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Chapter 1

Introduction

This course is mostly concerned with the subject of ordinary and partial differential
equations. Many physical laws and relations appear mathematically in the form of
such equations, prime examples being Laplace’s equation, the wave equation and the
diffusion equation. The ability to express (“model”) physical problems in terms of
differential equations and to find the corresponding solutions is therefore a necessary
and important skill for the applied mathematician.

During the course you will be introduced to several techniques of fundamental signif-
icance in applied mathematics. For example, the method of separation of variables
applied to partial differential equations such as the one-dimensional wave equation,
and the Laplace transform method for changing differential equations into algebraic
equations. We shall also study Fourier series and look at the solution of partial
differential equations by the method of characteristics. Whenever possible, we shall
endeavour to illustrate the relevance of the differential equations we study to the
corresponding physical situation.

1.1 Ordinary differential equations

An ordinary differential equation (ODE) is a relation which involves one or more
derivatives of an unspecified function y of another variable, usually taken to be x
(though note that ¢ is often used instead for functions of time). Formally, this is

expressed as
dy d?y d™y
)a — 7 ... 22 ) =0 1
(.Qﬁ,y, dx’de’ ’dl'n ( )

7
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The order n of an ordinary differential equation is the highest derivative d"y/dx" it
contains.

An important second order ordinary differential equation is that describing the sim-
ple harmonic motion of a mass acted on by a spring that obeys Hooke’s law.
d*y 2

@vay:O

where w (the angular frequency) is a constant.

The main problem associated with such an equation is to find functions y in terms
of x for which the derivatives

exist and satisfy equation (1).

The general solution of a differential equation is the set of all functions satisfying
it, usually expressed as some kind of general formula involving a number of param-
eters. It can be proved that if F' satisfies certain conditions, then the differential
equation (1) has a unique general solution involving n parameters or arbitrary con-
stants.

Rather than concentrate on finding the general solution of each equation individu-
ally, we look for solutions to particular classes of equations. We consider a class of
equations solved if we can express the general solution for any equation in that class
in terms of integrals. An important (and relatively simple) class of equations is the
class of linear equations.

Example: The general solution of the first order ordinary differential equation

dy
7 __9
dx Y
has the form
y=Ae =
where A is an arbitrary constant.
Check:
—2x dy —2x
y = Ae = = —2Ae™ %" = —2y. v

A solution given by a particular set of values of the parameters is called a particular
solution or particular integral of the given differential equation. A particular integral
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is usually specified by initial conditions, which give the values of

1/

y(xo), ¥ (x0), " (o), - ..,y (xo)

for some particular value x( of the independent variable x. The problem of finding
the solution to an ordinary differential equation with given initial conditions is an
initial value problem.

Example: The solution to the initial value problem

dy
AT 0) = 3:
I Y; y(0) = 3;

can be found from the general solution by evaluating the arbitrary constant A. We
have

3=y(0)=Ae" = A

yielding the solution
y(a) =3e™*

which is the unique solution to the initial value problem.

Often a particular solution of a second order ordinary differential equation is given
by a pair of boundary conditions, specifying the value of y at two values of =z,

y(xg) =ay and y(x1) = ay.

Example: The boundary value problem

d2y
o7 + w?y = 0; y(0) =y(1) =0;

clearly has the trivial solution, y(x)=0, for any value of w. However, if w = nx
where n is an integer, then we also have a nontrivial solution,

y(x) = sin(wzx) = sin(nnx).

Check:
Y (r) = weos(wz), ¢'(r) =—w?sin(wz) = y'(z)+w’y(z)=0

y(0) =sin(0) =0, y(1) =sin(nw) =0. v
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Sometimes we have several unspecified functions 1, y2,ys, . . . Yn, €ach of which de-
pend on x. This gives rise to a system of ordinary differential equations:

dy
— = F e Un
dx 1<$7y17y27 » Y )
dy
— = F e Un
dr 2(33'>y27y2, » Y )
(2)

dyn

- Fn ) ) AR ) n
o (T, Y2, Y25 - - -5 Un)

where Fi, Fs, ..., F, are specified. If Fi, F5, ... F, are all independent of x, then the
system is said to be autonomous.

Example: In a model of a predator-prey system, in which one species (e.g. foxes)
eats another (e.g. rabbits), we have two variables y; and y» giving the population
of the predators and prey respectively. A simple model for the rates of change of
these populations is:

dy,

-

i Y1+ By

d

% = (b - d)y2 — QY1Y2

where b,d, a, k, 8 are constants which depend on the environment and the species
involved. Note that the right hand side of these equations depends on both y; and

Ya-

An n-th order ordinary differential equation can always be written as a system of n
first order equations by setting
_dy

da”

for k=0,1,...,n — 1. Then the equation

dny dy dn—ly
no f xvyvd_a"'
X

dx T da !

Yk

can be expressed

%Zy %Zy dy”_lzf(wyy Yn—1)
dl‘ 1 dl’ 29 sy dl' > Y0, 915 -+ -5y Yn—-1) -

The general solution to both systems has n arbitrary coefficients.
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1.2 Partial differential equations

A partial differential equation (PDE) is an equation where some unknown function
u, say, is a function of several variables. Partial differential equations thus contain
partial derivatives, in which the function is differentiated with respect to one of the
variables, all others being kept fixed.

In physics and engineering, the important partial differential equations are mainly
of second order, such as the one-dimensional wave equation

Pu  , Ou
72 = C o (3)

which describes the propagation of waves through a one-dimensional medium. For
the case of a taut string u(x,t) represents the displacement of the string from equi-
librium as a function of the position along the string x and the time ¢. Solutions
to the one-dimensional wave equation depend on the boundary conditions i.e. the
value of u(x,t) and its derivatives at the ends of the string. For a string tethered
at both ends (e.g. on a violin), the solutions are the standing wave harmonics, the
first two of which are depicted below:

I e u

/ i / F\

'-_l' \\\ I ---.l'
N4

The flow of heat in a two-dimensional conductor such as a metal sheet is described
by the (two-dimensional) heat equation

ou Pu  u
— =25+ (4)
ot or dy
In this case u(x, y, t) represents the temperature of the wire at position (z,y) at time
t. Again the precise form of the solution will depend on the boundary conditions.

If the temperature distribution on the boundary of the sheet is held constant, then
as t — oo the temperature can be shown approach an equilibrium state satisfying

’u  O%*u

@—Fa—yzzo (5)



12 CHAPTER 1. INTRODUCTION

which is Laplace’s equation in two dimensions.

The general solution of a partial differential equation typically depends on arbitrary
functions of the variables, unlike the case of an ordinary differential equation, where
the general solution only depends on finitely many arbitrary constants. A particular
solution is specified by boundary conditions, which give the values of v and appro-
priate derivatives of v on the boundary of the domain of interest. Conditions which
specify the values of u or its derivatives when t = 0 are called initial conditions.



Chapter 2

First order ordinary differential
equations.

2.1 Separable and homogeneous equations

A general first order ordinary differential equation can be written in the form

dy
- _F
T (z,y)

for some function F'. We first consider two particularly simple forms of F(z,y)
where we can solve for y(x) explicitly in terms of integrals.

Separable equations

A separable equation has the form:

d

- = 1(@)g(y). o
We can write this as p

Y

9(y) flo) de

giving the general solution:

/ﬁdy:/f(a:)daﬁLc.

13
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Notice that the constants of integration from the two integrals can be combined to
give one arbitrary constant for the general solution.

Example: If
dy Az
de 9y
then
/dey:—/éla:dx
SO )
9
% =—2’+ec

This solution constitutes a family of ellipses parameterised by the constant c.

Problem: (Newton’s law of cooling) A copper ball is heated to 7" = 100°C.
Then at time ¢t = 0 it is placed in air at 30 °C. After 3 minutes, the temperature of
the ball has fallen to T'= 70°C. Find an expression for the temperature of the ball
at time ¢.

Solution: Newton’s cooling law states that

T
= —k(T = 30)

for some constant k. This equation is separable, and can be rearranged to give

dr

= —k dt.
T —30

Integrating the equation we find
In|T — 30| = —kt +c,
so the general solution is
T(t) = e F*e 4+ 30 = Ae™™ + 30
where A = e¢. The initial condition requires 7" = 100 when ¢ = 0, hence A = 70. So
T(t) = 70e™* + 30.
We can find the value of k using the second condition, i.e. T'(t = 3) = 70:

70—30 =70e 3 = k= ln(;/4).
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Problem: A mass m, initially at rest, falls vertically from rest from a distance
h above the ground. If air resistance is proportional to the square of the velocity,
determine the velocity with which it hits the ground.

Solution: Let x be the distance above the ground, and let

dx q dv dv
=— an a=—=0v—

dt dt dx
be the velocity and acceleration respectively. From Newton’s second law, F' = ma,
and so balancing forces gives:

v

dv
mg — mkv* = mv —
dx
where mk is the constant of proportionality for air resistance. Cancelling the m, we

obtain p
v
—kv? = op—
g v 'de,

which is a separable equation, so can be rearranged into the form

v dv

dr = ———
. g — kv?’

which integrates to give (here we can assume g > kv?)

v 1 9
x—/g_ka dv:_—zkln(g—kv)—i-c.

The initial condition gives v = 0 when = = 0, so

2k '
and hence
1 | g
r=—In|{———].
2k g — kv?
Rearranging gives
2kx g g 2 g —2kx
e —g—kj'UQ or E_U_Ee s
and finally
v = %(1 — e 2k

This expression gives the velocity at distance x from the start. In particular,

v? — g/k as x — o0.
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Homogeneous equations

Sometimes an ordinary differential equation may not appear to be separable, but
can be made so via a change of variable. Specifically ordinary differential equations

of the homogeneous form
dy y
A Z 2
dx / (.71:) (2)

may be made separable by writing v = y/z, where v(z) is a new dependent variable.
Differentiating y = x v, we obtain:

Wz ®

de dx’
and the differential equation becomes

dv

v+ pri f(v)
or

do _ J() v

doe x

which is separable. Thus the solution is given by:

dv [ dx
[ =T

After integrating, we replace v by y/z.

Example: To find the general solution to

dy

T —— = x + 3y,
dx
we first divide through by x to obtain the homogeneous equation
d
YW _ 1439
dx x

Let v =y/x so dy/dx = v + = dv/dx. The differential equation for v is

d
v+x—v:1+3v,

dx

which simplifies to

dv 14 2v

de =
Hhus In(1+ 2 Ca?—1

n(+v):ln(x)+c = p= i
2 2

and so
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2.2 Exact differential equations

The differential equation
dy  P(z,y)

dz — Q(z,y)

can be re-written as

P(z,y) dx+ Q(x,y) dy = 0,

where the expression

P(x,y) dv + Q(z,y) dy

is called a differential in x and y.

Equation (3) is ezact if there is a function u(x,y) such that

ou ou

du = — dv+ — dy = P(x,y) dz + Q(z,y) dy.

ox oy

Since then du = 0, the solution is given by:

u(z,y(x)) = c.

For this to happen we must have:

P(:v,y)z@ and  Q(z,y)

ox

ou

oy

17

Now assuming that the second partial derivatives of u(x,y) are continuous, we can

exploit the fact that
Pu  Pu
oxdy  Oyoz

to write

0P(z,y) _ 0Q(x,y)

oy ox

This turns out to be a necessary and sufficient condition for the differential equation

to be exact.

Now we must find v given P and (). Integrating the equation for P gives

u(z,y) = /P(:E,y) da,
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but of course this integral is only defined up to an arbitrary constant which may
here depend on y. Thus we can write

u(z,y) =v(x,y) + k(y) where wv(z,y)= /P(z,y) dx

and k(y) is some unknown function of y. The equation for @) is then

ou Ov dk
Q(z,y) _8_y_8_y+d_y’
SO
dk ov

from which we can determine k(y), then u(z,y), and finally y as a function of x.
Problem: Solve:

2z sin(3y) dz + (327 cos(3y) + 2y) dy = 0.
Solution: Let P(x,y) = 2zsin(3y) and Q(x,y) = 32% cos(3y) + 2y. Then

0Q(z,y)
or '’

OP(z,y)

o = 6x cos(3y) =

so the equation is exact. Therefore

uey) = [ Ploy) oty
= 2”sin(3y) + k(y),
and the equation Q(x,y) = du/dy gives

dk dk
322 cos(3y) + 2y = 3x%cos(3y) + — = — =2
dy dy

Hence k(y) = y?, and the general solution is:

2?sin(3y) +y* = c.

Check by differentiating:

d (2 sin(3y) + y*) = 2zsin(3y) dz + (32% cos(3y) +2y) dy =0. v
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2.3 First order linear differential equations.

A first order linear differential equation takes the form

Y b plaly = ala), g

which is linear in y and dy/dzx.

To solve this equation, we first try to find a function p(z), known as an integrating

factor, such that
d d

() = n (ﬁ +p(fv)y) :

which is a multiple of the left hand side of equation (4).

We therefore require

du dy  dy
oo YT = e p(a)uy,
which is satisfied if and only if
W)
d,:[: - p M)

a separable equation for 4 in terms of p. Therefore

lnuz/%z/p(l’) dz,
pi(z) = exp (/p(x) dw) :

(We ignore the constant of integration since any solution will do.)

