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String sigma model:

/gw(x)d:c““ A xdx” —|—/ H
by D
ox: XU —X (X - target space)

o 0D =%

o H=dB, (B, defined on a patch X,,)

(SUPER)SYMMETRIES OF THE TARGET SPACE
VS.
GOLBAL CONSTRAINS



Phase space of string sigma model

e The phase space for the string sigma model on S* x R is 7*LX — the cotangent
bundle to the loop space of X (X - compact smooth manifold.)

e T*LX is naturally a symplectic space: given a loop z : S — X, the symplectic
formis

wx = ]{gl do |6p + 1(0,x)H |

(where ¢, do1(0p2)H = 5 $o1 do 2™ (0) Hynp(z(0))d2N (o) A b2 (o))

e Geometric quantization — a hermitian line bundle over the phase space with a
connection that has curvature w (in the patch X, ):

Vx = 0z, + ]{ do [p — z((%x)Ba}
Sl

with

o 1(0,2)B = 0,2 By nox? (o).

o on the twofold intersection X,3: B, — Bg = dA.s

o pis globally well defined: it is a section of 2™ (T*X) ( zo — 28 = $q1 " Aag)



Current algebra.

e Given a section (v, p) of TX & T* X one can construct a current:

Ji0.p) = . do @) [i(v)p +1(0,) ]

(o) is a smooth (test) function on the circle.
— €(o) —smooth (test) function on the circle

— Noether current for 1, H = dp

e Poisson bracket of two such currents is

1

{Jey (01, p1), Jey (v2,p2)} = Jeres ([(01, 1), (02702)]11)—57{ do (€105€2—€205€1) [10y P2+, 1]
Sl

o [-,-]x is the twisted Courant bracket:

1
[(v1, p1), (V2, p2)]H = [v1, V2]Lie + {£v1p2 — Loy, p1 — 5 d(1y, P2 — 1y p1) + zvlzng}

A special case of a derived bracket : [A, B]p = [{A-, D}, B:] (with D? =0, e.g.
D =d,(d— HA),...). For Lie bracket: [{v,,d}, 2] = 2[4

Lie



Courant and GCG

e GCG T :ToT* —ToT* (J?>=-1;, JIJ=1)
¢ Structure group: = U(3,3)

e GCS integrable: 7wy [m_(v), 7_(w)]Lie =0 — I [II_(X),I1_(Y)]c = 0 with Courant
bracket:

v+ & w+n] = [v,w] + {ﬁfun — L& — %d(%ﬂ? — ng)}

e Compatibility of two GCS’s  (Structure group: = U(3)xU(3)): [J1,T2] =0

=
—1 —1
—g B g
G=09=
g—Bg™'B Bg!

g — metric on T of signature (d,6 — d)

e Twisting: d~—d— HA, e~ [, o+ wiwH



Pure spinors and integrability of GCS (GCY)
e i-eigenbundle of 7 L 7 is of max dimension (6) and is null - max. isotropic.

e Spinor bundle S = A*T™:
o Clifford action on a spinor ®: (v+¢) - ® = v™y,, ® + (dax™ A P

o Leg={v+Ce€TdT*|(v+ () P =0} is isotropic
(v +¢)- (v +¢)®) = —(v+ v+ ()P)

o If Le of max. dimension — @ - pure spinor
olfL;y=Ls = J <« line of pure spinors
e ForA,Be Ly, [A B]c®=(AB— BA). dd
o dd = (1, +(N)P <& T -integrable
o d® =0 ([A,B]c € Lg = L) — GCY condition

e Global pure spinor: structure group on T'X ¢ T+ X SU(3,3); a pair of compatible
pure spinors (P & P_) — SU(3)xSU(3)



Pure spinors and N=1 supersymmetric vacua:

Equations

of motion

e With

Dy = O_ By = b,

. 2 6 2 mi...m
o Use:nt @nll = 1500 o & (nd vy mirh ) s

o O, = nle ® 77_2;r c AVT* and &_ = 77_1F ® n%T c Aodd*

(A(Fn) = (-1)/2Ey,)

(for Minkowski vacua)

