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Going into the LHC era

‣Realize particle contents and 
physics low above the EW 
scale.

‣Confirm Higgs mechanism.

‣Among various new physics 
models, to me the most 
attractive candidate is ...
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Attractive alternative to the Higgs sector in the SM

‣Strongly interacting vector-like gauge theory
techni-quarks and techni-gluons instead of quarks and gluons

‣“χ-symmetry” is spontaneously broken at ΛTC (like QCD). 
⇒ Triggers EW symmetry breaking  ⇒ W and Z acquire their masses.

‣mW± = g2 FTC / 2 ⇔ FTC ~250 GeV
(FTC : technipion decay constant)
ΛTC ~ (FTC / fπ)×ΛQCD ~ 2600×ΛQCD ~ O(1) TeV

‣Elementary scalar is not necessary.
No “hierarchy problem”

‣“Tumbling” might derive the Yukawa hierarchy. [Ultimate 
desire]

Lattice technique provides the best way to study TC.

Technicolor (TC) [Weinberg(1979), Susskind(1979)]
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Computational Resources
Usually, lattice simulations 
are very expensive.
First priority is QCD.
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Computational Resources
Usually, lattice simulations 
are very expensive.
First priority is QCD.

Continuous developments of 
Hardware/Software

Room for non QCD gauge 
theory
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Time to study TC from the first principles!
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Problems in traditional TC

-FCNC & mq

-S-parameter

-...
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Walking Technicolor (WTC)
Holdom(1981),  Yamawaki, Bando, Matsumoto(1986), Appelquist, Karabali, Wijewardhana(1986),
Akiba, Yanagida(1986), Bando, Morozumi, So, Yamawaki(1987)
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!Problems in traditional TC models.
- FCNC & heavy quark mass

- S-parameter

!Walking Technicolor (WTC) may 

resolve/ease the problems. Holdom(1981),  Yamawaki, 

Bando, Matsumoto(1986), Appelquist, Karabali, Wijewardhana(1986)

Introduction

EQUATIONS

N. YAMADA

C(µ) = exp
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)
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quark/lepton mass FCNC

If C(MEW) >> 1, the SM fermion mass can be enhanced while FCNC  

is suppressed.

Look for theory with !(g2) ! 0, i.e. walking g2.
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EQUATIONS
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Date: October 28, 2009.

1

This occurs if gTC2 walks over a wide range of the energy 
scale at a relatively large value of gTC2 (β(gTC2)≈0).
➡ Find such theories!

C(μ) >>1 may resolve the FCNC & mq problem!
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S-parameter38 10. Electroweak model and constraints on new physics
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Figure 10.4: 1 σ constraints (39.35 %) on S and T from various inputs combined
with MZ . S and T represent the contributions of new physics only. (Uncertainties
from mt are included in the errors.) The contours assume MH = 117 GeV except
for the central and upper 90% CL contours allowed by all data, which are for
MH = 340 GeV and 1000 GeV, respectively. Data sets not involving MW are
insensitive to U . Due to higher order effects, however, U = 0 has to be assumed in
all fits. αs is constrained using the τ lifetime as additional input in all fits.

vertices. The most general approach introduces deviation vectors [220]. Each type of
new physics defines a deviation vector, the components of which are the deviations of
each observable from its SM prediction, normalized to the experimental uncertainty. The
length (direction) of the vector represents the strength (type) of new physics.

July 24, 2008 18:04

‣ S-parameter is estimated to be 
large in simple QCD-like TC.

‣ However, since in WTC 
dynamics might be drastically 
changed, naive estimation will 
not work.

‣ Need lattice calculations!
cf.
JLQCD Collaboration, PRL101, 242001 (2008);
RBC and UKQCD, arXiv:0909.4931 [hep-lat]

Methodology has been established.
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So far, three SU(Nc) gauge theories have been intensively 
studied on the lattice.

Candidates of WTC

Nc Nf Rep.

Large Nf QCD

Sextet QCD
Two-color adjoint QCD

(Minimal WTC)

3 6~16 fund.

3 2 sextet

2 2 adjoint

This work: 
Running coupling of Nc=3 & Nf=10 gauge theory, 
i.e. 10-flavor QCD
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Determination of the running coupling in Nf =10 QCD with Plaquette gauge and Wilson quark actions · · · March 5, 2009
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Figure 7: L-dependence of g2(L) in different approximations or schemes. Nf dependence is also shown.

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0.5

 0  2  4  6  8  10  12  14  16

L
a
m

b
d
a
(S

F
)/

L
a
m

b
d
a
(M

S
b
a
r)

Nf

theta=0

theta=Pi/5
theta=0

Figure 8: Nf -dependence of the ratio of ΛSF and ΛMS.

N. Yamada page 20 / 22

Review of Perturbative Analysis
SU(3) gauge theory with Nf fundamental Dirac fermions:
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Determination of the running coupling in Nf =10 QCD with Plaquette gauge and Wilson quark actions · · · March 5, 2009

Nf 4 6 8 10 12 14 16
2-loop universal 27.74 9.47 3.49 0.52

3-loop SF 43.36 23.75 15.52 9.45 5.18 2.43 0.47
3-loop MS 159.92 18.40 9.60 5.46 2.70 0.50
4-loop MS 19.47 10.24 5.91 2.81 0.50

Table 7: The IRFP from perturbative analysis.

The relation of the two couplings in the SF and MS schemes is given by

g2
MS

= g2
SF +

cθ
2

4π
g4
SF + O(g6

SF), (66)

cθ
2 = c2,0 + Nf cθ

2,1 = 1.25563 + Nf (−4π)(P cSW
3 + rcSW,θ

0 ), (67)

rcSW,θ
0 =















−0.034664940(4) for cSW = 1, θ = π/5,
−0.009868186(4) for cSW = 0, θ = π/5,
−0.03328359(1) for cSW = 1, θ = 0,
−0.00848683(1) for cSW = 0, θ = 0

(68)

P cSW
3 =

{

0.031493 for cSW = 1,
0.006696 for cSW = 0,

(69)

cθ
2,1 = − 4π

(

P cSW
3 + rcSW,θ

0

)

=

{

0.039863(2) for θ = π/5,
0.022504(2) for θ = 0

. (70)

Notice that both of P cSW
3 and rcSW,θ

0 depend on cSW, but in the sum the dependence cancels and hence cθ
1,1

is independent of cSW. Using eq. (66), we then obtain the ratio of the Λ-parameters in two schemes as

Λθ
SF

ΛMS

= exp

(

−
c2,0 + Nf cθ

2,1

4 π b1

)

(71)

Fig. 8 shows the ratio of the Λ-parameters defined in the SF and MS schemes, where θ = 0 and π/5 are taken
in the SF scheme.