SO

We have now shown that

o) = uto) (2 + plow ) = pte)ato)

which we can integrate to find the general solution:
(o) = [ nl)a(o) do e

or

) =~ ([ ute)ate) s+




20 CHAPTER 2. FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS.

Example:
dy 1
dr x
First find the integrating factor:
p(r) = ol (V/x)dz _ Jn(z) _ .

Multiplying through by u(x) gives:

dy 2
xdx+y—x,

SO

yielding the general solution:

2.4 Linear differential operators

A function takes a number to a number:

cg flx)=2%  f(2)=4

An operator takes a function to a function. You are already familiar with the
derivative operator D which takes a function y to Dy = ¢’ with

Dy(@)=of(x) = DD - B

The derivative is an example of a linear operator, which means that for any functions
y1 and yo, and any constants c¢; and co,

D(ciyh + cay2) = ¢1 Dyr + ¢z Dys.

This condition can be re-written as

d dy,(x dys(x
dr (cy1(z) + coye(2)) = & y;f;(c ) + Co y;i )>

and is equivalent to the two conditions

D(cy) =cDy and  D(y; + y2) = Dy1 + Dys.
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Note however, that if f(z) is a function,

D) = - (fa) = £ 2+ Ly = oy Dy # sy

i.e. linearity only holds for constant multiples!

The second derivative is also a linear operator, written

d2
D? = —
dx?
so that , @)
d*y(x
D? = .
Yy (ZL‘) A2

A first-order linear differential operator has the general form:

L=D+p
where p is a function, i.e.
d
Ly () = 2D gt
We should check that this is linear:
d
L(ciyi(x) + coya(w) = e (cry1(w) + cay2(x)) + p(2) (cry1(x) + coya(w))
dyi(z dys(x
= o) WD) | ey @) + ela)iae)

dy, (x dys(x
= ¢« (% +p(l’)y1($)) + o ( y;i ) +p(l‘)y2(fv)>
= ¢ Lyi(x) + co Lys(x),
as required. The differential equation

dy

ar +p(z)y = q(z)

can now be written in the operator form:

Ly =q. (5)

If ¢ = 0, this equation is homogeneous, otherwise it is non-homogeneous.
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Equation (5) has a number of properties which depend only on the linearity of the
differential operator L, and not its particular form. Of particular importance is the
complementary equation, which is the homogeneous equation

Ly =0. (6)

A solution of the homogeneous equation (6) is known as a characteristic function of
the linear operator L. The general solution ¥, of the complementary equation is the
complementary solution of the non-homogeneous equation (5).

Suppose y; and y, are two solutions of Ly = 0, and ¢; and ¢y are constants. Then
by linearity,
L(ciyr + caya) = erLyr + coLys = 0,

SO €11 + Coyo is also a solution. In fact, if yi,4s, ..., y, are solutions of Ly = 0 and
and ¢y, ca, ..., c, are constants, then

L(cyyi +cypa+ -+ cuyn) =0

SO C1y1 + CoYs + - -+ + ¢y, 1s also a solution of Ly = 0. This result is known as the
principle of superposition for linear homogeneous equations. Note that y = 0 is a
solution to any homogeneous equation.

Now consider the non-homogeneous equation (5). Solutions y; and y, now cannot
in general be added, since

L(ciyr + coy2) = 1 Lys + c2 Ly, = c1q + c2q = (c1 + ¢2)q

which is only a solution if ¢; + ¢ = 1. However, solutions for different right hand
sides can be added; if y; is a solution of Ly = ¢; and ys is a solution of Ly = g¢o,
then

L(y1 +y2) = Ly1 + Lys = ¢1 + ¢2,

SO Y1 + yo is a solution to the equation Ly = ¢; + ¢o.

Now suppose ¥, is a solution of Ly = ¢, and y. is a solution of the complementary
homogeneous equation Ly = 0. Then

L(y.+yp) = Ly. + Ly, =0+ q = q,

SO Y. + Yp is also a solution of Ly = ¢. In fact, the general solution of Ly = ¢ has
the form y = y. + y,, where the complementary solution y,. is the general solution
to Ly = 0, and y,, the particular integral, is a solution to Ly = q.



CASE STUDY: EXPANSION OF AN IDEAL GAS 23

Example: Consider the differential equation

d
Ly(z) = f(x) where Ly= d—i + 2y.

The complementary homogeneous equation is

dy
—+2y=0
dx Ty
which has the general solution
yo(x) = ce .

Suppose f(x) = 4. A particular integral is given by
yp(r) = 22° — 27 + 1,

since
—L 4+ 2y, = (4x — 2) + 2(22% — 2z + 1) = 4a”.

(This solution could have been computed using the general form of the solution to
a linear first order equation.) Hence the general solution is

y(z) = ce ™ + 22* — 22 + 1.

Suppose f(z) = 5sin(z). Then
yp(z) = 2sin(x) — cos(x)
is a particular solution. Hence the general solution to

d
d_i + 2y = 42* + 5sin(z)

y(z) = (ce ) + (22% — 22 + 1) + (2sin(z) — cos(z)) .

2.5% Case study: expansion of an ideal gas

The first law of thermodynamics states that the total energy U of a physical system
can be changed by adding heat @ and/or performing work W:

aU = dQ + dW.
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dx

Consider an arbitrary quasi-static reversible process in which one mole of an ideal
gas in a piston-cylinder arrangement at constant pressure p absorbs an amount of
heat d@): If the piston moves out a distance dx, then the work done is

—Fdr=—pAde=—pdV,
where F' is the net force on the piston and V' is the volume. Hence
dQ =dU +pdV.

Now dU = (), dT', where the specific heat C), is a function of T only. Invoking the
ideal gas law pV = RT, with R constant,

T
dQ:CUdT+R7dV

Here,

ov T\ VvV

so the differential equation is not exact. However, there exists an integrating factor

/T,
O (G _y_ 0 (R
ov\T /) ~ oT\V)’

aqQ
= =
s exact. The quantity s is the entropy.

g ()R,

implying that
ds

In thermodynamics the integrals of exact differentials are known as functions of
state.
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Higher order linear ODEs

3.1 Homogeneous second order linear equations
with constant coefficients

A linear second order ordinary differential equation can be written as

d*y dy
Ly (@) = 55+ pla@) 3 + @)y = r(a). (1
If p, ¢ and r are defined and continuous in some interval I, it can be shown that equa-
tion (1) has a twice-differentiable solution in I for any initial condition specifying
y(xo) and y'(zg) with zq € I.

The simplest case is that of a homogeneous equation with constant coefficients,
which can be written as
P’y  dy
a—5+b-—=+cy=0 2
da? dx Y )

where a, b and c¢ are real numbers and a > 0.

For a solution, we try y = e’ for some constant A\. Then

d?y
A )\ Az - J )\2 Az
dx < dz? c

which implies
(aX? + DA + ¢) e = 0.

25
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Now since e # ( for any x, we can write
aX’ + b +c =0, (3)
the auziliary or characteristic equation for equation (2). The general solution de-

pends on the nature of the roots of equation (3).

Real roots: If the roots A; and Ay are real and different, the general solution is

y(r) = c;eM” 4 cpe

A repeated root: If there is one repeated root A, equation (2) is of the form

d?y dy
—S =222+ A%y =0
dz? dx TAY
One solution of this is
yi(x) = e,
A second is
ya(z) = e,
which we can check:
dyZ d2y2 2
=(1+X\x 2N+ A
dr = (TEAE, e = @A Xt v
Therefore
d292 dya 2 2 2 Az
%_2)\d_+)\ yo = (2N 4+ Nz) — 2X(1 4 Az) + Nz) e = 0

as required. The general solution is then

y(z) = (c1 + cox)e.

Complex conjugate roots: If the roots of the auxiliary equation are complex,
they must be complex conjugates, and we can write

AL =a+1if, A =a—1if.

Then '
yi(z) = M = e0FBT — o (co5(Bx) + isin(Bx))
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are solutions, and so are

() = 5 () +y(2) = e cos(B),

1

p() = 5 (@) +y (@) = e sin(Ba).

Hence the general solution is

y(x) = e (¢q cos(Bx) + cosin(fx)) .

Example:
d’y L, dy
2— 4+3——-2y=0
da? * dr Y
Try a solution of the form
y = e,

Then
A2 4+3\—2=0,

which factorises to
22X =1)(A+2)=0.

Therefore
A =1/2and Ay = =2,

and hence the general solution is

Yy = c1e? 4 e
and we have P
d—i = %1655/2 — 20 .
Now suppose the initial conditions are y(0) = 4, ¥/(0) = 1. Then
c1+cy = 4,
—c1— 20 =1
B C1 Co
which has the solution
18 2
o =— Co = —.
1 5 ; 2 5
Thus the particular solution is
18 2
y = _ex/Q + _672:1:'

o 5
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Example:
Py | dy
— +2—=+4+5y=0
dx + dx oy
Try
y = e)\x
Then

MN4+224+45=0 = M=-1+2and \;=—1—2i.

Hence the general solution is
y(x) = e 7 (¢ cos(2x) + cosin(2x)) .

We can check the solution y(z) = e~ cos(2x) by computing

d
ﬁ = —e “cos(2x) — 2e “sin(2x),
d2y —z —T L3
— = =3 cos(2x) + 4e”* sin(2z),
dx
SO
Py . dy

—5 +2—+5y=(=3—2+5)e "cos(2z) + (4 — 2 x 2)e “sin(2x) = 0. v
dx dx

Example:

Py dy
24" Ly =o: — 1. 4(0)=3.
T tAL Y 0; y(0)=1, ¢'(0)=3

The auxiliary equation is
NM+4AA+4=0

which has a repeated root A = —2, so the general solution is
y(x) = (1o + cp)e .
We compute
Y (z) = (=212 + ¢ — 2¢9) €72 y(0) =ca, 9 (0) =1 — 209,

so ¢o = 1 and then ¢; = 5. Hence the particular solution is

y(x) = (5z + 1)e .
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3.2 Inhomogeneous second order linear equations

These take the form

d’y . dy
Ly (x) =a—5 +b— +cy =r(x). 4
y(w) = a5 +bo+ey=r(z) (4)
We know from the general theory of linear differential equations that the general
solution can be written as a sum of the complementary solution y. and a particular
integral y,,. Since we already know how to find the complementary solution, we need

only consider how to find a particular integral.

Method of undetermined coefficients

To solve non-homogeneous linear equations we can use the method of undetermined
coefficients to find y,, which amounts to little more than guessing.

Example:

Py dy
PR

2 —2y=41

The auxiliary (characteristic) equation is
2X2 430 -2=0 = (2A-1(\+2)=0.

To find y,(x), we use a trial particular integral of a form suggested by r(x). In this
case, we take y,(z) = «, a constant, since r(z) = 4 is constant.

Substitute in the differential equation:

Yp(r) =, y,(2) =y, (x) = 0.

Hence —2y, = 4, so y,(x) = —2. Therefore, a particular integral is

while, from a previous example, the complimentary function is
ye(x) = Ae®/* + Be > .
Hence the general solution is

y(z) = ye(x) + yp(x) = Ae*? + Be % — 2.
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Example:

Py dy
08 Y 1 3% 9 =5
P

For the trial particular integral take

Yp(z) = ax +

since r(x) = 6.

Substitute in the differential equation:

yp(2) = ax + B, y,(x)=a, y,(z)=0.

This gives
3a —2(ax + ) = 6z

for all values of x. Equating coefficients of powers of z:
3a—28 = 0,
—2« = 0.
Hence a« = —3 and 5 = —9/2, so
Yp(z) = =32 —9/2.
The general solution is
y(z) = Ae"? + Be ™ — 31 —9/2.

Example:

d? d
—z+3—y—2y:2e3m

2
dx dx

For the trial particular integral take

yp(z) = ae®.

Substitute in the differential equation:

yp(z) = ae®, gyl (z) =3ae™, y(z) =9ac™.

Hence
(18 + 9 — 2)ae® = 2%,

so a = 2/25 and we have a particular integral

2 ui
yp<37) = %63 :
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Example:

Py dy
QW + 3% — 2y = 68 cos(2x)

For the trial particular integral take

yp(z) = acos(2x) + Psin(2z),
y,(r) = —2asin(2z)+ 24 cos(2z),
yy(x) = —4acos(2r) — 43sin(2z).
Therefore
Py o dyp .
2 17 + 3% -2y, = (—8a+60—2a)cos(2z)+ (—88 — 6 — 23) sin(2x).
x

Equating coefficients of cos(2z) and sin(2z) gives

—10a+ 68 = 68,
—6a—108 = 0

which has the solution &« = —5 and 8 = 3. Hence
yp(z) = 3sin(2x) — 5 cos(2z).

In general, we can use the following form for the trial solution y,(z) depending on
the form of r(z):

1. If r(x) is a polynomial of degree n, then try a polynomial of degree n:

Yp(T) = ap + aqx + Qo 4 -+ .

2. If r(z) = €, then try
yp(x) = ek,

3. If r(x) = sin(wx) or r(x) = cos(wx), then try

yp(r) = asin(wz) + B cos(wz).

4. If r(x) is a product of functions of the types given above, try the corresponding
product for y,. E.g., if r(x) = ze*, try y,(z) = (a0 + arx)e.



32 CHAPTER 3. HIGHER ORDER LINEAR ODES

5. If the trial function given above contains a solution of the homogeneous equa-
tion, multiply the trial function by x.

