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Results of simulations with naive staggered fermions and the DBW2 
gauge action at T = 0 and T ≠ 0.  A variety of hadron observables have 

been measured, fπ, mπ, mρ, σ, <ψψ>
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Figure 8: Generic dependence of an observable with β .

3. Conclusion

We have presented considerable evidence that QCD with 8 and 12 flavors is in a chiral symme-
try breaking phase. We see a pion which behaves as a Goldstone boson for T = 0 and which does
not for finite T . Multiple dimensionful quantities are found, with mq = 0, when T = 0, inconsistent
with a conformal phase.

There is clearly a marked change in the system with 12 flavors, which we discuss in the context
of Fig. 8, which shows how an observable in lattice units changes with β . Previous N f = 8 studies
[4] argued that the cross-over could become a phase transition, due to lattice artifacts. With our
DBW2 action, this is no longer seen, rather we have a smooth, somewhat rapid, change away from
strong coupling. This change becomes considerably more rapid for N f = 12, but the system still
breaks chiral symmetry. Currently, we do not know if our simulations at weaker coupling are in
the cross-over region, or at weak enough coupling to begin to see the continuum, scaling region of
the system. Our rapid change for N f = 12 could be an indicator of walking behavior (as expected
for this large number of flavors), or just a steepened cross-over region still influenced by lattice
artifacts.

We are thankful to all members of the RBC collaboration and especially to Norman Christ
for insightful discussions. Our calculations were done on the QCDOC at Columbia University
and NY Blue at BNL. This research utilized resources at the New York Center for Computational
Sciences at Stony Brook University/Brookhaven National Laboratory which is supported by the
U.S. Department, of Energy under Contract No. DE-FG02-92ER40699 and by the, State of New
York.
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T = 0 QCD versus β

Need β > β•	 crossover to be continuously connected to continuum physics

Irrelevant (in continuum) operators can play a large role  β < β•	 crossover

Strong to weak coupling may be discontinuous•	

Steepness of crossover region may be hard to distinguish from walking.•	



Nf = 12Nf = 8

T = 0 simulations at a few lattice spacings show m•	 π
2 = 2Bmf

At weaker coupling, change from N•	 t = 32 to Nt = 8.  No Goldsone boson

Clear evidence that the system has a chirally broken phase at T = 0 and a •	
phase with chiral symmetry restored for large T for Nf = 8 and 12.

Will now look at Polyakov loop, lattice artifact transitions, algorithm is-•	
sues, massless extrapolation, many other observables, finite volume ef-
fects and taste breaking

mπ
2 vs. mf for 8 and 12 flavors, T = 0 and T ≠ 0

Lattice QCD with 8 and 12 degenerate quark flavors Xiao-Yong Jin
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Figure 6: A comparison of the evolutions of 〈 ȳ y 〉 between Nt = 8 and Nt = 32. The left panel is for 8
flavors and the right panel is for 12. Both ordered and disordered starts are shown for Nt = 8, but only an
ordered start is shown for Nt = 32.
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Figure 7: m2
p versus m2

q. Dashed lines are screening mass at Nt = 8. Left panel is 8 flavors. Right panel is
12 flavors.

2. Finite temperature simulations

We have presented considerable evidence that 12 flavors is in a chirally broken phase. A
check of these arguments is to run at higher temperature and look for evidence of chiral symmetry
restoration. After the conference, we did finite temperature simulations at b = 0.56 with a lattice
size of 243×8 for 8 flavors, and at b = 0.49 with a lattice size of 323×8 for 12 flavors. The
evolutions of 〈 ȳ y 〉 are shown in Fig. 6. The amount the chiral condensate drops at finite T should
be equal to the T = 0 vacuum expectation value which we have determined. This is easily seen
to be the case for 8 flavors, but for 12 flavors, we do not have an accurate measurement of this
T = 0 quantity. Also, with 12 flavors, the finite temperature change in 〈 ȳ y 〉 varies with quark
mass, consistent with the T = 0 simulations not being entirely on the weak coupling side of the
∆b12 region.