7 Very Preliminary Results

In this subsection, I push the argument forward based on a few reasonable assumptions. First let me define
“a running coupling in finite lattice spacing” as follows. That is defined by carrying out the step scaling
procedure in two l = L/a data. In other words, this coupling is obtained by usual step scaling but without
taking continuum limit. To be specific, set the initial coupling u0 = g2

l1l2
(L1), find the value of g2

0 in the
l1 = L1/a data which satisfies

gfit
SF,l1

2
(g2

0) = u0. (72)

Then read the value of the coupling for the l2 = L2/a data at g2
0, i.e. gfit

l2

2
(g2

0), and label this as ul1l2
1 =

g2
l1l2

(rL1) where r = l2/l1. If one repeats this procedure n times, we obtain a series of ul1l2
N = g2

l1l2
(rNL1)

(N=0, 1, 2, · · · , n). As an example, set the initial coupling to u0 = 0.8, choose a pair of (l1, l2) to be (4,

6) and making a step scaling, we then obtain u(6/4)
N , which is plotted agains ln [(L/L1)] in Fig. 9 (red). The

results from two other pairs, (l1, l2)=(4, 8) and (6, 8), are also shown. Notice that since any of two data
obtained in our simulation intersect ul1l2

N necessarily stops running.
For later use, I introduce the discrete β function (DBF) [9]

Bl1l2(u, r) =
1

g2
l1l2

(rL)|u
−

1

u
. (73)
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Perturbative IRFP for SU(3) gauge theory with fermions in fund. rep.

Review of Perturbative Analysis
SU(3) gauge theory with Nf fundamental Dirac fermions:
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Perturbative IRFP for SU(3) gauge theory with fermions in fund. rep.

‣Schwinger–Dyson analysis suggests that SχSB occurs 
when gcrit2 ~ π 2.

‣PT analysis suggests that Nf =8~12 are interesting!

Review of Perturbative Analysis
SU(3) gauge theory with Nf fundamental Dirac fermions:
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8- & 12-flavor QCD with SF
Appelquist, Fleming, Neil, PRL100:171607, 2008; PRD79:076010, 2009

Nf = 8 Nf = 12

2-loop univ.

3-loop SF
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2
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Log!L"L0#

g2$L%

FIG. 6: Continuum running for Nf = 12. L0 is the scale corresponding to the starting value of

g2(L). Results shown for running from below the infrared fixed point (purple triangles) are based

on g2(L0) = 1.6. Also shown is continuum backwards running from above the fixed point (light

blue squares), based on g2(L0) = 9.0. Two-loop and three-loop perturbation theory curves are

shown for comparison.

C. Comparison with Other Lattice Work

1. Schrödinger functional studies

Lattice simulations for the SU(3) Schrödinger functional running coupling have been per-

formed for Nf = 16 [30], for the quenched theory [31], and for Nf = 2 [4]. For Nf = 16

[30], the perturbative infrared fixed point is very weak. In this case, the simulations were

done for values of the lattice coupling in the weak-coupling (chirally symmetric and decon-

fined) phase but leading to values of g2(L) well above the perturbative fixed point. Evidence

was presented that g2(L) decreases with increasing L, consistent with the approach to the

fixed point from above as expected with a continuum infrared fixed point. A continuum

extrapolation via the step-scaling procedure was, however, not implemented.

21

2-loop univ.

3-loop SF
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FIG. 3: Continuum running for Nf = 8. Purple points are derived by step-scaling using the

constant continuum-extrapolation of Fig. 2. The error bars shown are purely statistical, and are

derived as described in Appendix A. Two-loop and three-loop perturbation theory curves are shown

for comparison.

Publication Service [28]. In Fig. 4, data points are shown for g2(L) as a function of β,

together with the interpolating functions for each of L/a = 6, 8, 10, 12, 16, 20.

The data and the interpolating curves already suggest the existence of an infrared fixed

point for Nf = 12. For small β, the general trend is that g2(L) decreases with increasing L.

This behavior and the fact that for larger β, g2(L) increases with increasing L, is reflected

in a crossover behavior in the interpolating curves. We first implement the step-scaling

procedure choosing an initial u = g2(L) well below a possible fixed-point value so that a

continuum limit is guaranteed to exist, as discussed in Sec. IV B.

A constant continuum extrapolation (a weighted average of the available values of

Σ(2, u, a/L)) is again employed for each u. Now, since we have data at L = 20, it is a

weighted average of three points corresponding to the steps 6→ 12, 8→ 16, and 10→ 20.

Examples of such a continuum extrapolation are shown in Fig. 5. The systematic error is

18

Conclusion: Nf=12 is conformal while Nf=8 is not.
⇒ Nf=12 is too large and Nf=8 is too small for WTC

g2IRFP ~ 5 consistent with PT prediction
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Analysis method
trick to take the “continuum limit” 
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-Schrödinger Functional method
Luscher, Weisz, Wolff, NPB(1991), and many papers

-Wilson plaquette gauge + Wilson fermions
No O(a) improvement at all

-Box size : L/a = (4), 6, 8, 12, (16)
-β = 4.4 ~ 24.0
-# of trajectories 5 k ~ 200 k
-Standard HMC algorithm with some improvements in 

solver

Simulation parameters

http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Luscher%2C%20Martin%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Luscher%2C%20Martin%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Luscher%2C%20Martin%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Luscher%2C%20Martin%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Weisz%2C%20Peter%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Weisz%2C%20Peter%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Wolff%2C%20Ulli%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Wolff%2C%20Ulli%22
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Some remarks
‣Wilson fermion breaks χ-symmetry
⇒ need to tune κ to mq=0
Very demanding but we did

‣Continuum limit is taken by putting two reasonable 
assumptions
Validity will be checked in future.

‣Why Wilson?
SW clover →bulk phase transition.

‣Calculation is still in progress
All results are preliminary.
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Step. 1

EQUATIONS

N. YAMADA

li = Li/a(1)
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l1(g
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0)(3)

g2
l2 = g2

l2(g
2
0)(4)
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l1(g

∗,2
0 ) ⇒ g∗,20 (ui, l1)(5)

g2
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l2(g
∗,2
0 ) = g2

l2(ui, l1, l2) = ui+1(ui, r, l1)(6)

r =
l2
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(7)

〈O(0)〉 = Z−1
∫

[DA] O(0) det[D[A]]Nf e−
R

d4x Sg [A(x)]
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=
1

Nconf
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∑
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∑

!y

(

O(ty, !y)O†(0)
)

Aµ

−→
1

2MV
|〈0|O(0) |M〉|2 e−M ty

Date: November 6, 2009.

1

Calculate the SF coupling on l1=L1/a at various g02.
Then make an interpolating function by fitting data.

Repeat this with l2=L2/a, l1’=L1’/a. l2’=L2’/a.

(In this analysis, l2=l1’ or l2=l2’.)

How to get a running
EQUATIONS

N. YAMADA
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∫
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  p1 : fixed to the know value
  N  : fixed to 4 by monitoring χ2/dof

Fit to interpolating function

This form describes the whole data very well.

Functional form:
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where the coefficients an’s are the free parameters to be determined. Then it is found that the following form
describes the data better;

gfit
L/a

2
= g2

0 ×
1 + p1 g2

0 +
∑N

n=2 aL/a,n × g2 n
0

1 − aL/a,1 g4
0

. (56)

Later I change the main quantity to be analyzed from g2
SF to 1/g2

SF, and fit the data for 1/g2
SF to

g2
0

gfit
L/a

2 =
1 − aL/a,1 g4

0

1 + p1 g2
0 +

∑N
n=2 aL/a,n × g2 n

0

. (57)

p1 is the L/a-dependent, one-loop coefficient, and the values for various L is known to be

p1 =























0.4225003137 for L/a = 4
0.4477107831 for L/a = 6
0.4624813408 for L/a = 8
0.4756888260 for L/a = 12
0.4833079203 for L/a = 16

. (58)

The degree of polynimoal N is chosen to be a minimum value for which χ2/dof is less than 2.0. The parameters
determined using the above two functional forms are tabulated in Tabs. 6 and 7, respectively. The fit result
for the latter form is shown in Fig. 3.