Example:

Py dy
g 429 9 —z
122 + I r+e

The complementary solution is

Ye(x) = €1 + coe™ ",

x

For r(x) = 2z + e™*, we would usually try y,(z) = ap + gz + fe™*, but ag + e~
solves the homogeneous equation, so is no good. Instead we try

Yp = an T + apa® + fre"

which gives

2
% = a1+ 20z + B(1—z)e™  and 0;55 =20z + f(z - 2)e™".
Then
d? d
- P+ = (2004 Blr = 2)e) + (o1 + 2000+ B(1 — 7))
X

= (200 + ) + 200z — Pe".

Notice that the terms in 22 and ze~* have cancelled each other out. We find oy = 1,
ap = —2 and = —1, giving particular solution

yp(r) = 2% — 22 — e "

Variation of parameters

When the method of undetermined coefficients fails, there is another more general
approach to finding y,, called variation of parameters. Suppose the complementary
solution to the homogeneous equation

d*y dy
e +p(:13)% +q(z)y = r(x)
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is c1y1(z) + caya(z). To solve the non-homogeneous equation, we replace the con-
stants by functions:

y(@) = wr(x)yr(x) + uz()ya(2).
Since we now have two unknown functions, we must impose an extra condition,
which we take to be
uiy1 + usyz = 0.

Then

(uryy + uays) + (uyyr + uhye) = uryy + usys,
= (wayy +ugyy) + (ujyy + usys).

Substituting into the differential equation and rearranging gives

dy
— + p(x)% +q(@)y = wi(y) +pyy +qur) +ua(yy + pys + qy2) + (uiyy + usys)

o ror ’o
= UY; + UYs.

since y; and gy, solve the homogeneous equation. Thus we obtain two equations for
uy and u,

Uy T Uy, = T
Uy + Uy =
which have the solution
I —Yor r nr
Uy = YR IR Uy = Y
Y1Ys — Y1Y2 Yo — Y1Y2

The function
W (y1,y2) = Y195 — Y192
is called the Wronskian of y; and ys.

Example:
d*y
— +y =sec(x
dl_Q Yy ( )
The complementary homogeneous equation has solutions
yi1(z) = cos(z) and ya(x) = sin(x),

so we try
y(z) = uy(x) cos(z) + ug(z) sin(x).
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The equations for v} and wu}, are then

—uy sin(x) + uy cos(z) = sec(x),

uycos(x) + uysin(z) = 0.
Solving for v} and uf gives
uy(z) = —tan(x) and whH(z) = 1.
Integrating gives
u(z) =In|cos(z)|+c¢;  and  uh(z) =z + co
so the general solution is

y(z) = c1cos(z) + cosin(x) + In | cos(z)| cos(x) + x sin(z).

3.3 Case study: oscillations and resonance

Free oscillations

Consider the motion of a mass m suspended from a spring. The weight of the mass
(mg) extends the spring an amount s. If the extension is small, the restoring force
exerted by the spring will be proportional to s (Hooke’s law).

Unstretched System in System in
Spring equilibrium maotion

o

= =

b s 3
s < 2
Z 2
b 2 -

—_— ___-___é_-___ ___%,'___I
5’] ; S+y
Hence in equilibrium
mg = ks

where k is the spring (stiffness) constant. Now suppose we extend the spring a
further distance y. The acceleration ¢ is given in terms of the upwards force

F=Fk(s+vy).
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Applying Newton’s second law (balancing net forces and resulting accelerations), we
have that
mij = —k(s+y) +mg = —ky,

giving rise to the second order ODE
. k
Y+ (—) y = 0.
m
Usually one defines w? = k/m, the square of the angular frequency.

The general solution is
y(t) = Acos(wy)t + C'sin(wpt),

known as harmonic oscillation.

Now suppose the spring is damped, i.e. there is a frictional force opposing the mo-
tion, whose magnitude is proportional to the velocity. Then the differential equation

of motion becomes: L
g+ (S) g+ (—)y:o.
m m

The auxiliary equation is

P g — =0,
m m
SO
— 1 2 — 4k 1
r = —cj:— e —(—ci\/02—4k‘m).
2m 2 m2 2m
Now write

1
a=c/2m >0, p= 2—\/02 — 4km.
m

If ¢2 > 4km, we have two distinct real roots, and the system is said to be overdamped.
If ¢ < 4km, we have complex conjugate roots, and the system is umderdamped.
Finally, if ¢ = 4km, we have a a double real root, which gives critical damping. We
examine each of these cases in turn:

Overdamping: This corresponds to the case of two real roots, for which the solu-
tion is
This depicts the typical behaviour if y(0) = 0. There is no oscillation: both

terms in the above equation tend to zero as t — oo, the 2nd at a faster rate
than the first.
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Underdamping: This corresponds to the case of complex conjugate roots, for
which the solution is

y(t) = e “[Acos(wit) + Bsin(wt)],

where w; = v4km — ¢ / 2m.

Note that if ¢ is small, we can expand the square root using the binomial
theorem

2 2 2
DRz IV A Y L PO O PO I |
2m 4km m S8km S8km

Thus the frequency of oscillations is reduced from the underdamped case.

Critical damping: This corresponds to a double (repeated) real root, so the gen-
eral solution is
y(t) = (crt + cp)e .
Since e~ > 0 and because (owing to its linearity) ¢;t + ¢2 can have at most
one zero for positive ¢, the motion can have at most one passage through the
equilibrium position (y = 0). If the initial conditions are such that ¢; and ¢y
have the same sign, there is no such passage.
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Forced oscillations

We look at the equation

d? d
d—tg + 2&d_?1{ + awjy = r(t),

where 7(t) is an input (usually oscillatory) of this system. Suppose that () has the
form

r(t) = Rsin(wt),
where R is a constant. Then
yp = Acos(wt) + Bsin(wt).

Substituting into the equation we find

Yp = wBcos(wt) —wAsin(wt),

4y, = —w?[Bsin(wt)+ Acos(wt)].
Hence

—w? [Bsin(wt) + A cos(wt)]
+ 20 [wB cos(wt) — wAsin(wt)] + wj(Acos(wt) + Bsin(wt)) = Rsin(wt).

Equating coefficients gives:

~w?A+20wB+wiA = 0
—w?B —2awA+wiB = R.
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Solving yields:

A —2awR
(@ — W2 + (2aw)?
o _ R3-u)

(w2 — w?)? + (20w)?’
So the general solution is:

—2awR cos(wt) R(w? — w?) sin(wt)

y(t) = e levcoswnt) + exsinfwn)] + = T @ o 1 Caw

The first term quickly goes to zero as t — oo, so for large ¢, the solution is (approx-
imately)

—2awR cos(wt) R(w? — w?) sin(wt)
(W2 — w?)?2 + 2aw)? (Wi — w?)? + (2aw)?

y(t) =

Now let
sin ¢ = 200
V(W —w?)? + (20w)?
and ) )
cos ¢ = i :
V(W§ — w?)? + (2aw)?
Then ( )
Rsin(wt — ¢
y(t) =

V(65 —w?)? + (20w)?

Thus the response to the input sin(wt) is an oscillatory wave with amplitude

R
V(Wi —w?)? + (20w)?

A:

and the same frequency as the input, but out of phase by the angle ¢. It is instructive
to plot the amplitude of the motion (output) as a function of the frequency w of the
input:

The output has a peak at w = \/w2 — 2a? which is termed the resonance frequency.
For small « this is wy. Note that at w = wy the phase lag is ¢ = 7/2, i.e. the output
motion is 90° out of phase with the input.

The above exposition applies both to mechanical and electrical resonance. In the
latter case, it explains how radios and televisions are tuned.
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aE ‘ \ ,
3.4 The Euler equation
The Euler equation is:
d*y dy
2
x @—irax%—kby:r(a:).

Notice that the coefficient of d?y/dx? has a zero at x = 0, which means that the
Euler equation is an example of a singular differential equation. However it can be
solved in a very similar way to the equation with constant coefficients.

The complementary homogeneous equation is

d? d
i

Try a solution y(z) = 2™ where m is unknown. Then

Substituting into the equation gives
(m(m —1)+am+b)x™ = 0.
This has a solution if

m(m—1)+am+b=m>+m(a—1)+b=0.
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We therefore obtain
— —1)+ —1)2—4b
m = (a ) 2((1 ) .

The form of the solution is dictated by the nature of the roots. We consider two

cases:

Two distinct roots: Here the solution is straightforward:

y(2) = exr™ + ™

where m; and msy are the roots. Notice that if m; and my are positive, then

both solutions are zero at x = 0.
is a root. We can express the coefficients a and b

A double root: Again, y = 2™
in terms of m, and re-write the equation

d? d
xz—z+(1—2m)xd—y—|—m2y:0.
T

dx

The second solution is given by

m

y(x) = In(z)z™.

We check this by substituting into the original equation:

d 1

% = ;xm +mIn(x)z™ ' = (1 +mlnx)a™ !,
d2y m—2

3 = (2m —1+m(m —1)In(x)) 2™ 7,

SO

22 5235 +(1—2m)x§—y+m y
= 2m—1+4+m(m—1)In(z))z™ + (1 — 2m)(1 + mInz)z™ + m? In(z)2™
= (2m—=1)+ (1 —=2m)+ ((m*—m) + (m — 2m*) + m*) In(z)) 2™ = 0

as required. Hence the general solution is

y(z) = (a1 + 2 In(z)) 2™.
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Example:

d*y dy
xzw—ZxE—i—Zy:O; y(1)=1, ¢ (1)=0.

The auxiliary equation is
m(m—1) —2m+2=0.
The left hand side simplifies to
mm—1)—2m+2=m?>-3m+2=(m—2)(m—1)
which has roots m = 1 and m = 2. Thus the general solution is
y(x) = 1 + con®.
The initial conditions give
ci1+c=1 and ¢ +2c =0,
so ¢y = 2 and ¢y = —1, giving the solution
y(r) = 2z — 2°.

Note that y = 0 at x = 0 automatically. Initial conditions cannot violate this
condition, which is not surprising, as the original equation requires it.

Example:

d? d
xQd—xz—i-?)xﬁij:O

The auxiliary equation is
m(m—1)+3m+1=0,

and since
m(m—1)+3m+1=m>+2m+ 1= (m+1)?
we have a double root m = —1. Thus the general solution is

c1 + ¢ ln(x)
—

y(z) =
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The Euler equation can be transformed into an equation with constant coefficients
by writing = = ¢, so t = In(z). Then
dy dydt 1dy

de  dt de  x dt’

and
d?y _ 1dfdy\ _ 1dy _ 1ldtdfdy\ 1dy
dz®>  x dz\dt 22 dt xdr dt\ dt 22 dt
B 1d2y_1dy
22 d? oz dt’
SO
d*y dy >y dy dy d*y dy
2 barC by = — — 2 4a=2 +by = — + (a—1)— + by.
v Terg by = oy — ety = oatla— g by

Thus the equation

d2y dy
207Y ay _
x I3 +a:vdx +by = f(x)
becomes
d?y dy
— 4+ (a—1)=+by = t
dt? (a )dt y=f(e),

a linear second order ordinary differential equation with constant coefficients.

If f(e') is one of the forms we found previously for linear equations with constant
coefficients, we should solve it in terms of ¢ and then transform it back in terms of
x.

Example:

2
x2% —ZxS—i + 2y = In(2x)

Since
g(t) = f(e') = In(2e") = In(2) + ¢

the equation can be transformed to

Py dy
27 32 L9y =1n(2) +t.
dt? 3dt+y n(2) +

Using the trial solution y,(t) = ot + /3, we find

—3a+2(at + ) =1n(2) + ¢,
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implying
2a=1 and 25— 3a=In(2).

Then v = 1/2 and 5 = (In(2) + 3/2)/2, so

yp(t) = % + % (1n(2) + ;) : () = In(2x) n Z

3.5 Homogeneous systems of ODEs

A homogeneous system of n first order linear ordinary differential equations with
constant coefficients has the form

n

dy;
i > ayys (5)

Jj=1

for unknowns yy, y2, - . ., Yn-

Example:
dy
—— = —dy; —2
dr Y1 Y2,
dy2 _
dr Y1 Y2-

To solve this, we can eliminate one of the variables, say y;, by expressing y; and its
derivative in terms of ys,.

dys dys dyr  d*yr  dys
Ir Yy1— Y = U1 I + 1y an I 02 + e

Substituting into the equation for dy,; /dz, we obtain

d2y2 dys dyso d2y2 dys
— + — =4 = -2 = —Z 4546y, =0
a2 dr dr TV2) T a2 Py =0
which has the solution
Yo () = c1e7%" + coe ™.
From this we can show
y1(z) = —cre™ — 2cpe7 %,
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Matrix methods

While this method can always be used to compute the solution, there is a more el-
egant method based on computing eigenvalues and eigenvectors of matrices. Equa-
tion (5) can be written in vector form:

dy
— = Ay, 6
T =AY (6)
where
Y1 @11 Q12 - QAlp
Y2 Q21 Q22 ~--- QA2p
y = and A= .
Yn Ap1 Ap2 - Qpp

We look for solutions of equation (6) of the form

y(z) = eMv,

where A is a constant and v is a nonzero constant vector. Equation (6) then becomes
ey = M Ay,
from which we can cancel the e** to deduce that we must have
Av = Av. (7)

Equation (7) is the eigenvalue equation for A. If A and v solve this equation, we say
A is an eigenvalue of A, and v is the corresponding eigenvector. An n X n matrix A
has at least one and at most n eigenvalues.

