(X),Π−(Y )]C = 0 with Courant
bracket:

[v + ξ, w + η] = [v, w] +
{
Lvη − Lwξ − 1

2 d(ıvη − ıwξ)
}

• Compatibility of two GCS’s (Structure group: ⇒ U(3)×U(3) ): [J1,J2] = 0
⇒

G = J1J2 =

 −g−1B g−1

g −Bg−1B Bg−1


g → metric on T of signature (d, 6− d)

• Twisting: d 7→ d−H∧, [., .]C 7→ [., .]C + ιvιwH



Pure spinors and integrability of GCS (GCY)

• i-eigenbundle of J LJ is of max dimension (6) and is null - max. isotropic.

• Spinor bundle S = Λ•T ∗:

� Clifford action on a spinor Φ: (v + ζ) · Φ = vmı∂m Φ + ζmdx
m ∧ Φ

� LΦ = {v + ζ ∈ T ⊕ T ∗ | (v + ζ) · Φ = 0} is isotropic
(((v + ζ) · (v + ζ)Φ) = −(v + ζ, v + ζ)Φ)

� If LΦ of max. dimension – Φ - pure spinor

� If LJ = LΦ ⇒ J ↔ line of pure spinors

• For A,B ∈ LΦ, [A,B]CΦ = (AB −BA) · dΦ

� dΦ = (ιv + ζ∧)Φ ⇔ J -integrable

� dΦ = 0 ([A,B]C ∈ LΦ = LJ ) – GCY condition

• Global pure spinor: structure group on TX ⊕ T ∗X SU(3,3); a pair of compatible
pure spinors (Φ+ & Φ−) – SU(3)×SU(3)



Pure spinors and N=1 supersymmetric vacua:

Equations

of motion
⇔



� (d−H∧)(e2A−φΦ1) = 0

� (d−H∧)(e2A−φΦ2) = e2A−φdA ∧ Φ̄2 + i
8e

3A ∗ λ(F )

⇒ (d+H∧)(e4A ∗ F ) = 0 (λ(Fn) = (−1)Int[n/2]Fn)

⇒ d(e4A−2φ ∗H) = ∓e4AFn ∧ ∗Fn+2 (for Minkowski vacua)

� dH = 0

� (d−H∧)F = δ(source)

• With
IIA → Φ1 = Φ+ IIB → Φ1 = Φ−

Φ2 = Φ− Φ2 = Φ+

• Use: η1
+ ⊗ η

2 †
± = 1

8

∑6
k=0

1
k!

(
η2 †
± γmk...m1η

1
+

)
γm1...mk

• Φ+ = η1
+ ⊗ η

2 †
+ ∈ ΛevT ∗ and Φ− = η1

+ ⊗ η
2 †
− ∈ ΛoddT ∗



Tn action

• Principal torus bundle Tn ↪→ X
π−→M :

• A connection on X is a globally well defined smooth 1-form Θ on X with values in
t := Lie Tn ∼= Rn.

• Isometries: ıK Θ = I ∈ t∗ ⊗ t (LKΘ = 0) and LKH = 0

• 3-form H:

H = π∗H3 + 〈π∗H2,Θ〉+
1
2
〈π∗H1,Θ ∧Θ〉+

1
6
〈π∗H0,Θ ∧Θ ∧Θ〉

(but Bα = B2α + 〈B1α,Θ〉+ 1
2 〈B0α,Θ ∧Θ〉 (No π∗!))

→ Hj ∈ Ωj(M ; Λ3−jt) for j = 0, 1, 2, 3

→ 〈·, ·〉: the natural pairing t∗ ⊗ t→R

→ dH = 0 ⇒ dHj + 〈Hj−1, F 〉 = 0



Tn action & Courant

• v = vM + 〈K, f〉 and ρ = ρM + 〈φ,Θ〉

• LKv = 0 and LKρ = 0,⇒ f ∈ Ω0(M, t) and φ ∈ Ω0(M, t∗). ( Tn-invariant section of
TX can be written as an element (vM , f) ∈ TM ⊕ t, while a Tn-invariant section of
TX∗ can be written as (ρM , φ) ∈ T ∗M ⊕ t∗. )

• ıvλ ⇒ ı((vM , f))(λM , ω) = ı(vM )λM + 〈ω, f〉
dλ ⇒ d(λM , ω) = (dλM + 〈ω, F 〉,−dω) ....