L/a N χ2/dof aL/a,1 aL/a,2 aL/a,3 aL/a,4

4 2 4.7(0.6) -0.2847( 0.0007) -0.1707( 0.0009)
4 3 4.5(0.6) -0.2863( 0.0015) -0.1632( 0.0067) -0.0093( 0.0080)
4 4 1.7(0.4) -0.2920( 0.0012) -0.2329( 0.0177) 0.1494( 0.0388) -0.0923( 0.0217)
6 2 2.2(0.5) -0.2008( 0.0043) -0.1200( 0.0046)
6 3 2.2(0.5) -0.1865( 0.0156) -0.1253( 0.0065) 0.0197( 0.0199)
6 4 1.7(0.4) -0.2791( 0.0131) -0.2555( 0.0280) 0.2671( 0.0578) -0.2036( 0.0402)
8 2 3.2(0.9) -0.2260( 0.0050) -0.1410( 0.0067)
8 3 1.8(0.7) -0.2585( 0.0060) -0.0671( 0.0169) -0.1147( 0.0232)
8 4 1.4(0.6) -0.2727( 0.0051) -0.2076( 0.0594) 0.1908( 0.1247) -0.1760( 0.0680)

Table 6: The coefficients determined in the fit.

L/a N χ2/dof aL/a,1 aL/a,2 aL/a,3 aL/a,4

4 2 37.8(2.0) 0.4898( 0.0012) -0.4684( 0.0033)
4 3 5.3(0.8) 0.5016( 0.0009) -0.3699( 0.0059) -0.1267( 0.0073)
4 4 1.8(0.4) 0.5074( 0.0009) -0.4648( 0.0165) 0.0964( 0.0370) -0.1366( 0.0218)
6 2 11.7(1.1) 0.4657( 0.0026) -0.4030( 0.0072)
6 3 2.2(0.5) 0.4905( 0.0020) -0.2852( 0.0100) -0.1790( 0.0138)
6 4 1.0(0.4) 0.5020( 0.0025) -0.4246( 0.0309) 0.1490( 0.0708) -0.2066( 0.0431)
8 2 10.8(1.3) 0.4781( 0.0035) -0.4002( 0.0124)
8 3 1.9(0.6) 0.5099( 0.0023) -0.2046( 0.0206) -0.2802( 0.0245)
8 4 1.1(0.5) 0.5151( 0.0024) -0.3723( 0.0664) 0.0843( 0.1428) -0.2001( 0.0780)
12 2 4.7(1.3) 0.4238( 0.0178) -0.2561( 0.0419)
12 3 2.1(0.9) 0.5083( 0.0069) -0.1890( 0.0285) -0.2722( 0.0373)
12 4 1.6(0.9) 0.5209( 0.0055) -0.3778( 0.0822) 0.2201( 0.2023) -0.3149( 0.1240)

Table 7: The coefficients determined in the fit.
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Choose an initial value of running, which implicitly 
sets the initial scale, L0.   ui = α(L0).
On l1 and l’1 lattices, find g0*2 satisfying

Then estimate

where r = l2/l1,  r’ = l2’/l1’.

Step. 2

How to get a running

EQUATIONS

N. YAMADA
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Take the continuum limit of ui+1 to obtain uSFi+1(ui, r)
[explained later].
uSFi+1(ui, r) = α(rL0)
Repeating the above gives you
α(L0), α(rL0), α(r2L0), ..., ⇒“running”.

Step. 3

How to get a running

EQUATIONS
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N. Yamada

Two assumptions:
‣Discretization error is dominated by linear.
‣ 

“Continuum limit”

Discrete beta function:

where                  and
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7 Some remarks

7.1 summary of perturbative coefficients

7.2 some consideration

In this subsection, I push the argument forward based on a few reasonable assumptions. First let me define
“a running coupling in finite lattice spacing” as follows. That is defined by carrying out the step scaling
procedure in two l = L/a data. In other words, this coupling is obtained by usual step scaling but without
taking continuum limit. To be specific, set the initial coupling u0 = g2

l1l2
(L1), find the value of g2

0 in the
l1 = L1/a data which satisfies

gfit
SF,l1

2
(g2

0) = u0. (74)

Then read the value of the coupling for the l2 = L2/a data at g2
0, i.e. gfit

l2

2
(g2

0), and label this as ul1l2
1 =

g2
l1l2

(rL1) where r = l2/l1. If one repeats this procedure n times, we obtain a series of ul1l2
N = g2

l1l2
(rNL1)

(N=0, 1, 2, · · · , n). As an example, set the initial coupling to u0 = 0.8, choose a pair of (l1, l2) to be (4, 6)

and making a step scaling, we then obtain u(6/4)
N .

For later use, I introduce the discrete β function (DBF) [9]

Bl1l2(u, r) =
1

g2
l1l2

(rL)|u
−

1

u
. (75)

Here I slightly modified the original DBF by an overall constant and the definition of argument. The contin-
uum counterpart is given by

BSF(u, r) =
1

g2
SF(rL)|u

−
1

u
. (76)

At the leading order of continuum perturbation theory, it leads to

Bleading
SF (u, r) = −b1 ln(r) =







−0.01578866 for r = 4/3
−0.02225286 for r = 3/2
−0.03804152 for r = 2

, (77)

independent of u, where Nf = 10 is substituted into b1, and g−2
SF (L) = b1 ln(L0/L) is used. Including higher

orde effects can be done numerically. Using the DBF defined in eq. (75), one can write

1

g2(rL)|u
=

1 + u B(u, r)

u
, (78)

where the notation is simplified. The lattice DBF and its coutinuum counterpart are plotted in Fig. 9 against
1/u. Using the numerical value of p1, the lattice DBF values in the small u limit can be calculated as

Bl1l2(u, r) =







−0.025211 for (l1, l2) = (4, 6)
−0.039981 for (l1, l2) = (4, 8)
−0.014771 for (l1, l2) = (6, 8)

. (79)

That was numerically checked.
Now consider the discretization error in “a running coupling in a finite lattice spacing” introduced above.

Since the continuum limit is skipped in each step of the step scaling procudure, the discretization error should
enter in each step. Setting the initial value as u0 = g2

l1l2
(L1) = g2

SF(L1), the error arising from the first step
of the step scaling can be written as

1

ul1l2
1 |u0

−
1

uSF
1 |u0

=
1

g2
l1,l2

(rL1)|u0

−
1

g2
SF(rL1)|u0

(80)

= Bl1l2(u0, r) − BSF(u0, r)

≡ e(u0)

(

1

l1
−

1

rl1

)

+ O(a2), (81)

N. Yamada page 16 / 28

EQUATIONS

N. YAMADA

li = Li/a(1)

〈O(0)〉 = Z−1
∫

[DA] O(0) det[D[A]]Nf e−
R

d4x Sg [A(x)]

∑

!y∈V

〈O(ty, !y)O†(0)〉 = Z−1
∫

[DAµ]
∑

!y∈V

O(ty, !y)O†(0) det[D[Aµ]]Nf e−
R

d4x Sg [Aµ(x)]

=
1

Nconf

Nconf
∑

Aµ

∑

!y

(

O(ty, !y)O†(0)
)