The eigenvalue equation can be re-written as
(A= A)v =0,

which has a non-trivial solution if and only if the determinant of the matrix A — Al
is equal to zero. Therefore, we can compute the eigenvalues of A by solving the
characteristic equation of A,

det(A — AI) = 0. 8)

If A has eigenvalues A1, Ao, ..., \,, with corresponding eigenvectors vi,va, ..., Vy,
then, by linearity,

Aox

y(l’) = Cle/\lxvl + e vy + -+ Cme)\mxvm

is a solution of the homogeneous equation.
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Example: The system

dy,

— = 4y -2
dr Y1 Y2,
dys _ _

dr Y1 Y2

can be written in vector form as

dy -4 -2
%—Ay where A—( 1 _1).

The characteristic equation for A is

det< _41_A _ix):(—4—A>(—1—A)—1(—2)=A2+5A+6:0’

which gives the eigenvalues

)\1 =2 and )\2 = —-3.

The eigenvector vy satisfies (A — A\ I)vy; = 0, so

—20-28 = 0 where v; = ( @ ) )

at+ f = 0 B
Both these equations must have the same solutions. Here we find a = —f, so we
can choose @« =1 and = —1 to give

o=(4)

(or any nonzero multiple of this). Similarly, we can show that

V2 ] )
so the general solution is

o 1 3 2
y:0162 (_1>+0263 (_1),

or explicitly for y; and s,

y1 = cie ¥ 4 20",

2x 3x

Yo = —cC1€ 7 — e



46 CHAPTER 3. HIGHER ORDER LINEAR ODES

Complex eigenvalues

Suppose A has a complex eigenvalue A with corresponding eigenvector v. Write
A =a-+iw and v =u+ iw. Then we have a solution

y(x) = e¥v=e"(cos(wzx)+isin(wx)) (u+iw)
= " (ucos(wx) — wsin(wz)) + e (usin(wzx) + w cos(wz)) .
Since the equation is a real equation, the complex conjugate function 7(x) must also

be a solution. Then, by linearity, we deduce that the real and imaginary parts of
y(x) are solutions to the system. Therefore, we obtain the solutions

Y Re(T) e (cos(wz)u — sin(wzx)w) ,

Vm(r) = e (sin(wx)u + cos(wr)w),

which combine to give the general solution:

y(z) = €™ ((c1 cos(wz) + ¢osin(wz)) u + (—¢q sin(wz) + ¢ cos(wz)) w) .

Repeated eigenvalues

Suppose A is a double root of the characteristic polynomial, but has only one eigen-
vector v (up to constant multiples). We can then find a vector u such that

Au=\u+v.

Note that u is only defined up to addition of a scalar multiple of v. A second
solution to the system of equations is then

Check:

—= = e (u+ 2v) + eMv; Ay =M (Au+v+dzv). v
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3.6 Non-homogeneous systems of ODEs

A non-homogeneous system of linear equations has the general form

dy
— =A f 9
Y Ay +1() )
where f is a vector-valued function,
fi(z)
x
N e
()
The complementary homogeneous equation is
dy
— = Ay.
dx Y

Just as for a single higher-order ordinary differential equation, we use the method of
undetermined coefficients for certain functions f(x). We can use the following forms
for the trial solution y,:

1. If f(z) is a polynomial of degree n, then try a polynomial of degree n,

yo(z) = vo + 2vi + 22V + - 2"V,

2. If f(x) = ek*u, then try
y,(7) = v,

3. If f(z) = sin(wz)u or f(z) = cos(wz)u, then try

yp(z) = sin(wz)v + cos(wz)w.

The method of variation of parameters can also be used to solve non-homogeneous
linear systems.

Example:

dy,
dx
dys
dx

= —dy; — 2y — 2€2x,

= Y1 — Y2 + 7€2$.
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To find a particular solution, we use a trial solution

yp(z) = e*v.
The system of equations then becomes

2e%"v = e?*Av + ¥b,

A_(_14 j) and b_<_72>.

We can cancel out the factor €2* and rearrange to obtain

where

(21— A)v =b.

Writing the matrix equation in full, we find

(55 )-(7)

which we can solve to obtain v; = —1 and vy = 2. A particular solution is therefore

given by
. [ —1
yp(l') = 62 ( 2 )

or, in components, as

Example:
d
S —y1 — 2y + 2e77,
dx
dys
— = 2y; — Yo
dr Y1 — Yo

We can write this system in vector form as

dy 71 ([ -1 =2 (2
%—Ay—l—e b, where A—< 5 _1)andb—(0>.

To find the general solution, we first try to solve the corresponding homogeneous
system dy/dx = Ay. The characteristic polynomial of A is

(A+1)% +4,
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which has roots A = —1 £ 2i. Taking the eigenvalue A = —1 + 2i, we find

—2i -2
A_M:( 2 —2@')’

so the corresponding eigenvector v is

w=(4)-(3) (%)

Hence the general solution of the homogeneous equation is

yolr) = e ( ¢1 c08(2x) + ¢ sin(2x) )

B 1 8in(2x) — ¢p cos(2x)

We now try for a particular solution of the form

—x

Yp=¢€¢ 'V,
where v is a constant vector. Substituting into the equation gives

—e'v=e¢"Av=e"D = (A+I)v=—b.

Now
0 -2
A+I—(2 : )
SO
1 0 2
(A+1) Z(—Q 0)
and hence

(4 8)(2)-(2)

Then the general solution is

y1 = e " (c1cos(2x) 4 cosin(2x)),
ys = e “(csin(2z) — cgcos(2z) + 1) .

Example: Consider the initial value problem

dx
dt
dy
dt

= z+4y—1t-—25, z(0) = 1;

= —x+5y+t—-3,  y(0)=0.
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We can write the system in vector form with

1 4 —1 -5
A_(_15> and f(t)—t(1)+(_3>.
The characteristic polynomial is
det(A—X) = (1=XA)(B5=X) —4(=1) = MN2=6A+9 = (A—3)%

so A = 3 is a double root. We then compute

-2 4
v (21,

so an eigenvector v satisfying (A —3I)v = 0 and a vector u satisfying (A —3[)u =v

are given by
(2 4 a1
v=1|] an u= E

The complementary solution is then

ye(t) = (c1 + cot)e™ ( i ) 4 eped ( —01 ) '

For a trial particular solution, use
Vp(t) = vo + tvy.
Substituting into the system, we obtain
vy = Avy + tAvy +ug + tuy.
Equating coefficients of ¢ gives
vi=Avg+uy, and Av;+u; =0.

The inverse of A is

SO

() 6)
e 3T - (1)
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The general solution is therefore

y(t):(cl—l—CQt)egt(?>—0—6263t< _01>+t<é)+(f>.

Setting ¢t = 0, we find

vo=a(i)re(3)+(1)=(0)

S0 ¢ = ¢ = —1, giving the particular solution

Y(t)z—(1+t)63t(f>—€3t<Bﬁ“(é)*(?)’

or, in components,

v(t) = —Qt+1e +t+2
y(t) = —(t+1)e* +1.
Check:
?'(t) = —(6t+5)e*+1 = v +dy—t—5. v

y(t) = —(Bt+4)e* = —x+5y+t—3. V
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Chapter 4

Fourier Series

4.1 Derivation of the Fourier series

A function f(z) is said to be periodic if it is defined for all real = and there exists
T > 0 such that

fle+T) = f(z).

T is called period of f.

Obviously, if n is an integer, then cos(nx) and sin(nz) have period 27. Therefore,
the trigonometric series

% + ay cos(x) + by sin(x) + ag cos(2x) + by sin(2z) + . ..

also has period 27 (assuming that it converges). If we can write f(x) as a trigono-
metric series with period 27, the series is called the Fourier series of f(x).

Suppose f(x) is periodic with period 2w. We assume that f(x) can be expressed as
a trigonometric series

o
_%
=5 +Z ay, cos(nz) + b, sin(nz))
n=1
and want to find the coefficients ag, ai,as, ..., b1, be, ... known as the Fourier coef-
ficients.

33
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To find ag, we integrate both sides:

' flz)de = /7T % + Z (an cos(nz) + b, sin(nzx)) dx

= ao/ —dm+2an/ cos(nx d:)c—l—Zb/smm; ) dx

= Tap,

since

/ cos (nz) de = / sin (nz) dx = 0.

_%/_:f(x)dx

To get a,, we multiply through by cos(mz) and integrate term by term.

/_7T f(z)cos(mz) de = /_7r (% + Z (@, cos(nzx) + by, sin(nx))) cos(mz) dx

1 K
= 5/ ap cos(mx) dx

—Tr

+ Zan/ cos(nx) cos(mzx) dx
+ Zb / sin(nx) cos(mz) dz.

We now use the trigonometric identities:
cos((m + n)x) + cos((m — n)x)

Therefore,

cos(mx) cos(nx) =

5 :
sin(mx) sin(nx) = cos((m — n)x) ; cos((m + n)x) 7
sin(mx) cos(nx) = sin((m +n)z) ; sin((m —n)x)

to deduce that most of these integrals vanish:

/ sin(mx) cos(nz) de = 0 for m,n € Z,

—Tr

and

/7T cos(mx) cos(nx) de = /7T sin(maz)sin(nz) de = 0 if m#n.

—T —T
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These results mean that the functions cos(nz) and sin(nz) are mutually orthogonal.
Orthogonality implies that all integrals in the expression for a,, are zero except for
the integral of cos(nx) cos(mzx) for m = n, which gives:

/: f(z)cos(mzx) de = /: m cos?(ma) dx

T 1 —sin(2 ™1
— am/ —SH;( mz) dr = am/ de = Q,,T.

_ % / : F(x) cos(ma) dz

Similarly, by multiplying the series by sin(mz), one finds that

-1 /_ ﬂ £ () sin(ma) do

Thus

Let us combine these results:

ag = %/Wf(x)dx

Ay = %/_7; f(x) cos(mx) dx ,

by = 1 7Tf(a:)sin(m:v) dx .

Collectively these are known as Euler’s formulae.

The series

EO + mzﬂ am cos(max) + by, sin(mz))

is called the Fourier series (FS) of f(x). The coefficients a,, and b,, are called the
Fourier coefficients of f(x). Note that the coefficients are linear in f.

Note: Because of the periodicity, [”_ can be replaced by fozﬂ.
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4.2 Even and odd functions

Recall that a function f is even if f(—z) = f(x) for all z, and odd if f(—x) = —f(z).

If f is 2m-periodic, then in the Fourier series for f,

1 ™
ap = —/ f(z) cos(nz) dx.
T Jy=—mn
If f is an odd function, we can set y = —x, and find
1 [ 1 (7
an = — [ f(=y)cos(—ny) (=1)dy = — — f(y) cos(ny) dy = —an,
T Jyer L —

which can only be true if a,, = 0.

Example: Consider the square wave function shown below, with period 27.

=)

L

El

-k if —7mT<2x<0,
f(m){ kL if O<ax<m.

Then L
a, = —/ f(z)cos(nz) de =0
™ —T

forn =0,1,2,... since f(z) is an odd function.

by = % / " F(@) sin(na) da

—Tr
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= ( /_ i f(2) sin(nz) de + /O " f(a) sinnz) dx)

2k [T —2k
pu— —_— 1 d P —_— ™
=) sin(nx) dx — [cos(nx)]q
0 if n is even,
= 4k
— ifn=2 1.
emt1n ST

Therefore

Z T@m D) sin((2m + 1)z).

m=0

Aside: Note that at © = 7/2 we have f(z) = k. Dividing through by & then yields

1741 1+1 1+ Ty 1+1 1+
n 3 5 7 4 3 5 7

which is a famous series expansion due to Leibniz.

If f(x) is an odd function, then again setting y = —z, we find

0 s
%/x_ﬁ f(z) sin(nz) / f(—y) sin( (=1) dy = %/0 f(y)sin(y) dy,

since we have a total of four minus signs, one due to f being an odd function, one
due to sin being an odd function, one since dr = (—1) dy and a final one due to
reversing the order of integration. Therefore

by = % / : (@) sin(nz) dz — % / i f(x) sin(nz) d:p+% /0 " fa) sin(na) da
_ % /0 " fa) sin(na) da

We can find similar formulae if f is an even function. Therefore,

If f is an odd function, then a,, = 0 and b,, = / f(z)sin(nz) dx .

If f is an even function, then b, = 0, and a,, = / f(z) cos(nz) dx .
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Half range expansions

Suppose f(z) is defined for 0 < x < 7 and we wish to extend f to a periodic function
with period 27. There are many ways one could do this, but two obvious choices

CHAPTER 4. FOURIER SERIES

are to extend f(x) such that it is either odd or even.

Even range < xtension

fin)
3

Odd range extension

fir)
1

Even extension

If we choose the even extension, then b, = 0,

agp % _ﬂ f(z)de = %/Oﬁf(x) dt
and
1 (" 2 (7
tn = — | f(x)cos(nz)) de = ;/0 f(x) cos(nz) dz.

We have now represented the function f(x) in the range 0 < = < 7 by a Fourier

cosine Series.
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0Odd extension

If we choose the odd extension, then a,, = 0, and

= %/—1 f(z)sin(nz) de = %/Oﬂ f(z)sin(nz) dx

We have represented the function f(x) in the range 0 < x < 7 by a Fourier sine
Series.