ı((vM , f))H =
(

(ı(vM )H3 + 〈H2, f〉), (ı(vM )H2 − 〈H1, f〉), (ı(vM )H1 + 〈H0, f〉)
)

• Courant (problems with O(n,n)):

[(vM , f ;ρM , φ), (wM , g;λM , ω)]H = [(vM ; ρM ), (wM ;λM )]H3+(
0,LvM g − LwM f ; 〈ω, df〉 − 〈φ, dg〉+

1
2
d(〈ω, f〉 − 〈φ, g〉),LvMω − LwMφ

)
+(

0, ıvM ıwMF ; 〈ω, ıvMF 〉+ 〈ıvMF#, g〉 − 〈ıwMF#, f〉 − 〈φ, ıwMF 〉, ıvM ıwMF#

)
−(

0, 0; 〈H1, [f, g]〉, 〈H0, [f, g]〉
)



Action of O(n,n) is obstructed for H0 6= 0 & H1(M) 6= 0!!!

Geometrization of H (d(ıKH) = 0) gives

instead of



Obstructed T-duality ↔ “non-geometric backgrounds”

• Courant bracket as the algebra of sections of the generalised tangent bundle E:

0→ T ∗X → E → TX → 0

→ Choice of B ⇒ identification with T ⊕ T ∗

(v + ξ)|Xα = vα + (ξ̂α + ivBα).

→ On two-foold intersection Xα ∩Xβ : Bα = Bβ + dAαβ

xα + ξ̂α = xβ + ξ̂β − iXdAαβ

→ Courant on E⇒ twisted Courant on T ⊕ T ∗

→ Global spinor on E: eBαΦα = eBβΦβ



Parallelizable manifolds

• A global basis of vectors and forms:
[ṽm, ṽn] = f lmnṽl and dem = −1

2
fmlne

l ∧ en

• Passing to E:
Em = ṽm − ıṽmB, Em = em .

• Restriction of the Courant bracket to the basis:

[Em, En] = f lmnEl −HlmnE
l

[Em, En] = −fnmlEl

[Em, En] = 0

• PS equations lift to E

→ (d−H)Φ ⇔ dΦα = 0

• T-duality preserves the form of the equations

•

eB
(2)

Φ±0 7→ eβΦ̃±0

eBd(e−BΦ0) = dΦ0 −H ∧ Φ0 7→ eβd(e−βΦ̃0) = dΦ̃0 −QxΦ̃0



β - transform and Courant bracket

• Gluing with β transform:

(X + ξ)|Xα = (Xα + ξyβα) + ξ̂

Cannot identify with T ⊕ T ∗ !!! (unless ...)

• New basis:
Em = ṽm , Em = em + (emxβ) = em + βmnṽn

• New algebra:
[Em, En] = f lmnEl

[Em, En] = −fnmlEl −QnlmEl
[Em, En] = Qmnl El

→ Twisted tori:

fmln =

 faµν for a, b - along the fibre Td, ([va, vb] = 0); µ, ν - along the base

0 otherwise

→ β = 1
2β

abıa ∧ ıb (constant β Td is a symmetry of the Courant bracket)

• Can take β → const (Q→ 0) ... unless H1(M,Z) 6= 0.



General O(n,n)

• The spinor:
Φ± = eA+B+βΦ±(0)

• The algebra:

[[Em, En] = f lmnEl +HmnlE
l

[Em, En] = −f̃nmlEl − Q̃nlmEl

[Em, En] = Qmnl El

The conclusion

• For H1(M,Z) 6= 0, O(n,n) action is obstructed, and no restriction to T ⊕ T ∗ (of
anything!) is possible. For H1(M,Z) = 0, can think of a twisted Courant on E (i.e.
choose Q→ 0).