Aµ

−→
1

2MV
|〈0|O(0) |M〉|2 e−M ty

ETC fermion = (F , · · ·, F , f, f ′, · · · )

g2
ETC

M2
ETC

(F̄ Γµ f) (f̄ Γµ F ) →
g2
ETC

M2
ETC

(F̄L FR) (f̄R fL) + · · ·

g2
ETC

M2
ETC

(f̄ ′ Γµ f) (f̄ ′ Γµ f)

mq ∼ g2
ETC

〈 0|F̄F |0 〉

2 M2
ETC

∼ g2
ETC

M3
TC

2 M2
ETC

C(µ) = exp

(
∫ METC

µ
dµ′ γ(µ′)

µ′

)

= exp

(

∫ g2(METC)

g2(µ)
dg′2

γ(g′2)

β(g′2)

)

〈ψ̄ψ〉(1/a)/F 3|Nf=6

〈ψ̄ψ〉(1/a)/F 3|Nf=2

(2)
g2
0

g2
SF,L/a

=
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7 Some remarks

7.1 summary of perturbative coefficients

7.2 some consideration

In this subsection, I push the argument forward based on a few reasonable assumptions. First let me define
“a running coupling in finite lattice spacing” as follows. That is defined by carrying out the step scaling
procedure in two l = L/a data. In other words, this coupling is obtained by usual step scaling but without
taking continuum limit. To be specific, set the initial coupling u0 = g2

l1l2
(L1), find the value of g2

0 in the
l1 = L1/a data which satisfies

gfit
SF,l1

2
(g2

0) = u0. (74)

Then read the value of the coupling for the l2 = L2/a data at g2
0, i.e. gfit

l2

2
(g2

0), and label this as ul1l2
1 =

g2
l1l2

(rL1) where r = l2/l1. If one repeats this procedure n times, we obtain a series of ul1l2
N = g2

l1l2
(rNL1)

(N=0, 1, 2, · · · , n). As an example, set the initial coupling to u0 = 0.8, choose a pair of (l1, l2) to be (4, 6)

and making a step scaling, we then obtain u(6/4)
N .

For later use, I introduce the discrete β function (DBF) [9]

Bl1l2(u, r) =
1

g2
l1l2

(u, r)
−

1

u
. (75)

Here I slightly modified the original DBF by an overall constant and the definition of argument. The contin-
uum counterpart is given by

BSF(u, r) =
1

g2
SF(u, r)

−
1

u
. (76)

At the leading order of continuum perturbation theory, it leads to

Bleading
SF (u, r) = −b1 ln(r) =







−0.01578866 for r = 4/3
−0.02225286 for r = 3/2
−0.03804152 for r = 2

, (77)

independent of u, where Nf = 10 is substituted into b1, and g−2
SF (L) = b1 ln(L0/L) is used. Including higher

orde effects can be done numerically. Using the DBF defined in eq. (75), one can write

1

g2(u, r)
=

1 + u B(u, r)

u
, (78)

where the notation is simplified. The lattice DBF and its coutinuum counterpart are plotted in Fig. 9 against
1/u. Using the numerical value of p1, the lattice DBF values in the small u limit can be calculated as

Bl1l2(u, r) =







−0.025211 for (l1, l2) = (4, 6)
−0.039981 for (l1, l2) = (4, 8)
−0.014771 for (l1, l2) = (6, 8)

. (79)

That was numerically checked.
Now consider the discretization error in “a running coupling in a finite lattice spacing” introduced above.

Since the continuum limit is skipped in each step of the step scaling procudure, the discretization error should
enter in each step. Setting the initial value as u0 = g2

l1l2
(L1) = g2

SF(L1), the error arising from the first step
of the step scaling can be written as

1

ul1l2
1 |u0

−
1

uSF
1 |u0

=

(

1

ul1l2
1 |u0

−
1

u0

)

−
(

1

uSF
1 |u0

−
1

u0

)

= Bl1l2(u0, r) − BSF(u0, r)

= e(u0)

(

1

l1
−

1

rl1

)

+ O(a2), (80)
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Bleading
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−0.02225286 for r = 3/2
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, (77)

independent of u, where Nf = 10 is substituted into b1, and g−2
SF (L) = b1 ln(L0/L) is used. Including higher

orde effects can be done numerically. Using the DBF defined in eq. (75), one can write
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=
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u
, (78)

where the notation is simplified. The lattice DBF and its coutinuum counterpart are plotted in Fig. 9 against
1/u. Using the numerical value of p1, the lattice DBF values in the small u limit can be calculated as

Bl1l2(u, r) =







−0.025211 for (l1, l2) = (4, 6)
−0.039981 for (l1, l2) = (4, 8)
−0.014771 for (l1, l2) = (6, 8)

. (79)

That was numerically checked.
Now consider the discretization error in “a running coupling in a finite lattice spacing” introduced above.

Since the continuum limit is skipped in each step of the step scaling procudure, the discretization error should
enter in each step. Setting the initial value as u0 = g2

l1l2
(L1) = g2

SF(L1), the error arising from the first step
of the step scaling can be written as

1

ul1l2
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−
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=
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7 Some remarks

7.1 summary of perturbative coefficients

7.2 some consideration

In this subsection, I push the argument forward based on a few reasonable assumptions. First let me define
“a running coupling in finite lattice spacing” as follows. That is defined by carrying out the step scaling
procedure in two l = L/a data. In other words, this coupling is obtained by usual step scaling but without
taking continuum limit. To be specific, set the initial coupling u0 = g2

l1l2
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0 in the
l1 = L1/a data which satisfies
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uum counterpart is given by
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−
1
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At the leading order of continuum perturbation theory, it leads to

Bleading
SF (u, r) = −b1 ln(r) =







−0.01578866 for r = 4/3
−0.02225286 for r = 3/2
−0.03804152 for r = 2

, (77)

independent of u, where Nf = 10 is substituted into b1, and g−2
SF (L) = b1 ln(L0/L) is used. Including higher

orde effects can be done numerically. Using the DBF defined in eq. (75), one can write

1

g2(u, r)
=

1 + u B(u, r)

u
, (78)

where the notation is simplified. The lattice DBF and its coutinuum counterpart are plotted in Fig. 9 against
1/u. Using the numerical value of p1, the lattice DBF values in the small u limit can be calculated as

Bl1l2(u, r) =







−0.025211 for (l1, l2) = (4, 6)
−0.039981 for (l1, l2) = (4, 8)
−0.014771 for (l1, l2) = (6, 8)

. (79)

That was numerically checked.
Now consider the discretization error in “a running coupling in a finite lattice spacing” introduced above.