Example: Let f(s) =z for 0 < < w. Consider first the even periodic extension.

Since we are considering an even extension, b, = 0. The coefficients a,, are given

fit)
Even range exlension

2 ™
ap = —/ rdr =,

2 s
a, = / f(z)cos(nz) de = —/ x cos(nx) dt
0

™

= = ({%(W)L —/0 %sin(nw) dx>

2 {Mr 20—

T n? n2m
Hence a,, = 0 if n is even, and if n = 2m + 1 is odd,

—4
Uy = ————
(2m +1)%m
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Therefore we have the Fourier cosine series for 0 < z < 7

B T 4 cos((2m+ 1))
v=f@)=5-22 2m+132

Now consider the odd periodic extension. Here we have a,, = 0, and

fit)
Odd range extension  §

2 ™
b, = / f(z) sin(nz) = —/ xsin(nzx) dz
0

2 ([%“”)M /<> W) -

Hencefor0 <z < m

SlIl 7’L£C

= :_QZ

4.3 Functions having an arbitrary period

Suppose (as is often the case) that the period differs from 27, so f is periodic with
period T > 0; that is, f(t+T) = f(x).

A simple scaling (stretching or shrinking the period to 27) allows us to work out
the Fourier series for such a function. To see this, define a new function

9(x) = f (%) |
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Then g has period 27 since

oo+ 2m) = £ (20— p (T2am) = 1 (32) =t

hence its Fourier series is

50 + ; ay, cos(nz) + by, sin(nz))

with the usual formulae for the a, and b,. Now setting x = 27t/T', we have f(t) =
g(2mt/T), so the Fourier series of f is

ft) = % + Z (an cos <¥> + b, sin (@))

with

2 T/2

ag = = f(t) dt

1 ),
2 [T/ <2n7rt>

a, = = f(t)cos [ —— ) dt,
T J 7/ (*) T
2 [T/ 2nmt

b, = = f(t)sin (—) dt ,

for n =1,2,3,.... Again, because of the periodicity, f_Tﬁz can be replaced by fOT.

Example:

0 if -2<t<-1,
fy=< 1 if —-1<t<1,
0 if 1<t<?2.

First note that f is even, so b, = 0 for all n. Now 7" =4, so

2 [? 1 /!
pr— —_— pr— —_— pr— 1
ao 4/_2f(t)dt 5 /_1 dt ,

2 [? onmt A onrt\ 1
‘ 4/_2f“>cos( T ) 2{2m‘°’m( T )]
2 . (mr)
= —sin|—] .
nmw 2
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We note further that a,, = 0 when n is even. Otherwise, we have

2 —2 2 —2
G=_, G3=g, =, &=
Hence
ft) = 1—1—2((308 (W—t> —lcos <ﬁ> +lcos <@> —lcos <@> —i—>
2 7 2 3 2 S 2 7 2

1 2 (2m + 1)7t
_§+}Z::m+1 ( 2 )

m=0

Problem: In electronics, a half-wave rectifier clips the negative portion of any
input voltage applied to it. If a sinusoidal input voltage of amplitude V and angular
frequency w is applied to the rectifier, calculate the Fourier series of the resulting
output voltage.

Solution: The output has the form

(1) = 0 it -T/2<t<0,
| Vsin(wT) if 0<t<T/2,

where T = 27 /w or w =27 /T.

Since f(t) =0 when —7/2 <t < 0, we have

9 [T/ w [T 2V
ay = — ftdt:—/ Vsin(wt) dt = —,
o= g, g0a =2 [T vanna = 2
9 [T/ 1%
ao = = F(t) cos(nwt) dt = 2 sin(wt) cos(nwt) dt
T Jy ™ Jo
wV [T .
= — (sin ((n + 1)wt) +sin ((1 — n)wt)) dt.
27 Jo
Taking n = 1 we find
m/w V [—cos(2wt)]™
ar = Y iy ar = ©V [ 2@
2 27 2w B

Forn =2,3,4,... we have

0 = wV {_ cos((1+mn)wt)  cos((1 - n)wt)]’r/w
n 2T (1—|—n)w (1_n)w .
_ v <1 —cos((1+n)m) N 1 —cos((1— n)ﬂ))

27 1+n 1—n
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which is zero for n odd. For n even,

V 2 n 2 -2V
ap = — = :
2r \14n 1-—n (n—1)(n+1)m
Similar manipulations yield b, = 0 unless n = 1, for which

bl:E‘

Hence finally the Fourier series can be written as

vV Vv 2V i cos(2muwt)
T

) = 74 5 sin(wh) - 2 @m+ 1)(2m 1)’

where we have set n = 2m in the sum.

4.4 Representation by Fourier series

Now we can compute Fourier series, it is useful to know how the series approximates
the function. We consider the partial sums

fnlz) = % + Z (an, cos(nz) + by, sin(nx)),

and how f(z) = limy_,e0 fn () approximates f(z).

Pointwise convergence

Suppose f(z) is 27 periodic and piecewise continuous, and that f(z) has a right and
a left hand derivative at each point. Then

1. The Fourier series of f(z) converges for all values of x.
2. If f is continuous at xg, then the Fourier series at xy converges to f(zo).

3. If f is discontinuous at x(, the sum of the series is the average of the left and
the right hand limits of f(z) at the discontinuity:

.1‘—).7?0 $—>CE0

Flxo) = % ( lim f(z)+ lim f(a:)) :
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Example:

f(m):{o if —-mT<ax<0,

1 if O<z <.

Utilising the results from an earlier example, f has the Fourier series

If z = 0, the sum of the series is 1/2.

The Gibbs phenomenon

Below we plot the form of the first 8 and the first 50 terms of the Fourier series of
the square wave computed previously. Clearly there is a fairly rapid convergence to
the limiting form, but notice the spikes at the discontinuities.
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Although the Fourier series for f converges to f pointwise, the partial sums over-
shoot the function values at the discontinuity by a uniformly large amount, even
when considering a large number of terms (N = 50). This is known as the Gibbs
phenomenon.

The uniform or maximum error between a function f and an approximation f is

max | f(x) - fl2)|.

—oo<r<o0

The following results hold for the maximum error of the Fourier approximations:

1. If f is continuous, then the Fourier series of f approximates f uniformly:

max | f(z) — fy(z)] =0 as N — oco.

—oo<r<oo
2. If f is discontinuous at xy with a jump

5f(xo) = lim_f(a) — lim f(x).

x%xg T
then for all sufficiently large N, there is a value x; slightly greater than xg
such that _

In(@1) = f(z1)

df(xo)
where GG is a constant with approximate value 0.09. In other words, the ap-
proximation fy(z;) overshoots the exact value f(z;) near the discontinuity.
The Fourier approximations do not converge uniformly in this case.

> G,

The total square error

Let f(z) be a given function of period 2w. The total square error when approximat-

ing f by a function f is _ ,
| (@)~ Fw)) do

—T

If f is a 2m-periodic piecewise-continuous function, then:

1. The Fourier approximations fN converge to f, i.e. the total square error

/7r <f(x) —fN(:v)>2 dr -0 as N — oo.

—T
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2. The total square error on approximating f by fN is

[ (10 -h@) @ == 3 @)

T n=N+1

Thus the Fourier series provides a good approximation in terms of the total square
error, and we can estimate the error of the approximation by the Fourier coefficients.
Moreover, we can compute the square integral of f in terms of the Fourier coefficients:

/” (f(x))2 dv = / (50 i (a, cos(nzx) + b, sm(nx))>2 dx

-7 n=1

= / % + Z a2 cos®(nx) + Z b2 sin®(nx) da
-7 n=1 n=1
ag = 2 2
= T 3 —+ ; (an + bn) y

since most of the terms integrate to zero by the orthogonality relations.

4.5 Forced oscillations revisited

Fourier series find applications in solving many types of differential equations. A
prime example is the differential equation for forced oscillations of a damped system,

miy + cy + ky = r(t)

where k£ is the spring constant, m the mass and r(t) is the forcing term which we
take to be a periodic function with period T'. If we further assume that ¢ < km, we
have under-damping.

Consider first the homogeneous equation corresponding to the unforced system,
L CL
v+ —y+wy=0
m

where w? = k/m is the natural frequency of the undamped system. This has solu-
tions

y = e ™ (Acos(wit) + Bsin(wit))

where A and B are arbitrary coefficients and w; < w is the oscillation frequency of
the damped system. Since this decays to zero at large ¢, the motion at late times
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is controlled by the particular integral, which depends on the forcing term r(t).
We call this the steady state solution. As we shall now see, it can be written as
a superposition of harmonic oscillations having the frequency of the external force
and multiples of this frequency.

To calculate the particular integral we write r(t) as a Fourier series,

= 2 2
=24y ( (Tt) 4 b,sin (Tt))
n=1

and write the trial particular integral as
> 2nt 2nt
=5+ 3 (encos (7)) + dusin ()
To find the undetermined coefficients ¢, and d,, we calculate term by term:
. 2mn\ 2nmt 4 s 2nmt
= | — —cpco8 | — | —d,sin | ——
yn T n T n T Y
c . 2mnce . [ 2nmt Ld 2nmt
— = —cpsin [ —— -
—ln T \ ~Cn8 T n €08 | — ,
2nt 2nt
Wy, (1) w? (cn cos (—ZZT ) + d, sin (—ZZT )) )

ro(t) = | a,cos 2ot + by, sin 2nmt
n - n T n T .

Matching coefficients gives

w2co = Qg

N omn\ > c+27m£d

n - T n T mTL7
2mn ¢ 9 2mn\ >

bn = _TEC”(‘” _(T)>d"‘

This we can solve to find ¢, and d,, in terms of a,, and b,,.

and

Note that in the above, if ¢/m is small (light damping) and w? ~ (2“?”)2, then the
coefficients of ¢, and d,, are small, and so ¢, and d,, will be large. This phenomenon
is called resonant behaviour, where the response of the system to the input force is
very large.
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Example: Consider the equation
i+ 0.02y + 25y = r(t)

with the forcing term

(t) = 1 if —nw<t<O,
"Wy 21 it o<t<n.

FOURIER SERIES

The function r(¢) is odd and can be represented by a Fourier series with a,, = 0 and

2 n 0 if n is even,
by =— (1+ (=1)"") _{ 4/(

nm

so the right hand side of the differential equation is

S ﬁsin((% L)1),

k=0

Now write for the particular integral

(¢n cos(nt) + d, sin(nt)) ,

=
I
NE

S
Il
—

n (—cp sin(nt) + d,, cos(nt)) ,

=
I
[M]8

i
I

—n? (¢, cos(nt) + d,, sin(nt)),

=
I
NE

3
Il
—

so the left hand side of the differential equation becomes

[e.o]

2m+ )m if n=2m+ 1,

((25 = n®) (¢ cos(nt) + dy sin(nt)) + 0.02n (—c, sin(nt) + d,, cos(nt))) .

n=1

Comparing like terms gives ¢, = d,, = 0 if n is even, and

(25 —n?)c, +0.02nd, = 0,
(25 —n?)d, —0.02nc, = —

if n is odd. In matrix notation:

25 —n?  0.02n cn \ 0
—0.02n 25 —n? d, )\ 4/nm )~
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Inverting the matrix gives

25 —n? —0.02n 0
( Cn ) o\ 0.02n 25-n? 4/nm

dn (25 — n?)2 4 0.0004n? ’

so for n odd,

4(25 —n?)/nm
(25 — n?)? + 0.0004n?’
—0.08/m
(25 — n?)? + 0.0004n2"

d, =

cp, =

Evaluating the first few terms we obtain

1 1 1
dy e d3 Ton ds = 0, d7~_@’
and
0.08 0.08 0.08 8
clz—m, @%—W, 5= 0 0ln = cr &

69

0.08

G

We see that all terms are small except c5, so y; is the dominating term in the
oscillation. So the steady state motion is approximately a harmonic oscillation with

frequency five times that of the applied force.

4.6* Approximation by trigonometric polynomials

The partial sums of the Fourier series provide one approximation to f. It is natural
to ask whether this represents the best approximation that can be obtained using
trigonometric functions i.e. if there exists another trigonometric polynomial fy(x)

of N terms,

N N
f(z) = ?0 + nz:l (av, cos(nx) + B, sin(nz))
for which the approximation is better.

The total square error for fis

f)= [ @ dot [ (Fo) o [ 2f@Fute) a

—T —T —
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Now
/ (fN(x)> de = / 5t Z (o, cos(nx) + f,, sin(nx))
- - n=1
N
X <% + Z (o, cos(nzx) + S, sin(naz))) dx
n=1
2
= 7r(%+a%+a§+---+a?v+6%+53+---+5?v),
and
T R T o N '
/ f(x)fn(z) de = / f(z) 5t Z (o, cos(nz) + B, sm(nx))]
- — n=1
= T <Oé()2a[) + ara1 + asao + -+ anyay
+ Bib1 + Boby + -+ + Bnbn)
Hence

e(fx) = /_ (F(@))* dx+7r(%3+a%+a§+~--+a?v+6%+6§+---+6?v>

«
—2m (70610 + a1 + azag + - -+ ayay + B1by + Paba + - - + 5NbN> :
Now let us compare this error with the error for the N-th term of the Fourier series.
e(fv) —e(fn)
«
= 27 (goao + a1a1 + agas + - - + ayay + Biby + Poby + -+ - + ﬁNbN)

042
+7T(?0—l—oz%—i—oz%—i—'--+oz]2v+ﬁf+ﬁ§+---+ﬁ]2v>

a2
+27r<§0+af+a§+---+a?\,+bf+b§+-~-+b?\,>

CL2
—7r(30+a§+a§+---+a§v+b§+b§+---+bﬁv>

= ﬂ(%(ao—a0)2+(a1—a1)2+..._|_(aN_aN)2
+ (by — Bn)* 4+ (by — B)?) -

Therefore e(fN) — e(fN) > 0, with equality if and only if

ap = ag, 0y =ay, ..., oy =ay, 1 =0bi, fr=">b1, ..., Bn = bn.