A clearer signal comes from the screening mass of the pion, measured along a spatial direction
with Nt = 8. This is shown in Fig. 7. At fixed b , we have changed Nt from 32 to 8, and seen a
clear, dramatic change in the behvior of mp with mq. Obviously, it is no longer a Goldstone boson.
We have also measured the Polyakov loop along the temporal direction for both Nt = 8 and 32. It
is clearly non zero at Nt = 8, and vanishes within errors for Nt = 32. We conclude that there is a
thermal transition taking place between Nt = 8 and Nt = 32 for both 8 flavors and 12 flavors.
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Bulk Transition Signal for Nf = 8 (1992)

Brown, et. al. (PRD 46 (1992) 5655)•	

Naive staggered fermions with Wilson gauge action, m•	 q = 0.015

Inexact R algorithm, 16•	 3 × 32 volume

Bulk phase transition seen - argue that system has χSB on both sides•	

Extrapolating in step size says transtion at β = 4.58(1) with Δτ = 0.0•	

Look for this with exact RHMC•	



5 SUMM ARY OF L ATTICE SC A LES

3.6.6 hψ̄ψ i for β = 4:58;4:59;4:60
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4 Rewrite of DiracOpStag to Use Parallel Transport on BG/L

4.1 Plaquette and hψ̄ψ i Check
Cross-checked with 8 flavors DBW2 gauge β = 0:54. Data got from BG/L has twice the statistics as those from qcdoc.

m f = 0:03 m f = 0:02
hψ̄ψ i plaq hψ̄ψ i plaq

qcdoc 0.23091(24) 0.509939(49) 0.19629(44) 0.514966(88)
BG/L 0.23116(12) 0.509867(47) 0.19644(24) 0.514969(44)

Table 29: Comparison of Plaquette and hψ̄ψ i

4.2 Spectrum Check
FIXME. Not working, yet.

5 Summary of Lattice Scales
Table 30 is a summary of lattice scale dependence on β and N f . Values of N f = 0 are from the previous quenched
simulations. Other a  1’s are from r0 measurements.
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3.6 Wilson Gauge Check 3 8 FL AVORS

3.6.2 β = 4:63
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Bulk Transition Signal for Nf = 8 (2008)

Naive staggered fermions with Wilson gauge action, m•	 q = 0.015

Inexact R algorithm and exact RHMC, 16•	 3 × 32 volume

R algorithm transition at β = 4.60 disappears with RHMC•	

RHMC sees bulk, first order transition at β = 4.59.  Smaller discontinuity•	

Unexpected conclusion:  R algorithm, with conventional step size, makes •	
it easier to see bulk transition, as it exists for a wider range of β.

No bulk transition seen with DBW2, so far.•	

<ψψ> for R and RHMC, β = 4.60 <ψψ> for RHMC, different β's



Taking Massless Limit
Want statements about theories with m•	 f = 0, but simulate at finite mf.

Extrapolate to m•	 f  = 0.

What about chiral perturbation theory?  There are logs in continuum •	
result 

m2

π = 2Bmf

�

1 +
2

Nf

2Bmf

(4πf)2
ln

�

2Bmf

Λ2

χPT

��

fπ = f

�

1 − Nf

2Bmf

(4πf)2
ln

�

2Bmf

Λ2

χPT

��

Coefficients have explicit N•	 f dependence, as well as implicit depen-
dence, via f and B.  Convergence may be poor

Flavor breaking of staggered fermions will also modify logs.•	

Will use simple linear extrapolations in m•	 f here.  For high precision 
2+1 flavor QCD work, logs are ~ 10 percent correction for physical mq



Complete NNLO ChPT May Not Help
NLO and NNLO chiral fits for 2+1 flavor DWF ensembles Robert Mawhinney
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Figure 3: The left graph shows the unitary, light-light pseudoscalar decay constant versus quark mass, from
our NLO fit. The right graph shows the contribution of various terms to the fit.

Figure 4: The left graph is fπ from a full NNLO fit to our data. The right graph is also for a full NNLO fit,
but with the constraint that the SU(2) chiral limit decay constant, f = 122.0 MeV.

fits under the jackknife loop, the size of the NNLO contributions is very large and the series is not
convergent. This observation, along with the increase in the statistical error for fπ from the extra
degrees of freedom in the fit, means that we cannot get an accurate extrapolation to physical light
quark masses by fitting our data, which has mπ = 220 to 420 MeV, to NNLO order in ChPT.