Since the continuum limit is skipped in each step of the step scaling procudure, the discretization error should
enter in each step. Setting the initial value as u0 = g2

l1l2
(L1) = g2

SF(L1), the error arising from the first step
of the step scaling can be written as

1

ul1l2
1 |u0

−
1
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=

(
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−
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)

−
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−
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)
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where I used eq. (78) and

Bl1l2(u0, r) − BSF(u0, r) = e(u0)

(

1

l1
−

1

rl1

)

+ O(a2). (81)

Bl1l2(u0, r) = BSF(u0, r) + e(u0)

(

1

l1
−

1

rl1

)

+ O(a2). (82)

e(u) is an unknown function of u but independnt of l1 and r. With (Without) the perturbative correction,
e(u) = O(u2) (e(u) = O(u)). Hereafter we use the following notation;

ul1l2
n = g2

l1l2(r
nL1)|g2

l1l2
(rn−1L1) = g2

l1l2(r
nL1)|ul1l2

n−1

, (83)

uSF
n = g2

SF(rnL1)|g2
SF(rn−1L1) = g2

SF(rnL1)|uSF
n−1

. (84)

Then repeat the same with the same u0 and with (l′1, l
′
2) (l′2 = r′l′1) to obtain

1

u
l′1l′2
1 |u0

−
1

uSF
1 |u0

= Bl′1l′2(u0, r
′) − BSF(u0, r

′)

= e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2), (85)

Bl′1l′2(u0, r
′) = BSF(u0, r

′) + e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2). (86)

Multiply the thus obtained Bl′1l′2(u0, r′) by ln(l1/l2)/ ln(l′1/l′2) = ln(r)/ ln(r′).

ln(r)

ln(r′)
Bl′1l′2(u0, r

′) =
ln(r)

ln(r′)

(

BSF(u0, r
′) + e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2)

)

(87)

≈ BSF(u0, r) +
ln(r)

ln(r′)
e(u0)

(

1

l′1
−

1

r′l′1

)

. (88)

This approximation is somewhat justified by the following argument. Solving eq. (60), we obtain

σ(u) = u + s0u
2 + s1u

3 + s2u
4 + s3u

5 + s4u
6 + · · · , (89)

s0 = b1 ln(r), (90)

s1 = ln(r)
(

b1
2 ln(r) + b2

)

(91)

s2 = b1
3 ln3(r) +

5

2
b1b2 ln2(r) + b3 ln(r), (92)

s3 =
1

6
ln(r)

(

6b1
4 ln3(r) + 26b1

2b2 ln2(r) + 9 ln(r)
(

2b1b3 + b2
2
)

+ 6b4
)

(93)

s4 =
1

12
ln(r)

(

ln(r)
(

b1 ln(r)(12b1
4 ln2(r) + 77b1

2b2 ln(r) + 72b1b3 + 70b2
2) + 42(b1b4 + b2b3)

)

+12b5

)

. (94)

BSF(u0, r) = −b1 ln(r) − u0b2 ln(r) + u0
2

(

−
1

2
b1b2 ln2(r) − b3 ln(r)

)

+u0
3

(

−
1

3
b1

2b2 ln3(r) − b1b3 ln2(r) −
1

2
b2

2 ln2(r) − b4 ln(r)

)

+u0
4 1

12

(

− 3b1
3b2 ln4(r) − 12b1

2b3 ln3(r) − 10b1b2
2 ln3(r) − 18b1b4 ln2(r) − 18b2b3 ln2(r)

−12b5 ln(r)

)

+ O
(

u0
5
)

(95)
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li = Li/a(1)

g2
0/g2

l(2)

g2
l1 = g2

l1(g
2
0)(3)

g2
l2 = g2

l2(g
2
0), g2

l′
1

= g2
l′
1

(g2
0), g2

l′
2

= g2
l′
2

(g2
0)(4)

ui =

{

g2
l1
(g∗,20 ) ⇒ g∗,20 (ui, l1)

g2
l′
1

(g∗,20 ) ⇒ g∗,20 (ui, l′1)
(5)

g2
l2(g

∗,2
0 ) = g2

l2(ui, l1, l2) = ui+1(ui, r, l1)(6)

g2
l′
2

(g∗,20 ) = g2
l′
2

(ui, l
′
1, l

′
2) = ui+1(ui, r

′, l′1)(7)

r =
l2
l1

(8)

BSF(u, r) =
ln(r)

ln(r′)
BSF(u, r′)(9)

BSF(u, r) =
ln(r)

ln(r′)
BSF(u, r′)(10)

〈O(0)〉 = Z−1
∫

[DA] O(0) det[D[A]]Nf e−
R

d4x Sg [A(x)]

∑

!y∈V

〈O(ty, !y)O†(0)〉 = Z−1
∫

[DAµ]
∑

!y∈V

O(ty, !y)O†(0) det[D[Aµ]]Nf e−
R

d4x Sg [Aµ(x)]

=
1

Nconf

Nconf
∑

Aµ

∑

!y

(

O(ty, !y)O†(0)
)

Aµ

−→
1

2MV
|〈0|O(0) |M〉|2 e−M ty
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where I used eq. (78) and

Bl1l2(u0, r) − BSF(u0, r) = e(u0)

(

1

l1
−

1

rl1

)

+ O(a2). (81)

Bl1l2(u0, r) = BSF(u0, r) + e(u0)

(

1

l1
−

1

rl1

)

+ O(a2). (82)

e(u) is an unknown function of u but independnt of l1 and r. With (Without) the perturbative correction,
e(u) = O(u2) (e(u) = O(u)). Hereafter we use the following notation;

ul1l2
n = g2

l1l2(r
nL1)|g2

l1l2
(rn−1L1) = g2

l1l2(r
nL1)|ul1l2

n−1

, (83)

uSF
n = g2

SF(rnL1)|g2
SF(rn−1L1) = g2

SF(rnL1)|uSF
n−1

. (84)

Then repeat the same with the same u0 and with (l′1, l
′
2) (l′2 = r′l′1) to obtain

1

u
l′1l′2
1 |u0

−
1

uSF
1 |u0

= Bl′1l′2(u0, r
′) − BSF(u0, r

′)

= e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2), (85)

Bl′1l′2(u0, r
′) = BSF(u0, r

′) + e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2). (86)

Multiply the thus obtained Bl′1l′2(u0, r′) by ln(l1/l2)/ ln(l′1/l′2) = ln(r)/ ln(r′).

ln(r)
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Bl′1l′2(u0, r

′) =
ln(r)

ln(r′)

(

BSF(u0, r
′) + e(u0)
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1
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. (88)

This approximation is somewhat justified by the following argument. Solving eq. (60), we obtain
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where I used eq. (78) and
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Then repeat the same with the same u0 and with (l′1, l
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2) (l′2 = r′l′1) to obtain
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1 |u0

−
1

uSF
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= Bl′1l′2(u0, r
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= e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2), (85)

Bl′1l′2(u0, r
′) = BSF(u0, r

′) + e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2). (86)

Multiply the thus obtained Bl′1l′2(u0, r′) by ln(l1/l2)/ ln(l′1/l′2) = ln(r)/ ln(r′).

ln(r)

ln(r′)
Bl′1l′2(u0, r

′) =
ln(r)

ln(r′)

(

BSF(u0, r
′) + e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2)

)

(87)

≈ BSF(u0, r) +
ln(r)

ln(r′)
e(u0)

(

1

l′1
−

1

r′l′1

)

. (88)

This approximation is somewhat justified by the following argument. Solving eq. (60), we obtain

σ(u) = u + s0u
2 + s1u

3 + s2u
4 + s3u

5 + s4u
6 + · · · , (89)

s0 = b1 ln(r), (90)

s1 = ln(r)
(

b1
2 ln(r) + b2

)

(91)

s2 = b1
3 ln3(r) +

5

2
b1b2 ln2(r) + b3 ln(r), (92)

s3 =
1

6
ln(r)

(

6b1
4 ln3(r) + 26b1

2b2 ln2(r) + 9 ln(r)
(

2b1b3 + b2
2
)

+ 6b4
)

(93)

s4 =
1

12
ln(r)

(

ln(r)
(

b1 ln(r)(12b1
4 ln2(r) + 77b1

2b2 ln(r) + 72b1b3 + 70b2
2) + 42(b1b4 + b2b3)

)

+12b5

)