(o (d— HA)(2A2®,) = 0
o (d— HAN)(e2A2Dy) = e2A7dA N Oy + L34 5 A(F)
" = (d+ HAN)(e* % F) = 0
= d(e* 720 x H) = Fe* F,, A xF, 4o
o dH =0
¢ (d — HA)F = §(source)
IA - & =0, B — & =0_



T™ action

e Principal torus bundle T" — X = M :

e A connection on X is a globally well defined smooth 1-form © on X with values in
t:= LieT" = R"™.

o Isometries: 1x O =1Tct*Rt(LxkO =0)and LxH =0
o 3-form H.:

1 1
H=n"Hs+ (r*Hs,0) + §<7T*H1,@ AO) + 6<7T*H0,@ AO A O)

(but By = Baa + (Bia, ©) + 2(Boa, © A ©) (No 7))
— H; € QI(M;A37¢) for j =0,1,2,3
— (-, -): the natural pairing t* ® t—R
—~ dH=0 = dH;+ (H; ,F)=0



T™ action & Courant
¢ U:UM+<K7f> andp:pM+<¢7@>

e Lxv=0and Lxp=0,= f e QVM,t) and ¢ € Q°(M,t*). ( T*-invariant section of
TX can be written as an element (vy, f) € TM @ t, while a T™-invariant section of
TX* can be written as (py, ¢) € T*M @ t*.)

o A = ((vm, ))(Am,w) = (vm)Am + (W, f)
dx = dOar,w) = (dAy + (w, F), —dw) ...

W(ont, F)H = (((or) Hs + (Ha, £)), ((or) Ha — (Hy, £)), ((orr) Hy + (Ho, £)))
e Courant (problems with O(n,n)):
[(var, fiom5 @), (Wars g5 A, w)| i = [(var; par), (Wars Anr) ] E+
(0, Lure = Lu S5 df) — (6,d) + (0, ) = (6,9 Lu o — Lu 8)
(0220 B (@103, F) + (s s 9) = (s Fo ) = (650, F s gy, P ) =

(0,05 {1, £, 9)). (o, [£.9)))




Action of O(n,n) is obstructed for Hy # 0 & H(M) # 0!

Geometrization of H (d(1x H) = 0) gives

instead of



Obstructed T-duality «— “non-geometric backgrounds”

e Courant bracket as the algebra of sections of the generalised tangent bundle E:
0—-T*X - FE—-TX —0
— Choice of B = identification with T' ¢ T™
(v +&)|x, = va + (éoz + iy By ).
— On two-foold intersection X, N Xg:
B, = B@ + dAag
To +&a =15+ &5 —ixdAnp
— Courant on E = twisted Couranton T'¢ T

— Global spinoron E: e, = ePrdg



Parallelizable manifolds

e A global basis of vectors and forms:

1
(O, U] = FL 0y and de™ = ) mel A en
e Passingto E: By = B — 15, B, Em o om

e Restriction of the Courant bracket to the basis:

[Ema En — fyln,nEl — HlmnEl

(B, E") = — 7, B
E™ E"] =0
e PS equations lift to E
— (d—H)® & d®, =0

e T-duality preserves the form of the equations

(2) >
BT dE - PO

eBd(e_BCI)O) — d(I)O — H A (I)o L eﬁd(e_ﬁéo) — d(i)o — Ql_i)o



0 - transform and Courant bracket

e Gluing with ¢ transform:

A

(X + €)|Xa — (Xa + f—'ﬁoz) + &
Cannot identify with 7" @ T Il (unless ...)
e New basis:
Em = U, E™m =™+ (e B) ="+ """,

New algebra: _
° J E, En] = /. E;

[EmvEn: - T?LZEZ _ Q%El

— Twisted tori:

= 4, fora,b-along the fibre T, ([vg,vs] = 0); i, v - along the base
" 0  otherwise

— 3= 103", A1, (constant 8 T¢ is a symmetry of the Courant bracket)

e Cantake 3 — const (Q — 0) ... unless H'(M,Z) # 0.



General O(n,n)
e The spinor:
O = A EHO

e The algebra:
[[Ema En — f;nnEl + HmnlEl
(B, E"| = —f1 B' — QU E,

The conclusion

e For H(M,Z) # 0, O(n,n) action is obstructed, and no restriction to T"® T* (of
anything!) is possible. For H' (M, Z) = 0, can think of a twisted Courant on E (i.e.
choose (Q — 0).