Hence the Fourier coefficients minimise the total square error.
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Note: We have also shown that

e(F) = / Py de—n (; 3 @+ bii)) ,

which means that as N increases, the error e(f) must decrease. Thus with increasing
N, the partial Fourier sum yields a better and better approximation to f. We have
already seen the stronger result that the total square error actually converges to 0,
though to show this is much harder.

Problem: Let f(z) =2?for -7 <x <7, f(z+27)= f(z). Find the function
N

fn(z) = % + Z (v, cos(nz) + B, sin(nx)) ,

-~

so that the mean square error e(fn) = ["_(f(x) — Fa(2))? dz is a minimum for the
cases N =1,2,3.4.

Solution: The Fourier coefficients minimise e, i.e. «, = a, and 3, = b,. The
function f(z) is even, hence b, = 0.

oo o=

2 2 "
@ = — /_Wgc cos(nz) de = [ x? sin(nx) + L COSNT — — sin(n:c)] By
4(—1)"
pu— n2 .
Now the error is given by
2 XN
o(Fo) = [ Playde—n| P4 D@48 |
n=1

and the square integral of f is

™ ™ 5
/ fz(x)dﬂc:/ x4dx:2%.

" 275 4
e(fi) = = — (i+16):4.138,

Thus

18
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- 27 4t
e(fa) = i—ﬂ(l—g+16+1>20.9964,

-~ 27 47t 16
= T i (ZE r16+1+ =) =0.3758
~ 27 47t 16 16
= T i (ZEr1641+ 4 ) =0.1795
e(fd) 5 7T(18 T +81+256> :

giving the results to 4 significant figures.



Chapter 5

First Order Partial Differential
Equations

5.1 The method of characteristics

A first order partial differential equation for a function of two variables u(z,y) has
the general form
F(x,y,u,uy,u,) = 0.

A solution represents a surface above the (z,y)-plane, z = u(x,y). The particular
surface is determined by the boundary conditions.

In many cases, we have one time variable ¢t and one space variable z, and an equation
for u(z,t). If, in addition, u(z,0) = f(z) is specified, we have an initial value
problem.

Example: The first-order wave equation is

ou ou

o~ “or

If we take
u(z,t) = f(x +ct)

for a differentiable function f, we find

ou , ou
E—cf(:c—i—ct) and 8—x—f(ac+ct),

73
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so u is a solution, regardless of the choice of f. If we now impose the initial conditions
u(z,0) = sin(z),
the solution of the initial value problem is
u(x,t) = sin(z + ct),

which describes a sine wave moving to the left with speed c.

Looking at the solution to the first order wave equation, we notice the following:

1. The general solution depends on an arbitrary function, rather than a finite

number of arbitrary constants.

2. The boundary condition specified u on a line (¢t = 0) in the (x,t)-plane.

3. Any solution depends only on x4 ct, and so is constant on lines x + ¢t = const.
These features are typical of many first order partial differential equations. The lines
x + ct = const are a special case of characteristic curves. The characteristic curves
depend only on the partial differential equation itself, and not on the boundary
conditions. Characteristic curves are important in finding solutions, and also in

determining appropriate boundary conditions. The solutions to the first order wave
equation are constant on the characteristic curves.

Computing characteristic curves

Consider the following linear first-order partial differential equation:

p(x,y)ue + q(z,y)u, = 0. (1)

We look for curves on which u is constant. We specify a curve by a parameterisation,
in which z and y are given as functions of t,

r=u(t), y=y().

To differentiate u along the curve, we take u as a function of ¢, u = u(x(t),y(t)).

Then
d _ Ou d_x ou @

—u(x(t),y(t)) = =— — .

7w y)) =50 oy w
For u to be constant along the curve, we want du/dt = 0. However, since u also
solves the partial differential equation, if we set

dx dy
i p(z,y) and i q(z,y)
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then
d ou ou

Eu(x(t%y(t)) = £p(m,y)+a_yq($7y) — 0

as required. Hence the characteristic curves are given by the solutions of the system
of equations

dx dy

E:p(xvy)a E:(Kx?y) (2)

Solving the system of equations (2) gives an expression for the characteristic curves
in terms of a parameter ¢t and the two constants of integration, ¢; and ¢,. Eliminating
t, we find an expression for the characteristic curves in terms of x, y and the two
constants, which we rearrange into an expression of the form

G(z,y) = const.
The general solution of equation (1) is then
u(z,y) = f(G(z,y))

for an arbitrary function f.

Example:

ou ou
VIt = 0.
8x+ Ty dy

The differential equations for the characteristic curves are

dx dy
— =1 — =1 2,
dt ’ dt Ty
Clearly,
T =1t+cy,

and solving the equation for y, we obtain

d
[ fa
V1492
SO
sinh '(y) =t+cy, = y=sinh(t+cy).

Eliminating ¢, we find

y = sinh(x — ¢; 4+ ¢2) = sinh(z +¢) ,
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where ¢ = ¢, — ¢; is another constant. Rearranging, we find
sinh ' (y) —z =c.
Therefore the general solution is

u(z,y) = f(sinh™(y) — )

for an arbitrary function f.

5.2 Characteristic curves and boundary condi-
tions

Clearly, if we know the value of u(x,t) at one point on each characteristic curve, we
can determine u(z,t) at any point. Therefore, if the boundary conditions specify
u(z,t) at exactly one point on every characteristic curve, we can determine a unique
particular solution. The problem is then said to be well-posed. Conversely, if the
boundary conditions do not specify u on some of the characteristic curves, then
the solution is not uniquely specified, and if the boundary conditions specify two
values of u on some characteristic curve, the problem is inconsistent, and there is
no solution. We then say the boundary value problem is ill-posed.

Characteristic curves

\

\
\

! | | |. !
well-posed

ill-posed

Note: Here, we have assumed the solution is constant on the characteristic curves.
Later, we shall consider cases where the solution on a characteristic curve is deter-
mined by an ordinary differential equation.
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Suppose we now have boundary conditions specified on a curve B. We can param-
eterise B with a parameter s, and set x = z(s) and y = yo(s). We now use the
boundary conditions for the partial differential equation as initial conditions for the
system of equations (2) determining the characteristic curves, so that

z(0) = xo(s), y(0)=wo(s) and wu(wo,yo) = uo(s).

Solving the initial value problem for the characteristics gives  and y as functions
of s and . We then eliminate ¢ and solve for s in terms of x and y, which allows us
to compute u as a function of z and y.

Example:

Ou Ou 9
8_$_3_y_07 U($,0>—5I .

The characteristic curves are given by

dx dy
& Y_
dt and ’

so on integrating we get
r=t4+x9y and y=—t+7yp.

Thus the characteristic curves are * +y = x9 + yo = const. The boundary
conditions can be expressed as

To=s5, Yo=0, ug=>5hs>.
Hence z + y = s and u = 552, so
u = 5(x+1y)?
is the solution of the problem.

Example: Suppose now that the boundary conditions in the previous problem had
been u = 52% along y = x. Then

To=S, Yg=35, uUy=DHs>.
The characteristic curves are the same, so from the boundary conditions we obtain
x4y =2s,s0
5(x + y)?

= 55° =
u S 1
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5.3 Quasi-linear equations

A quasi-linear first order partial differential equation has the form

p(z,y, wus + q(z,y, uuy =r(z,y,u) .
Notice that the coefficients p and ¢ can depend upon u as well as x and y.
These equations can also be tackled using the method of characteristics. However,
to simplify matters, we will only consider the case where p and ¢ only depend on =
and y, though we still allow r to depend nonlinearly on wu:
p(@, y)ue + q(z,y)uy, = r(z,y,u).

Let u(t) = u(z(t),y(t)), where (x(t),y(t)) is a characteristic curve defined, as before,
by

& _ ey, W
dt_p 7?/7

Then

i q(z,y), with 2(0)=x¢ and y(0) =yo.

du_aud_x 8u@ %

dt  Ordt oydt 0z

ou
p(fﬂ,y) + 8_yQ($’y> - T(l’,y,U) )

giving an ordinary differential equation for u. Applying the boundary conditions
u = up(s) on the curve (x,y) = (xo(s),yo(s)) gives the following system of ordinary
differential equations and initial conditions:

W), Doy, W=y
2(0) =zo(s), y(0) =wols), u(0)=u(zo,yo) = uo(s).

This allows us to find x, y and u as functions of s and ¢:
r=ux(s,t), y=y(s,t), u=u(st).
Finally, we can express s and t in terms of z and y to find u(z,y).

Example: Consider the partial differential equation

ou 8u_

ox ay_x
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We already know the characteristic curves have the form
r=t+xzy, y=—-1t+yo.

The differential equation for v along the characteristics is

du .
_— = T = X s
dt 0
SO

12
u = it +$0t+U0.

Now suppose we are given the boundary conditions v = 22 for y = 1.
express this parametrically as
_ _ 2
To=S, Y=1, wy=s".
Then along the characteristic curves we have
L, 2
r=s5+t, y=1-—1t, u:ﬁt + st +s°.

Solving for s and ¢ in terms of x and y gives

t=1—-y and s=x—-t=x+y—1,

so finally
1
u=sly—1 +al@+y—1).

79

We can

Problem: The function u(x,y) satisfies the first order partial differential equation

a—u+xa—u =z
Y or oy 4

in the domain > 0 and y > 0, and the boundary condition u = exp (2?) along

y = 0. Show that the family of characteristics of this equation is given by

x = scosht, y = ssinht.
Hence determine the function u(z,t).

Solution: We have

dx dy du

%Zyv %:xv - =Ty,
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and the boundary conditions for the partial differential equation give initial condi-
tions for this system of

._'E(O) =Tg =S, y(O) =Y = 07 U(O) = u(x(%y()) = eXp(SQ).
Differentiating the equation dz/dt = y, we find
>z dy

a? " at
and hence

r = Ae'+ Be !,
= Ae' — Be™",
where A and B are arbitrary constants. Substituting the boundary conditions at
t =0 gives
s = A+ B,
= A-B.

Hence A = B = s/2, so

= s(e'+e") /2 = scosht,
= s(e'—e") /2 = ssinht.
Now d 2

d—:f = xy = s’sinht cosht = S—Sinh2t,

SO
2 2

u = Szcosth—l—c = SZ (cosh2t+sinh2t) +c,
where ¢ = ¢(s) is a constant of integration which may depend on s. When ¢ = 0,
u = exp(s?), so
_ 2 _ 5
c = exp(s) — T
which means (since cosh®(t) — 1 = sinh?(t))

s2sinh? ¢

2
u = SZ (costh +sinh?¢ — 1) + GXP(SQ) = 9

+ exp(s?).

Now, ssinht =y and s? = s?cosh?t — s?sinh?t = 2% — ¢, so the solution is

2
Yy
u(wy) = L+ exp (e —?).



Chapter 6

Second Order Partial Differential
Equations

6.1 Important PDEs of mathematical physics

Some second order partial differential equations are of particular importance in
science and engineering;:

e The one dimensional wave equation has the form:

Pu  , 0%u

o~ o2

where u = u(z,t)
e The two dimensional wave equation has the form:

Pu_ o (Pu P
oz~ ¢ \ o 0y?

) D u—u(myt),

and the three dimensional wave equation has the form:

Pu 5 (Pu DPu D
— = + o+
ot? ox?  0y*> 022

) , u=u(x,y,z1t).

81
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e The one dimensional heat equation is

ou 0%u

ot~ "o

Note the difference between this and the 1D wave equation. Similarly, the two
and three dimensional versions are

ou _ (Pu  Ou g o (Pu, Bu Pu
ot "\oxz T a2) MY e T\ o2 T a2 T a:2)

respectively.

e The Laplacian V?u of a function u of space variables z1, zs, ...z, is defined
by

0%u N 0%u 0%u

V2 = e ——
Y 0x,2 8:{;22+ +83:n2

e.g. the Laplacian of a function v = u(x,y, z,t), where z, y and z are space
variables and t is time, is

*u  0*u  O*u
_'_

2, _
Vu_@x2+ay2 022

In terms of the Laplacian, the wave and heat equations are

2
@ =2V and @ = rVu,

ot? ot

respectively.

e Laplace’s equation is obtained from the heat equation if u is independent of ¢,
and is written

Vu = 0.

In two dimensions, Laplace’s equation is therefore

’u  O%*u

@—i—ﬁ—yzzo.

This equation is important in fluid mechanics.
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e Poisson’s equation is
Viu=f,

where f is some function of the independent variables. This equation is im-
portant in electrostatics.