. (94)

BSF(u0, r) = −b1 ln(r) − u0b2 ln(r) + u0
2

(

−
1

2
b1b2 ln2(r) − b3 ln(r)

)

+u0
3

(

−
1

3
b1

2b2 ln3(r) − b1b3 ln2(r) −
1

2
b2

2 ln2(r) − b4 ln(r)

)

+u0
4 1

12

(

− 3b1
3b2 ln4(r) − 12b1

2b3 ln3(r) − 10b1b2
2 ln3(r) − 18b1b4 ln2(r) − 18b2b3 ln2(r)

−12b5 ln(r)

)

+ O
(

u0
5
)

(95)

N. Yamada page 17 / 28

Two assumptions:
‣Discretization error is dominated by linear.
‣ 

EQUATIONS

N. YAMADA

li = Li/a(1)

g2
0/g2

l(2)

g2
l1 = g2

l1(g
2
0)(3)

g2
l2 = g2

l2(g
2
0), g2

l′
1

= g2
l′
1

(g2
0), g2

l′
2

= g2
l′
2

(g2
0)(4)

ui =

{

g2
l1
(g∗,20 ) ⇒ g∗,20 (ui, l1)

g2
l′
1

(g∗,20 ) ⇒ g∗,20 (ui, l′1)
(5)

g2
l2(g

∗,2
0 ) = g2

l2(ui, l1, l2) = ui+1(ui, r, l1)(6)

g2
l′
2

(g∗,20 ) = g2
l′
2

(ui, l
′
1, l

′
2) = ui+1(ui, r

′, l′1)(7)

r =
l2
l1

(8)

BSF(u, r) =
ln(r)

ln(r′)
BSF(u, r′)(9)

BSF(u, r) =
ln(r)

ln(r′)
BSF(u, r′)(10)

〈O(0)〉 = Z−1
∫

[DA] O(0) det[D[A]]Nf e−
R

d4x Sg [A(x)]

∑

!y∈V

〈O(ty, !y)O†(0)〉 = Z−1
∫

[DAµ]
∑

!y∈V

O(ty, !y)O†(0) det[D[Aµ]]Nf e−
R

d4x Sg [Aµ(x)]

=
1

Nconf

Nconf
∑

Aµ

∑

!y

(

O(ty, !y)O†(0)
)

Aµ

−→
1

2MV
|〈0|O(0) |M〉|2 e−M ty

Date: November 7, 2009.

1



“Lattice Gauge Theory for LHC Physics”, 6-7 November 2009, Boston MAN. Yamada

“Continuum limit”
Determination of the running coupling in Nf =10 QCD with Plaquette gauge and Wilson quark actions · · · November 4, 2009

where I used eq. (78) and

Bl1l2(u0, r) − BSF(u0, r) = e(u0)

(

1

l1
−

1

rl1

)

+ O(a2). (81)

Bl1l2(u0, r) = BSF(u0, r) + e(u0)

(

1

l1
−

1

rl1

)

+ O(a2). (82)

e(u) is an unknown function of u but independnt of l1 and r. With (Without) the perturbative correction,
e(u) = O(u2) (e(u) = O(u)). Hereafter we use the following notation;

ul1l2
n = g2

l1l2(r
nL1)|g2

l1l2
(rn−1L1) = g2

l1l2(r
nL1)|ul1l2

n−1

, (83)

uSF
n = g2

SF(rnL1)|g2
SF(rn−1L1) = g2

SF(rnL1)|uSF
n−1

. (84)

Then repeat the same with the same u0 and with (l′1, l
′
2) (l′2 = r′l′1) to obtain

1

u
l′1l′2
1 |u0

−
1

uSF
1 |u0

= Bl′1l′2(u0, r
′) − BSF(u0, r

′)

= e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2), (85)

Bl′1l′2(u0, r
′) = BSF(u0, r

′) + e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2). (86)

Multiply the thus obtained Bl′1l′2(u0, r′) by ln(l1/l2)/ ln(l′1/l′2) = ln(r)/ ln(r′).

ln(r)

ln(r′)
Bl′1l′2(u0, r

′) =
ln(r)

ln(r′)

(

BSF(u0, r
′) + e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2)

)

(87)

≈ BSF(u0, r) +
ln(r)

ln(r′)
e(u0)

(

1

l′1
−

1

r′l′1

)

. (88)

This approximation is somewhat justified by the following argument. Solving eq. (60), we obtain

σ(u) = u + s0u
2 + s1u

3 + s2u
4 + s3u

5 + s4u
6 + · · · , (89)

s0 = b1 ln(r), (90)

s1 = ln(r)
(

b1
2 ln(r) + b2

)

(91)

s2 = b1
3 ln3(r) +

5

2
b1b2 ln2(r) + b3 ln(r), (92)

s3 =
1

6
ln(r)

(

6b1
4 ln3(r) + 26b1

2b2 ln2(r) + 9 ln(r)
(

2b1b3 + b2
2
)

+ 6b4
)

(93)

s4 =
1

12
ln(r)

(

ln(r)
(

b1 ln(r)(12b1
4 ln2(r) + 77b1

2b2 ln(r) + 72b1b3 + 70b2
2) + 42(b1b4 + b2b3)

)

+12b5

)

. (94)

BSF(u0, r) = −b1 ln(r) − u0b2 ln(r) + u0
2

(

−
1

2
b1b2 ln2(r) − b3 ln(r)

)

+u0
3

(

−
1

3
b1

2b2 ln3(r) − b1b3 ln2(r) −
1

2
b2

2 ln2(r) − b4 ln(r)

)

+u0
4 1

12

(

− 3b1
3b2 ln4(r) − 12b1

2b3 ln3(r) − 10b1b2
2 ln3(r) − 18b1b4 ln2(r) − 18b2b3 ln2(r)

−12b5 ln(r)

)

+ O
(

u0
5
)

(95)

N. Yamada page 17 / 28

Determination of the running coupling in Nf =10 QCD with Plaquette gauge and Wilson quark actions · · · November 4, 2009

where I used eq. (78) and

Bl1l2(u0, r) − BSF(u0, r) = e(u0)

(

1

l1
−

1

rl1

)

+ O(a2). (81)

Bl1l2(u0, r) = BSF(u0, r) + e(u0)

(

1

l1
−

1

rl1

)

+ O(a2). (82)

e(u) is an unknown function of u but independnt of l1 and r. With (Without) the perturbative correction,
e(u) = O(u2) (e(u) = O(u)). Hereafter we use the following notation;

ul1l2
n = g2

l1l2(r
nL1)|g2

l1l2
(rn−1L1) = g2

l1l2(r
nL1)|ul1l2

n−1

, (83)

uSF
n = g2

SF(rnL1)|g2
SF(rn−1L1) = g2

SF(rnL1)|uSF
n−1

. (84)

Then repeat the same with the same u0 and with (l′1, l
′
2) (l′2 = r′l′1) to obtain

1

u
l′1l′2
1 |u0

−
1

uSF
1 |u0

= Bl′1l′2(u0, r
′) − BSF(u0, r

′)

= e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2), (85)

Bl′1l′2(u0, r
′) = BSF(u0, r

′) + e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2). (86)

Multiply the thus obtained Bl′1l′2(u0, r′) by ln(l1/l2)/ ln(l′1/l′2) = ln(r)/ ln(r′).

ln(r)

ln(r′)
Bl′1l′2(u0, r

′) =
ln(r)

ln(r′)