The right graph in Figure 4 shows the results for fπ from a full NNLO fit, with the constraint
that the SU(2) chiral limit decay constant, f = 122 MeV. (This value of f comes from the phe-
nomenological value for l̄4 and has an uncertainty of about 1 MeV.) The total, uncorrelated χ2 for
these fits is about 25 and gives fπ = 127.9 š 1.8stat MeV. (The smaller statistical error for this fit
comes from the strong constraint in the chiral limit.) However, the large error on the LO + NLO
contribution, means that, in a ¾ 25% of our fits, we have very large NNLO contributions. Thus we
cannot demonstrate a reasonably convergent series at this point, even with a constraint.

6

NLO and NNLO chiral fits for 2+1 flavor DWF ensembles Robert Mawhinney

0.01 0.02 0.03 0.04 0.05

0.11

0.12

0.13

0.14

0.15

0.16

0.17

Unitary f
!
 versus m

l
 (m

x
 = m

y
)

m
l
 = m

x
 = m

y
 (GeV)

f !
 (

G
e

V
)

Data fit to NLO + finite V

Solid lines:  infinite volume NLO results

Dot!dashed lines:  finite volume NLO fits

 

 

32
3
, m

l
 = 0.004

24
3
, m

l
 = 0.005

Fit at physical m
l

Physical f
!

0.01 0.02 0.03 0.04 0.05
0.06

0.08

0.1

0.12

0.14

0.16

0.18

Continuum unitary f
!
 versus m

l
 (m

x
 = m

y
)

m
l
 = m

x
 = m

y
 (GeV)

f !
 (

G
e

V
)

NLO fit done

 

 

Data, O(a
2
) corrected

Fit at physical m
l

Physical f
!

LO term

LO + NLO logs

LO + NLO

Figure 3: The left graph shows the unitary, light-light pseudoscalar decay constant versus quark mass, from
our NLO fit. The right graph shows the contribution of various terms to the fit.

Figure 4: The left graph is fπ from a full NNLO fit to our data. The right graph is also for a full NNLO fit,
but with the constraint that the SU(2) chiral limit decay constant, f = 122.0 MeV.

fits under the jackknife loop, the size of the NNLO contributions is very large and the series is not
convergent. This observation, along with the increase in the statistical error for fπ from the extra
degrees of freedom in the fit, means that we cannot get an accurate extrapolation to physical light
quark masses by fitting our data, which has mπ = 220 to 420 MeV, to NNLO order in ChPT.

The right graph in Figure 4 shows the results for fπ from a full NNLO fit, with the constraint
that the SU(2) chiral limit decay constant, f = 122 MeV. (This value of f comes from the phe-
nomenological value for l̄4 and has an uncertainty of about 1 MeV.) The total, uncorrelated χ2 for
these fits is about 25 and gives fπ = 127.9 š 1.8stat MeV. (The smaller statistical error for this fit
comes from the strong constraint in the chiral limit.) However, the large error on the LO + NLO
contribution, means that, in a ¾ 25% of our fits, we have very large NNLO contributions. Thus we
cannot demonstrate a reasonably convergent series at this point, even with a constraint.
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2+1 flavor DWF QCD (RBC and UKQCD) arXiv:0910.3194, Lat 09•	

2 a's, 5 dynamical m•	 l, 84 partially quenched values for mπ and fπ

NLO gives f•	 π = 122.2 +/- 3.4stat +/- 7.3ChPT

NNLO adds 13 additional parameters and gives f•	 π = 133 +/- 13stat

NNLO looks linear to physical m•	 l.  For mf –› 0, logs may be a small 
correction.  Analytic expansion may be reasonable guide, but no proof
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Extrapolation of Chiral Condensate

Nf = 4
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Nf = 12

N•	 f = 4 and 8 extrapolate linearly 
to non-zero values.

N•	 f = 12 at strong coupling shows 
χSB in massless limit

N•	 f = 12 at weak coupling shows 
a rapid change in the system.



Extrapolation of mπ
2 for Nf = 4 and 12
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Extrapolation of fπ

Nf = 8 Nf = 12

Extrapolated f•	 π for Nf = 8 shows 2× change across the region of rapid 
evolution. 

Extrapolated f•	 π for Nf = 12 shows ~10× change across the region of 
rapid evolution.