These equations are important, and we will spend the rest of the course finding and
discussing their solutions.

Derivation of the one dimensional wave equation

Imagine we take a string and stretch it between two points. We can derive the
equation governing the waves’ motions along the string subject to the following
assumptions:

1. The mass per unit length p is constant. The string is perfectly elastic and
offers no resistance to bending.

2. The force of tension T' caused by stretching the string before it is fixed at the
endpoints is so large that gravitational forces can be neglected.

3. The string performs a small transverse motion in a vertical plane containing
the line at equilibrium.

o}

0 x  x+dx Lx

A segment P() does not move horizontally (in the = direction), so the net horizontal
force (tension) on its ends must cancel, i.e.

Tpcos(a) = Ty cos(f) .
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But since there is nothing special about the choice of segment PQ), the same must
be true everywhere, including the fixed endpoints of the string. Thus

Tp cos(a) = Ty cos(f) =T = const.

Now consider the motion of the segment P() in the vertical direction. This arises
due to an unbalanced (non zero net) force Tg sin(5) — Tp sin(«), which by Newton’s
second law is equal to the mass of the segment p Ax times its acceleration:

0*u . :
p Az e Tosin(f) — Tpsin(a)
= T (tan(B) — tan(a)) .
We next note that
ou ou
tan(a) = 8_1:(:6) and  tan(f) = a—x(x + Azx).
Therefore
0*u
tan(f) — tan(a) = pye Ax
x
and so
Pu_T ot
o2 p Ox?’

Setting ¢* = T'/p, we obtain the wave equation

Pu 0%

o = o2

Note that ¢ has dimensions of velocity and defines the wave speed.

6.2 The wave equation

D’Alembert’s solution of the wave equation

This elegant method for solving the wave equation starts by introducing new coor-
dinates
E=x+ct, n=x—ct

so that

_ &+ _E—n
T = 5 and t= o
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Then, assuming u is a solution, we find that

ou Oou 06 Ou On du  Ou

or  ofox Topor 0t

Pu b (o), 0 ()
ox? 0¢ \ Ox on \ Ox
82u+ 0%u N 0%u +82u
02 Onodé  0E0n  On?
82u+2 0%u +82u
0¢> 0gon  on?

SO

Similarly,
8_u_8u8§+8u877 @_@
ot ocot agot  “oc oy
and
Pu 0 (ou) 06 0 (0u) Oy
o2 oc\ot) ot onp\ot) ot
_ 2 Pu 2 Pu 2 0*u L2 0*u
€2 n 9§ o0& On on?
0%u 0*u 0%u
— 20% 52 2
& o2 c 8§6n+c o
Therefore
Pu_ 2w P
ot? ox? 0Eon’
SO
Pu
oEan
from which u can be found in terms of ¢ and n via straightforward integration:
ou 0%u

o ~ | aeon dn = f(¢&)

for some function f, so

uw = [ f(&)d§+Gn)

F() G(n)
Fz+ct)+ G(x —ct).
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This is known as d’Alembert’s solution of the wave equation.

We check this by substituting back into the wave equation itself:

8“_ / ’ a2u_ 2/ 1"
E—C(F(x—i—ct)—G(:v—ct)), W—C(F (x+ct) + G"(z — ct))
and 52
U i 1/ _
@—F(xjtct)—l—G(x ct). v

Physical interpretation of D’Alembert’s solution

We can interpret d’Alembert’s solution as the superposition of a right-going and a
left-going travelling wave, both having a constant shape and moving with velocity
¢, so that they cover a distance ct in time ¢. This is a complete general solution for
waves moving in an infinite string. For a finite string, the boundary conditions also
have to be taken into account.

The functions F' and G can be determined from the initial conditions. Let us assume
a given initial displacement wug(z) and initial velocity vo(z) = 0. Then

F(z)+G(z) = wup(z),
cF'(z) —cG'(x) = 0,

SO

Thus
up(x — ct) + uo(z + ct)

u(z,t) = 5

Solution of the wave equation by separation of variables

One of the most powerful techniques for solving a partial differential equation is the
separation of variables. Given a partial differential equation in two variables (z,t),
we can look for a solution of the form

u(z,t) = F(x)G(t)

for functions F' and G of one variable. Then

O*u  d*F(z) D?u d*G(t)
- Yo ) 22
o2 = g O ad G ) =
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so the wave equation becomes

d*G(t) , d*F(z)
7 — C 2
dt dz

F(z) G(t).

Separating the variables we have

& dPF 1 PG
F dx? G di?’
Now note that the left hand side is independent of ¢, while the right hand side is

independent of x. Since they are equal, they must both be independent of both x
and t. Hence there is a constant A such that

PP 1 &G
F dz* G dt?

We therefore have two ordinary differential equations, one for F' and one for G:

PF )\ d?
— ——F =0 and d—g—)\G—O.

dz? 2

To proceed further we need to look at the initial and boundary conditions. If we
are considering a stretched string fixed at both ends, which we take to be z = 0 and
x = L, then the boundary conditions are

u(0,t) = u(L,t) =0,

" F0)=0 and F(L)=0

since u(x,t) = F(z) G(t).

Now the equation

has the general solution
F(z) = Ae®VNE 4 Be oV
The boundary conditions give

F0) = A+B =0,
F(L) = AefVMe 4 Bem iV —
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Clearly, if A and B are real and eL\/W is real, then eL\/W and e VM are
different, so A and B have to be zero, which doesn’t correspond to a physically in-
teresting situation. We can remedy this by instead requiring y/A/c? to be imaginary
and writing

A= —w?= -k = A2 =ik,

with k a real constant called the wave number. The general solution of the equation
for F(z) is then

F(z) = Ccos(kx) + Dsin(kz) .

Appealing again to the boundary conditions, we have

FO) = 0 = C=0,
F(L) = 0 = Dsin(kL)=0.

But D # 0 otherwise F' = 0 which would again be uninteresting. Therefore
sin(kL) =0, 1ie. kL=nr

which ¢s a physically interesting solution. Thus a nontrivial solution which satisfies
the boundary conditions is

nmwx

F,(z) =sin <T) .

Turning now to the equation for G, which with A\ = —k?c* = —n?12c?/L? is
d*G nme\ 2
= — Gn = 07
dt? ( L >
we find

G(t) = Acos (%Ct) + Bsin (m;ct) :

Thus a solution for u(zx,t) is

t t
U, = sin <n_7[r/x> (An cos (m;c ) + B, sin (m;c )) ,

where n is any integer.
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u
m=1

89

¥ n = 1 corresponds to the funda-
0 L mental mode
. m=2

X n = 2 corresponds to the first

i

/\
0 \/ L

0 \/L overtone

6.3 Normal modes and superposition

n = 3 corresponds to the second
X overtone

The solution u,, of the wave equation is called the n-th normal mode. 1t is a harmonic
motion with wavelength L/n and frequency cn/(2L); note that the frequencies are
all multiples of ¢/(2L), the fundamental frequency.

For a given n, a snapshot of u, at some time ¢ might look as follows: The nth
overtone has n nodes. A node is a point on the string (other than an end point)

which does not move.

Any arbitrary sum of normal modes is a solution of the wave equation, so the general

solution is

u(zx,t) = isin <?> (An Cos (mlr;ct
n=1

B, si
)+ Sm(L

nmct

)

This is an example of the principle of superposition, which allows us to obtain new
solutions of a homogeneous linear equation by adding multiples of known solutions.
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To find the coefficients in the general solution, we need the initial conditions. These
are usually that the initial position u(x,0) and the initial velocity 4 (z, 0) are known.
From the general solution, we have that

u(z,0) = Z A, sin (?)

and

i, 0) = ?Bn sin (?) .

n

If we suppose that @(z,0) = 0 (i.e. that the string is initially at rest) then B, =0
and the general solution becomes

u(z,t) = ZA” sin (?) cos (mlr;ct) :

To find the solution for any time, we need to find the coefficients A,, which we do
by solving the equation

nmwx
u(x,0) = A, sin <—> )
This can be done by expressing u(x,0) in terms of its Fourier sine series.

Example: Suppose we have a vibrating string in which the initial deflection u(z, 0)
is triangular:

HA

Wi

B [ 2kz/L if 0<z<L/2,
u(x,O)—UO(x)—{Qk(L_Q;)/L if L/2<xz<L.
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If we suppose that u(x,0) = 0, the solution is

u(z,t) = ZA” sin (?) cos (m;t) :

where

L
/ up(x) sin (?) dx
0
L2 9ky nwx Lok(L —2) nwx
—sin ( — dm+/ sin dx
([ 2 () s [ 2= (22
4k Lz nrx L . (NTT
= I3 (/0 x sin <T> dx+/L/2(L—x)sm <T> dx | .

/L/2 . <n7ra:) y Lz (mrx) L/2+/L/2 L (mrx) J
rsin(— ) dr = |——=cos(—— —cos [ —=) dx
0 L nm L 0 nmw L

and

/L;(L — 1)sin (”—7;”) dz
- [ ey

L? (mr ) L? ( nmwT > L
= —cos|{—)—|——s —
nm 2 n2m2 m L

L/2
L? nw L? . L?> . /nrm
= 5. —cos (7) — 53 sin (nm) + 53 Sin (7> )

Therefore

A, = % <2—L2 sin (n_7r>) = Sk sin <n_7r>

" L2 \ n2n2 2 n2m? 2/
This gives
0 if n=2m,
An = (=1)"8k f n=2m+1.
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The solution is therefore

o0

Z )™ “in (2m + 1)z o (2m + 1)7et
2m + 1 )22 L L ‘

m=0

6.4 The heat equation

The one dimensional heat equation is

ou 0%u

—_— = K — ,

ot 0x?
where k is the conductivity, a constant. It describes the temperature u(z,t) in a
long thin bar of length L which is insulated along its sides (so that heat can only

flow along the bar). Various boundary conditions may be imposed, but we shall
only consider the case where the ends of the bar are held constant:

u(0,t) = To, uw(L,t) =T, for all t.

One immediate solution is the equilibrium solution

To(L — )+ T T, - T,
u(et) = 2 [l:)Jr S =T+ Tt

in which the temperature varies uniformly with gradient (7} —7j)/L, and heat flows
from the hotter end of the bar to the colder.

Now, if u is any solution with the given boundary conditions, then v = u — u, is
also a solution of the heat equation, since

ov ou  Ou, 0*u 0%*u, 0%
= — — =K-—=IkK =

ot ot ot 022 922 oz

but has boundary conditions
v(0,t) =v(L,t) =0 for all t,
which is easier to solve for.

To find the general solution for v, we again separate the variables and try

v(z,t) = F(x)G(t).
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Substituting into the heat equation gives

Fo) dC;Et) _d digx)

G(t> Y

and rearranging in a similar way to the solution of the wave equation gives the
ordinary differential equations,

1 dG_)\_lsz
kG dt ~  F dz?

where x is a constant.
Now, if A > 0, as before, the only solution satisfying the boundary condition is

F = 0. Thus we write A\ = —k? and find that to satisfy the boundary conditions we
must have k = nm/L. Hence the solution for F'(z) has the form

F,(z) =sin (?) .

Similarly, the equation for G(t) becomes

dG, _/<m27r2
at L2

with solution

Thus the general solution for v is

e _ 2 2t
oat) = 3 Agsin (T8 exp (L_) |
n=1

Adding the equilibrium solution, we obtain the general solution for u,

To(L —x)+ T = . /n7x —kn?m?t
u(x,t) = of ? Ly ZA" sin (%) exp (L—;T> .

n=1

The solution of the heat equation has a similar form to that we found for the
wave equation, except that the function of ¢ is a negative exponential rather than a
trigonometric function. Consequently, each of the terms dies away as time increases,
with the higher harmonics decreasing most rapidly. Hence the solution converges to
the equilibrium solution as ¢t — oc.
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More generally, we can prove the following result, valid in any number of dimensions:

Convergence of solutions of the heat equation:

Suppose the heat equation in a finite n dimensional domain D has an equilibrium
solution u(xy, ..., x,) satisfying the boundary conditions. Then for any initial con-
dition, the solution u(xy, ..., x,,t) converges uniformly to the equilibrium solution
Ue a8 t — 00.

Problem: [Initially an insulated bar of length L is in thermal equilibrium with
one end at 77 °C > 0 and the other at 0°C. The hot end is suddenly immersed in
freezing water. Find the temperature distribution at time ¢.

Solution: Since the system is initially in thermal equilibrium, the initial temper-
ature distribution along the bar has the linear form

T(x,0) =T (1 - %) .

Now the boundary conditions are that 7°(0,0) = 0 and 7'(L,0) = 0. Thus, at time
t, the temperature is

o —t 2,2
T(x,t) = Z A, sin (?) exp (%) ,
n=1

where the coeflicients A,, are given by the Fourier sine series of the initial (f = 0)
temperature distribution:

ae = 2 [ o () = 2 (- 5) e (M) @

2T L L nrr\ 1L
- I (—n— cos(nm) + -+ - cos(nm) — o [ (T)L)
_ (L) _
L \nn)  nrx

Hence the solution is

T =1 . /nrx —kn’m?t
T(l’,t) = — — Sin (T) exXp (T) .
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6.5 Laplace’s equation

In two dimensions, Laplace’s equation is

*u  O%*u

2 = — _— =
vu_8x2+8y2 0

Most commonly, the values of u are specified on the boundary, giving a boundary
value problem known as Dirichlet problem. Sometimes, the normal derivative of u
to the boundary may be specified instead. (The normal derivative measures the rate
of change of w in the direction orthogonal to the boundary.) This gives a Neumann
problem.