(

BSF(u0, r
′) + e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2)

)

(87)

≈ BSF(u0, r) +
ln(r)

ln(r′)
e(u0)

(

1

l′1
−

1

r′l′1

)

. (88)

This approximation is somewhat justified by the following argument. Solving eq. (60), we obtain

σ(u) = u + s0u
2 + s1u

3 + s2u
4 + s3u

5 + s4u
6 + · · · , (89)

s0 = b1 ln(r), (90)

s1 = ln(r)
(

b1
2 ln(r) + b2

)

(91)

s2 = b1
3 ln3(r) +

5

2
b1b2 ln2(r) + b3 ln(r), (92)

s3 =
1

6
ln(r)

(

6b1
4 ln3(r) + 26b1

2b2 ln2(r) + 9 ln(r)
(

2b1b3 + b2
2
)

+ 6b4
)

(93)

s4 =
1

12
ln(r)

(

ln(r)
(

b1 ln(r)(12b1
4 ln2(r) + 77b1

2b2 ln(r) + 72b1b3 + 70b2
2) + 42(b1b4 + b2b3)

)

+12b5

)

. (94)

BSF(u0, r) = −b1 ln(r) − u0b2 ln(r) + u0
2

(

−
1

2
b1b2 ln2(r) − b3 ln(r)

)

+u0
3

(

−
1

3
b1

2b2 ln3(r) − b1b3 ln2(r) −
1

2
b2

2 ln2(r) − b4 ln(r)

)

+u0
4 1

12

(

− 3b1
3b2 ln4(r) − 12b1

2b3 ln3(r) − 10b1b2
2 ln3(r) − 18b1b4 ln2(r) − 18b2b3 ln2(r)

−12b5 ln(r)

)

+ O
(

u0
5
)

(95)

N. Yamada page 17 / 28

Two assumptions:
‣Discretization error is dominated by linear.
‣ 

EQUATIONS

N. YAMADA

li = Li/a(1)

g2
0/g2

l(2)

g2
l1 = g2

l1(g
2
0)(3)

g2
l2 = g2

l2(g
2
0), g2

l′
1

= g2
l′
1

(g2
0), g2

l′
2

= g2
l′
2

(g2
0)(4)

ui =

{

g2
l1
(g∗,20 ) ⇒ g∗,20 (ui, l1)

g2
l′
1

(g∗,20 ) ⇒ g∗,20 (ui, l′1)
(5)

g2
l2(g

∗,2
0 ) = g2

l2(ui, l1, l2) = ui+1(ui, r, l1)(6)

g2
l′
2

(g∗,20 ) = g2
l′
2

(ui, l
′
1, l

′
2) = ui+1(ui, r

′, l′1)(7)

r =
l2
l1

(8)

BSF(u, r) =
ln(r)

ln(r′)
BSF(u, r′)(9)

BSF(u, r) =
ln(r)

ln(r′)
BSF(u, r′)(10)

〈O(0)〉 = Z−1
∫

[DA] O(0) det[D[A]]Nf e−
R

d4x Sg [A(x)]

∑

!y∈V

〈O(ty, !y)O†(0)〉 = Z−1
∫

[DAµ]
∑

!y∈V

O(ty, !y)O†(0) det[D[Aµ]]Nf e−
R

d4x Sg [Aµ(x)]

=
1

Nconf

Nconf
∑

Aµ

∑

!y

(

O(ty, !y)O†(0)
)

Aµ

−→
1

2MV
|〈0|O(0) |M〉|2 e−M ty

Date: November 7, 2009.

1

Determination of the running coupling in Nf =10 QCD with Plaquette gauge and Wilson quark actions · · · November 4, 2009

where I used eq. (78) and

Bl1l2(u0, r) − BSF(u0, r) = e(u0)

(

1

l1
−

1

rl1

)

+ O(a2). (81)

Bl1l2(u0, r) = BSF(u0, r) + e(u0)

(

1

l1
−

1

rl1

)

+ O(a2). (82)

e(u) is an unknown function of u but independnt of l1 and r. With (Without) the perturbative correction,
e(u) = O(u2) (e(u) = O(u)). Hereafter we use the following notation;

ul1l2
n = g2

l1l2(r
nL1)|g2

l1l2
(rn−1L1) = g2

l1l2(r
nL1)|ul1l2

n−1

, (83)

uSF
n = g2

SF(rnL1)|g2
SF(rn−1L1) = g2

SF(rnL1)|uSF
n−1

. (84)

Then repeat the same with the same u0 and with (l′1, l
′
2) (l′2 = r′l′1) to obtain

1

u
l′1l′2
1 |u0

−
1

uSF
1 |u0

= Bl′1l′2(u0, r
′) − BSF(u0, r

′)

= e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2), (85)

Bl′1l′2(u0, r
′) = BSF(u0, r

′) + e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2). (86)

Multiply the thus obtained Bl′1l′2(u0, r′) by ln(l1/l2)/ ln(l′1/l′2) = ln(r)/ ln(r′).

ln(r)

ln(r′)
Bl′1l′2(u0, r

′) =
ln(r)

ln(r′)
BSF(u0, r

′) +
ln(r)

ln(r′)
e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2) (87)

≈ BSF(u0, r) + e(u0)
ln(r)

ln(r′)

(

1

l′1
−

1

r′l′1

)

. (88)

This approximation is somewhat justified by the following argument. Solving eq. (60), we obtain

σ(u) = u + s0u
2 + s1u

3 + s2u
4 + s3u

5 + s4u
6 + · · · , (89)

s0 = b1 ln(r), (90)

s1 = ln(r)
(

b1
2 ln(r) + b2

)

(91)

s2 = b1
3 ln3(r) +

5

2
b1b2 ln2(r) + b3 ln(r), (92)

s3 =
1

6
ln(r)

(

6b1
4 ln3(r) + 26b1

2b2 ln2(r) + 9 ln(r)
(

2b1b3 + b2
2
)

+ 6b4
)

(93)

s4 =
1

12
ln(r)

(

ln(r)
(

b1 ln(r)(12b1
4 ln2(r) + 77b1

2b2 ln(r) + 72b1b3 + 70b2
2) + 42(b1b4 + b2b3)

)

+12b5

)

. (94)

BSF(u0, r) = −b1 ln(r) − u0b2 ln(r) + u0
2

(

−
1

2
b1b2 ln2(r) − b3 ln(r)

)

+u0
3

(

−
1

3
b1

2b2 ln3(r) − b1b3 ln2(r) −
1

2
b2

2 ln2(r) − b4 ln(r)

)

+u0
4 1

12

(

− 3b1
3b2 ln4(r) − 12b1

2b3 ln3(r) − 10b1b2
2 ln3(r) − 18b1b4 ln2(r) − 18b2b3 ln2(r)

−12b5 ln(r)

)

+ O
(

u0
5
)

(95)

N. Yamada page 17 / 28



“Lattice Gauge Theory for LHC Physics”, 6-7 November 2009, Boston MAN. Yamada

“Continuum limit”Determination of the running coupling in Nf =10 QCD with Plaquette gauge and Wilson quark actions · · · November 4, 2009

δB(u0, r, r
′) = BSF(u0, r) −

ln(r)

ln(r′)
BSF(u0, r

′)

= u0
2 ln(r) ln

( r

r′

)

[

−
1

2
b1b2 + u0

{

−
1

3
b1

2b2 ln(rr′) −
(

b1b3 +
1

2
b2

2

)