Extrapolated, weak coupling f•	 π for Nf = 12 is non-zero.
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Extrapolation of 〈ψ̄ψ〉

8 flavors
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12 flavors
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Yes, it is consistent!

Rapid change in system. What is it?

Xiao-Yong Jin (Columbia University) LQCD with 8 and 12 Flavors Leiden, 2009 11 / 23

Extrapolation of Chiral Condensate, again



Extrapolation of mρ

Nf = 8 Nf = 12

Extrapolated m•	 ρ for Nf = 8 shows 2× change across the region of 
rapid evolution. 

Extrapolated m•	 ρ for Nf = 12 shows ~6× change across the region of 
rapid evolution, less than the 10x seen in fπ

Look at other particles to see what is happening with m•	 ρ
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Parity Doubling

Nf = 8 Nf = 12

If chiral symmetry is not broken, particle spectrum is parity doubled•	

Spectrum for Nf = 8 shows mass of ρ and a•	 1 not degenerate when mf = 0. 

Spectrum for Nf = 12 shows parity doubling.•	

What happened to χSB?•	
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Parity Doubling for 4 flavors

163 × 32 volume 243 × 32 volume

Parity doubling disappears for larger volume system•	

System still has χSB, but parity doubling is a sensitive indicator of •	
finite volume effects 
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String Tension

Nf = 8, β = 0.56, mf = 0.008, 
243 × 32 Nf = 12

String tension is small for N•	 f = 12, making it easy to measure 

Our Coulomb gauge fixing method has larger finite volume errors •	
than other methods

For non-zero quark mass, system exhibits confinement•	
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Figure 2: Evolution of 〈ψ̄ψ〉. Left: β = 0.58, mq = 0.015. Right: β = 0.54, mq = 0.01. In both plots, the
data is binned in blocks of 50 trajectories. Black diamonds and red crosses represents ordered and disordered
starts, respectively, with a lattice size of 163 × 32. Blue squares in the right plot are from an ordered start
with a lattice size of 243 ×32.
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String Tension versus mf

Nf = 8 Nf = 12

String tension for N•	 f = 8 drops by 4× across rapid evolution region 

For N•	 f = 12, σ(β = 0.48, mf = 0) = 0.0043(15)

For N•	 f = 12, σ(mf = 0) is consistent with 100× change across region 
of rapid evolution of system.
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Evolution of Chiral Condensate at Nt = 8

Nf = 12Nf = 8
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For N•	 f = 8, at T = 0 we find v = 0.02555(23) by linear extrapolation, 
very close to the observed shift in v (at non-zero quark mass) when 
going from Nt = 32 to Nt= 8.

For N•	 f = 12, β = 0.49, we find the shift in v (at non-zero quark mass) 
from Nt = 32 to Nt = 8 to be larger than the v when mf –› 0 for T=0.  
However, we are not sure we are on the weak coupling side of the rapid 
evolution region at this β, so our T = 0 v is not very reliable.
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FIG. 9: Squared masses of charged pions for various tastes on the coarse lattices. We use r1 to set

the scale. Tastes that are degenerate by SO(4) symmetry are fit together.
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Fig. 3. The first two rows of the composite figure show N f = 4 simulation results in the p-regime. The first row depicts the collapsing pseudo-Goldstone spectrum (the πi5
and πi j states are shown in addition to the Goldstone pion) together with the techni-rho as the continuum limit is approached. The second row shows the chiral fits to
M2

π /mq and Fπ based on Eqs. (11)–(14). The range mq = 0.008–0.025 is used in the fitting procedure. The approximately linear behavior of the chiral condensate �Ψ̄ Ψ �
is also shown in the second row. The third and fourth rows summarize the simulation results for N f = 8. The third row shows the collapsing pion and pseudo-Goldstone
spectrum together with the techni-rho as the continuum limit is approached. The chiral fit to M2

π /mq is shown based on Eq. (11) only since the Fπ data points are outside
the convergence range of the chiral expansion. The range mq = 0.015–0.035 is used in the fitting procedure. The fifth row illustrates our first simulation results for N f = 9.
It shows the split pion spectrum, chiral fit to M2

π /mq and the Fπ data points are outside the convergence range of the chiral expansion. The range mq = 0.02–0.04 is used
in the fitting procedure.