Laplace’s equation in a rectangle

Suppose that the domain of x and y in which we wish to find the solution is a
rectangle
O0<z<a, 0<y<b,

and that the boundary conditions are

uw(0,y) =u(a,y) =u(z,0) =0 and u(z,b) =g(z).

Again, we can solve this problem by separation of variables. Set
u=F(z)G(y)
and substitute into Laplace’s equation to get

d*G(y) N d*F(x)

F
(z) dy2 dx?

G(y) = 0.

Rearranging this equation to separate the variables gives

LBF 186
F di? G dy®

where )\ is a constant.

If A = k? is positive, we obtain the general solution for F:

F(z) = Ae™ + Be ",
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but the boundary conditions give F'(0) = F(a) = 0, so we must have the trivial

solution F'(z) = 0. Therefore, we take A to be negative, say A = —n?7?/a?, so
B2F 2,2
" i
dx a?

This equation has a nontrivial solution

nmw
F,(z) = sin <L>
a
which satisfies the boundary conditions. The corresponding function G, (y) then
satisfies the differential equation
d*G, n’n?

dy*  a

n -

Since u(z,0) =0 for every z, we require G, (0) = 0. We therefore deduce that
Gn(y) = Ansinh (nmy/a),

hence the general solution is

u(z,y) = iAn sin (?) sinh (%?) :

n=1

Finally, we consider the boundary condition at y = b which gives

i A, sinh <n77rb) sin <$> = uy(x).
n=1

We can then deduce the coefficients A,, by computing the Fourier sine series of u; ().

Note: A similar analysis allows us to find other solutions which are zero except on
one side of the rectangle. For example, if we require u(z,0) = ug(x) and u(z,b) = 0,

the solution is
[e.e] b o
o) = 3 Busin (M7 s (M)

with

i B,, sinh (%ﬂb) sin (T%m) = up(x) .

n=1
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Example: Suppose u satisfies Laplace’s equation in the rectangle 0 < x < 1,
0 <y < 2, and the boundary conditions

u(0,y) =u(l,y) =0, wu(z,0)=-1 and u(z,2) =sin(3rz).

We first look for a solution u with ua(z,0) = 0 and ua(z,2) = sin(37z). From the
above,

ua(z,y) = Z A, sin (nmx) sinh (nmy) ,
n=1
with
Z A, sinh (2n7) sin (nmx) = sin(37x).

n=1

Then clearly A3 = 1/sinh(67) and A,, = 0 for n # 3, so

_ sin(37x) sinh(37y)
ual@,y) = sinh(67)
Next we look for a solution up with ug(z,0) = —1 and up(z,2) = 0. The coefficients

B,, are given by

Z B, sinh(2nm) sin(nrz) = —1.

n=1
We find
2 -1
B, sinh(2n7) = (cos(nm) — 1)
nm
which gives B, = 0 if n is even, and B,, = —4/n7 if n is odd. The solution is
therefore

4 & osin((2m + 1)7z) sinh((2m + 1)7(2 — y))

™ £ (2m + 1) sinh(2(2m + 1))

Adding the solutions for the two different boundary conditions gives
sin(37zx)sinh(37y) 4 i in((2m + 1)7x) sinh((2m + 1)7(2 — y))

u(x,y) = sinh (67) o (2m + 1) sinh(2(2m + 1))

m=0
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Laplace’s equation on a disc

Consider the Dirichlet problem in the disc 2% + y? < a?, with boundary condition
u(acosf,asind) = f(0),
where, for consistency, f is 2m-periodic.
It is convenient to use polar coordinates (r,0) where
x=rcosf, y=rsinfd = r? =2 +y% tanf =vy/z
and express u in terms of r and 6.

In polar coordinates, the Laplacian of u(r,#) takes the form

Pu  10u 1 0%

2 Cu Lou 1 Ou
vu_8r2 7“87"+r2862'

We use separation of variables, and set
u(r, ) = F(r) ¥(0)
where U(0) is 2m-periodic, so ¥(27) = W(0). Substituting into Laplace’s equation,

we find
(dQF(r) N 1 dF(r)) w(0) + F(r) d*U(0) _0

dr? v dr r2dg?

and hence

T

F

r? d2F+1dF B 1 d?V
dr? rdr)

which give the differential equations

2F  dF

22 LT NF = 0

T T !
2T
S\ = 0.
de?

If \ = —k% <0, we find
V() = Ae* + Be
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which cannot be periodic, so A must be positive. If A = 0, we have the constant
solution Wy(0) = Ay, whereas, if A = n?, we have

U, (0) = A, cos(nb) + By, sin(nb),
which is 27-periodic.

The equation for F'is an Euler equation. If A = 0 we have solutions F(r) = 1
and F(r) = Inr, but since F(r) must be bounded, we can only take the constant
solution, Fy(r) = 1. If X = n?, we find solutions

F(ry=r" and F(r)=r"",

but again, to keep F'(r) bounded, we cannot have the solution r~"

F,(r) = r™. We therefore have the general solution

, SO we must have

u(r,0) = A0+Z (A, cos(nd) + B, sin(nd))

with boundary conditions

Ao + i Ana” cos(nf) + i Bja"sin(nf) = f(0)

n=1 n=1

from which we can compute the coefficients A,, and B,,.
Problem: Verify that the function defined in polar coordinates by
u(r, 0) = 3 cos(36)

is a solution of Laplace’s equation.

Solution:

du 0?u 0*u 5

el = 3r? cos(30), 52 = 6r cos(30) and 0= —9r° cos(36) ,
SO

Pu tou 1 0%
or2 ror r?06?
= 67 cos(30) + 3rcos(30) — 9rcos(30) = 0. v

Viu =
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6.6 Harmonic functions and complex variables

A solution of Laplace’s equation is called a harmonic function. Harmonic functions
have the following properties.

Regularity: Suppose u satisfies Laplace’s equation in the interior of a domain D.
Then u is smooth in the interior of D, by which we mean all partial derivatives
(of all orders) of u exist and are continuous in the interior of D.

Note that this condition holds even if u is discontinuous at the boundary!

The maximum principle: Suppose u satisfies Laplace’s equation in the interior
of a domain D. Then the maximum value of v occurs on the boundary of D.
i.e. u has no local maximum in the interior of D.

The maximum principle has an intuitive interpretation. Recall that Laplace’s
equation describes the temperature inside a uniform body in thermal equilibrium.
Clearly, there can be no local maximum of the temperature inside the body, or else
heat would flow out from that point.

Solution of Laplace’s equation using complex variables

In two dimensions there is a connection between the solution to Laplace’s equation
and complex functions, i.e. functions of a complex variable z = x + iy.

Recall that the real and imaginary parts of a differentiable or analytic complex
function satisfy the Cauchy-Riemann equations,

ou Ov ov ou
_ an _

dx Oy or — dy’

Conversely, if all the partial derivatives of f(z) exist and satisfy the Cauchy-Riemann
equations, then f is analytic.

Example: Let
f(z) = Z2§ fle+1iy) = - y2 + 2ixy.
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Thus u(z,y) = 2% —y*, v(z,y) = 2zy and

o, o
Ox oy’
oy, O
Ox 4 oy

Thus z? is an analytic function.

Now suppose u(z,y) is the real part of an analytic function f(z +iy), and v(z,y) is
the imaginary part. Then

Pu_ 0 (ou) _ 0 (o) _ 0%
ox2 Oz \ox) 0x \0y) 0xdy

a0 (ony _ 0 (o) _ o
o2 oy \ody/) Oz oxr)  Oyox’
Pu  0u 0% 0%

8x2+8y2 - ordy  Oyox =0

so u is a solution of Laplace’s equation. Similarly, we can also show that v is a
solution of Laplace’s equation.

and

Hence

Viu(z,y) =

u(z,y) and v(z,y) are known as conjugate harmonic functions. Given either u or

v it is possible to find the other, up to an arbitrary constant. Suppose we know
u(z,y). Then

ov  Ou B ou(z,y)
and w0 Pulzy)  df O
v u u(x,y u
o2 Y Bl Gl RV M St
oy Ox = Oy? v dy Oz’
» a0 Pu(z, y)
_du u(z,y
dy  Ox + oy? dr.
Example: Let
u(z,y) = 2° — 3xy>.
Then 52 e
WY 6 ang ZUEBY) 6

0x? 0y?
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so u satisfies Laplace’s equation. Then v(x,y) is given by

viey) = - [ 0T Y) 4 1 py) = [ s+ 1)

dy
= 32%+ f(y).
Now B df B
v U
— = 3y + — d — =327 -3y
ay T y—i—dy an o7 T (T
SO of
2= 32 — .3 _
2 v = fly)=-y +c
Therefore

v(z,y) = 32%y —y* +c
and the complex function f(z) is

f(z) = u(z,y) +iv(z,y) = 2°+ 3iz*y — 329> — iy +ic = (z+iy)® +ic

= 2% +ic.

6.7* The Laplace transform method of solving par-
tial differential equations

Recall that the Laplace transform turns an ordinary differential equation into an
algebraic equation. It turns out that applying the Laplace transform to a partial
differential equation turns it into an ordinary differential equation. This is because
we transform the given equation with respect to one of the independent variables
(usually ¢), so that only derivatives with respect to the other variable remain in the
transformed equation.

Let us illustrate the method by means of an example:

Consider heat conduction along a semi-infinite bar. Then the heat equation is
ou 0%u
—_— = ke
ot Ox?

Let us suppose the initial condition u(z,0) = A, a uniform temperature distribution,
and boundary conditions

for x>0, t>0.

| B for 0<t<ty,
“(O’t)_{o for to <t.
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This corresponds to the temperature of the end of the bar (z = 0) being quenched
from B to 0 at t = ¢g.

To proceed, we employ the Laplace transform to obtain
2

d
sLu —u(x,0) = li@ﬁu.

Writing Lu as 4, the equation is

d*a s _
_2 —_ Uy = —— ,
dz K K
which has a particular integral
. A
Up = —.
Ps

Thus the general solution is

i = ofs)exp (~v/alr) + A(s) e (Varma) + 2.

where o and 8 are functions of s and are determined from the initial and boundary
conditions. Clearly, however, we must take § = 0, otherwise & — 0o as x — 00,
which would result in a physically unreasonable situation. To get @ we recall that

w(0,8) = [1 — H(t — to)|B.

Then
A 1 e sho
O = _— = B _—
109 = a9+ 5 = B(3-7).
SO
B—A Be st
a(s) = - )
s s
hence

u = B ((1 = exp(=sto)) exp ( s/mx>.

S

The inverse Laplace transform gives us the solution u(z,t). In this case, this is not
trivial to find, but it turns out that it can be expressed in terms of the error function

erf(z) = % /Ox exp(—y?) dy .
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6.8* Canonical forms

Aside from being important equations in their own right, the wave equation, heat
equation and Laplace’s equation are prototypes for all second order linear equations
in two variables.

Consider the linear partial differential equation with constant coefficients,

Atgy + 2Bugy + Cuyy = 0.
A linear change of variables

()= 5) ()

y v 0 Ul

transforms this equation into the equation

Puge +2Qugy + R,y = 0.
where P, Q and R are given in terms of A, B and C by

P = a*A+2a6B+ p*C,
Q = ayA+ (ad+ B0)B+ poC,
R = ~A+2y0B+6C.

By a judicious choice of «, 8, v and ¢, we can transform the equation into one of
the three forms:

Elliptic: If AC — B2 > 0, we can set P = R = 1 and Q = 0, giving Laplace’s
equation, uge + Uy, = 0.

Hyperbolic: If AC — B?> < 0, wecanset P =1, R = —1 and Q = 0, giving
the wave equation uge — u,,, = 0. Alternatively, we can set P = R = 0 and
Q = 1/2, giving d’Alembert’s form of the wave equation, wug, = 0.

Parabolic: If AC — B?> =0, we can set P =1 and Q = R = 0, giving ug = 0.

For a general linear equation, the coefficients can depend on x and v,
Az, y) Uy + 2B(x, y)uqgy + Cx, y)uy, + D(z, y)uy + E(z, y)u, + F(z,y) = 0.

However, assuming that the sign of AC' — B? does not change, we can still apply a
linear transformation at each point to reduce the terms in the second derivatives to
canonical form.
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In the parabolic case, with constant coefficients, we obtain
uge + D(&, nug + E(&,n)uy + F(&n)u = 0.
Assuming the coefficient E of u, never vanishes, we can write
uy = (&, u, ug, uge),

which gives a class of equation including the heat equation.

The canonical form is useful since many of the properties of an equation depend
only on whether the equation is elliptic, hyperbolic or parabolic. In particular:

1. The type of boundary condition depends only on the canonical form of the
equation.

2. Essentially the same numerical methods can be used for all equations of the
same canonical form. Hence we only need to develop computer programs to
solve these three types.

Example: The partial differential equation

DlUgy + 2Upy + Uyy + Uy = 0
is elliptic, since 5 x 1 — 12 = 34 > 0.
Example: The partial differential equation

Uy + 2Uzy + Uyy + Uy = 0

is parabolic, since 1 x 1 — 12 = 0.