}

+u0
2 1

12

{

− 3b1
3b2

(

ln2(r) + ln(r) ln(r′) + ln2(r′)
)

− 12b1
2b3 ln(rr′)

−10b1b2
2 ln(rr′) − 18b1b4 − 18b2b3

}

]

(96)

As a typical example, substituting the numerical values of bi’s for Nf = 10 in the MS scheme,

b1 = 0.0548823, (97)

b2 = −0.00197834, (98)

bMS
3 = −0.000388922, (99)

bMS
4 = 5.75135 × 10−6. (100)

and (r, r′)=(8/6, 12/8) or (r, r′)=(12/8, 12/6),

δB(u0, 8/6, 12/8) = −1.8395 × 10−6u2
0 − 7.03597 × 10−7u3

0 + 3.0832310−8u4
0 + · · · (101)

δB(u0, 12/8, 12/6) = −6.33242 × 10−6u2
0 − 2.51606 × 10−6u3

0 + 5.384 × 10−8u4
0 + · · · (102)
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Perturbative analysis seems to support this approximation holds very well.
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]

(96)

As a typical example, substituting the numerical values of bi’s for Nf = 10 in the MS scheme,

b1 = 0.0548823, (97)

b2 = −0.00197834, (98)

bMS
3 = −0.000388922, (99)

bMS
4 = 5.75135 × 10−6. (100)

and (r, r′)=(8/6, 12/8) or (r, r′)=(12/8, 12/6),

δB(u0, 8/6, 12/8) = −1.8395 × 10−6u2
0 − 7.03597 × 10−7u3

0 + 3.0832310−8u4
0 + · · · (101)

δB(u0, 12/8, 12/6) = −6.33242 × 10−6u2
0 − 2.51606 × 10−6u3

0 + 5.384 × 10−8u4
0 + · · · (102)

1

uSF
1 |u0

=
1 + u0 BSF(u0, r)

u0
, (103)
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Repeat with ui→ui+1 to determine ui+2

Two assumptions:
‣Discretization error is dominated by linear.
‣ 

EQUATIONS

N. YAMADA

li = Li/a(1)

g2
0/g2

l(2)

g2
l1 = g2

l1(g
2
0)(3)

g2
l2 = g2

l2(g
2
0), g2

l′
1

= g2
l′
1

(g2
0), g2

l′
2

= g2
l′
2

(g2
0)(4)
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(g∗,20 ) ⇒ g∗,20 (ui, l1)

g2
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l2(g
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2
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2
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′
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′, l′1)(7)
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l2
l1

(8)

BSF(u, r) =
ln(r)

ln(r′)
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ln(r)

ln(r′)
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where I used eq. (78) and

Bl1l2(u0, r) − BSF(u0, r) = e(u0)

(

1

l1
−

1

rl1

)

+ O(a2). (81)

Bl1l2(u0, r) = BSF(u0, r) + e(u0)

(

1

l1
−

1

rl1

)

+ O(a2). (82)

e(u) is an unknown function of u but independnt of l1 and r. With (Without) the perturbative correction,
e(u) = O(u2) (e(u) = O(u)). Hereafter we use the following notation;

ul1l2
n = g2

l1l2(r
nL1)|g2

l1l2
(rn−1L1) = g2

l1l2(r
nL1)|ul1l2

n−1

, (83)

uSF
n = g2

SF(rnL1)|g2
SF(rn−1L1) = g2

SF(rnL1)|uSF
n−1

. (84)

Then repeat the same with the same u0 and with (l′1, l
′
2) (l′2 = r′l′1) to obtain

1

u
l′1l′2
1 |u0

−
1

uSF
1 |u0

= Bl′1l′2(u0, r
′) − BSF(u0, r

′)

= e(u0)

(

1

l′1
−
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r′l′1

)

+ O(a2), (85)

Bl′1l′2(u0, r
′) = BSF(u0, r

′) + e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2). (86)

Multiply the thus obtained Bl′1l′2(u0, r′) by ln(l1/l2)/ ln(l′1/l′2) = ln(r)/ ln(r′).
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≈ BSF(u0, r) +
ln(r)

ln(r′)
e(u0)

(

1

l′1
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1

r′l′1

)

. (88)

This approximation is somewhat justified by the following argument. Solving eq. (60), we obtain

σ(u) = u + s0u
2 + s1u

3 + s2u
4 + s3u

5 + s4u
6 + · · · , (89)

s0 = b1 ln(r), (90)

s1 = ln(r)
(

b1
2 ln(r) + b2
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s2 = b1
3 ln3(r) +

5

2
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2

(

−
1

2
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(95)
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ln(r)

ln(r′)
Bl′1l′2(u0, r

′) =
ln(r)

ln(r′)
BSF(u0, r

′) +
ln(r)

ln(r′)
e(u0)

(

1

l′1
−

1

r′l′1

)

+ O(a2) (87)

≈ BSF(u0, r) + e(u0)
ln(r)

ln(r′)

(

1

l′1
−

1

r′l′1

)

. (88)

This approximation is somewhat justified by the following argument. Solving eq. (60), we obtain

σ(u) = u + s0u
2 + s1u

3 + s2u
4 + s3u

5 + s4u
6 + · · · , (89)

s0 = b1 ln(r), (90)

s1 = ln(r)
(

b1
2 ln(r) + b2

)

(91)

s2 = b1
3 ln3(r) +

5

2
b1b2 ln2(r) + b3 ln(r), (92)

s3 =
1

6
ln(r)

(

6b1
4 ln3(r) + 26b1

2b2 ln2(r) + 9 ln(r)
(

2b1b3 + b2
2
)

+ 6b4
)

(93)

s4 =
1

12
ln(r)

(

ln(r)
(

b1 ln(r)(12b1
4 ln2(r) + 77b1

2b2 ln(r) + 72b1b3 + 70b2
2) + 42(b1b4 + b2b3)

)

+12b5

)

. (94)

BSF(u0, r) = −b1 ln(r) − u0b2 ln(r) + u0
2

(

−
1

2
b1b2 ln2(r) − b3 ln(r)

)

+u0
3

(

−
1

3
b1

2b2 ln3(r) − b1b3 ln2(r) −
1

2
b2

2 ln2(r) − b4 ln(r)

)

+u0
4 1

12

(

− 3b1
3b2 ln4(r) − 12b1

2b3 ln3(r) − 10b1b2
2 ln3(r) − 18b1b4 ln2(r) − 18b2b3 ln2(r)

−12b5 ln(r)

)

+ O
(

u0
5
)

(95)
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‣ (l1, l2, l1’, l2’)=(8, 6, 12, 8)

‣ (l1, l2, l1’, l2’)=(12, 8, 12, 6)

‣ Two results agree and show an 
inflection point.

‣ L/a=16 data will be used to check 
the validity of the two 
assumptions and to confirm this 
behavior.
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TQ gets constituent quark mass and decouples? This is what is expected for ideal WTC! 
although this is statistically unstable and the “divergent region” is not covered by raw data.
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Will Matsui be in the pinstripes next year?
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Summary and Outlook
✓Running coupling of 10-flavor QCD is studied.

✓Putting two reasonable assumptions, we took the 
continuum limit.

✓Preliminary analysis suggests that this theory is really 
close to the lower end of the conformal window.

✓L/a=16 data will help to confirm this statement.

✓We will proceed to γ.