MILC Phys.Rev.D70:114501,2004•	

2+1 flavor ASQTAD, a = 0.12 fm•	

Visible splitting when m•	 q = 0

Same slope for all tastes•	

m•	 ρ ~ 0.5 in lattice units

Fodor, et.al.,  PLB 681, 353 (2009)•	

6 stout smearing steps•	

m•	 ρ ~ 0.3 in lattice units

Slope varies with taste•	

Small splittings when m•	 q = 0

Staggered Flavor (taste) Breaking
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12 flavors results comparison with Deuzeman et al., 2009
arXiv:0904.4662v1

mq = 0.05, spatial volume 163,
circles for Nτ = 16 and crosses for
Nτ = 8.
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12 flavors results comparison with Deuzeman et al., 2009
arXiv:0904.4662v1

Weaker coupling side of the
transition.
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Summary
Direct calculation of hadronic observables shows that N•	 f = 8 and 12 QCD 
with the DBW2 gauge action and naive staggered fermions 

Is in a chirally-broken phase at zero temperature, with ma.	 π
2 ~ mf

Has a chirally symmetric phase for high temperature, with no b.	
Goldstone boson

Exhibits a region of rapid evolution of the system, with respect to the c.	
bare lattice coupling β, which is more pronounced for Nf = 12.

The extrapolations to the massless limit that were used here are simple •	
linear extrapolations.  ChPT may not be helpful to improve this, since con-
vergence may be poor due to explicit Nf factors, large B and small f. 

The weak coupling side of N•	 f = 12 region has very small QCD scales, in 
lattice units.  This requires simulations in large volumes.  Have some data 
on finite V effects and they are measureable, but perhaps not dominating.

Our conclusions differ from Appelquist, Fleming and Neil (PRL 100 •	
171607 (2008)), who measure β-functions and claim Nf = 12 is conformal
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Figure 8: Generic dependence of an observable with β .

3. Conclusion

We have presented considerable evidence that QCD with 8 and 12 flavors is in a chiral symme-
try breaking phase. We see a pion which behaves as a Goldstone boson for T = 0 and which does
not for finite T . Multiple dimensionful quantities are found, with mq = 0, when T = 0, inconsistent
with a conformal phase.

There is clearly a marked change in the system with 12 flavors, which we discuss in the context
of Fig. 8, which shows how an observable in lattice units changes with β . Previous N f = 8 studies
[4] argued that the cross-over could become a phase transition, due to lattice artifacts. With our
DBW2 action, this is no longer seen, rather we have a smooth, somewhat rapid, change away from
strong coupling. This change becomes considerably more rapid for N f = 12, but the system still
breaks chiral symmetry. Currently, we do not know if our simulations at weaker coupling are in
the cross-over region, or at weak enough coupling to begin to see the continuum, scaling region of
the system. Our rapid change for N f = 12 could be an indicator of walking behavior (as expected
for this large number of flavors), or just a steepened cross-over region still influenced by lattice
artifacts.

We are thankful to all members of the RBC collaboration and especially to Norman Christ
for insightful discussions. Our calculations were done on the QCDOC at Columbia University
and NY Blue at BNL. This research utilized resources at the New York Center for Computational
Sciences at Stony Brook University/Brookhaven National Laboratory which is supported by the
U.S. Department, of Energy under Contract No. DE-FG02-92ER40699 and by the, State of New
York.
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7

T = 0 QCD versus β

Discontinuities can exist in strong to weak coupling region.•	

Likely lattice artifacts*	

Can be small or large, depending on irrelevant operators*	

β for strong-to-weak transition strongly mass dependent for N•	 f = 12.

What is β•	 min for Schrödinger functional and RG methods?



Outlook

Have measured staggered fermion flavor breaking in meson spectrum •	
for Nf = 8 and 12

Found m*	 q = 0 splittings surprisingly small.

Pronounced differences in slope of m*	 π
2 with mq

What arguments can one use to decide whether flavor breaking is *	
relevant to phase of system?

Considering further large volume runs for N•	 f = 12 at weak coupling.  
Difficult to make sure we are completely through the crossover.

Further increases in N•	 f would make hadronic signal even smaller and 
require large volumes.  Vanishing signal/noise

Likely need better observables if simulations with larger N•	 f are done.
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