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Abstract

In this report, I shall give a brief introduction and motivation for
string theory as well some of the important details regarding superstring
theories and supersymmetry. I will then discuss compactification and the
properties of compact spaces before discussing holonomy groups and their
role in reducing the number of supersymmetries in a theory. Furthermore
I will describe general orbifold construction before introducing the Z2 ×
Z2 orbifold, where I define the untwisted and twisted sectors, and then
introduce the concept of Wilson lines. I shall then continue by formulating
the free fermionic model, and discussing its correspondence to the Z2 ×
Z2 orbifold, before finally reintroducing Wilson lines to produce a three
generation, SO(10) embedded, N = 1 model.
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1 Introduction

The nineteenth and twentieth centuries gave rise to two of the most fundamental
areas of physics; Quantum Mechanics and Relativity [1]. The union of which,
would result in the underlying Theory of Everything; a single, simplistic funda-
mental law of nature, governing both the microscopic and macroscopic domains
respectively.

The world of Quantum Mechanics sought to describe the microscopic uni-
verse, the physics of the fundamental building blocks of nature. Relativity;
Einstein’s theory of gravity, described the macroscopic world, and helped ex-
plain many shortcomings of Newton’s gravity with very high precision.

One can consider the four fundamental forces that govern our universe; the
electromagnetic, the weak nuclear, the strong nuclear and gravity, all of which
describe the interactions of elementary particles. While trying to construct this
Theory of Everything, one tries to place these four interactions into a single
framework, and herein lies the problem.

Gravity appears to be completely incompatible with the other three forces.
To understand why this is the case, we must first discuss the models describing
the electromagnetic, weak and strong, in order to fully comprehend why gravity
can not be incorporated into these pre-existing models.

1.1 The Standard Model and G.U.Ts

The Standard Model is one such model, describing the three forces excluding
gravity as well as classifying all known elementary particles.

Within the Standard Model, elementary particles are categorised into fermions
(with half integer spin), bosons (with spin 1) and the Higgs Boson (with spin
0) [1].

We will first consider the fermions, they are further categorised into quarks
and leptons:

Quarks
There are six ”flavours” of quarks, namely; up, down, top, bottom,
charm, strange.
They are also distinguished by charge and the three ”colours”; red,
green and blue.

Leptons
There are six leptons, namely; the electron, the muon, the tau, fol-
lowed by their respective neutrino (electron neutrino, muon neutrino
and tau neutrino).
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We will now move on the spin 1 bosons. These are also known as exchange
particles or force-mediating particles. When a force-mediating particle is ex-
changed between two other particles, the observed effect of this exchange is
analogous to to force acting between them. They are named as follows [2]:

Photon - is responsible for the electromagnetic force.
Gluons - are responsible for the strong nuclear force.
W and Z Bosons - are responsible for the weak nuclear force.

Finally we reach the other category of boson:

Higgs Boson - is responsible for assigning mass to the other parti-
cles and has spin 0.

The interactions of these force-mediating particles can be described by gauge
groups, namely; SU(3) corresponding to the strong nuclear force, SU(2) corre-
sponding to the weak nuclear force and U(1) corresponding to the electromag-
netic force [3].
We can combine these three Lie groups into a single gauge group, called

SU(3)× SU(2)× U(1) (1)

This new single gauge group leads nicely into the formulation of new models
known as Grand Unified Theories (G.U.Ts), which aim to describe all interac-
tions under a single framework.

The Standard Model accurately describes experimental observation for en-
ergies less than 100GeV, so any G.U.T at these low energies must match the
Standard Model. However it must also overcome a shortcoming of the Standard
Model; neutrino masses.

A huge problem of the Standard Model is that it was formulated at a
time when neutrinos were believed to be massless, however this has since been
disproven. Therefore in order to match experimental observation, these new
G.U.Ts must include a right-handed neutrino, in order to give neutrinos their
known mass.

The first such G.U.T we could consider is the SU(5) group. While the gauge
group (1) does fit nicely into SU(5), it still does not include the right-handed
neutrino, and thus does not account for neutrino mass. Therefore we require a
bigger G.U.T.

This is where SO(10) comes into the picture. This group incorporates all the
interactions of the Standard Model plus the right-handed neutrino and so ap-
pears to be very promising [4]. Despite the illusive graviton (gravity boson) still
being missing, establishing this framework was crucial, as our desired Theory
of Everything must still accurately describe the other three interactions as well
as gravity. Therefore it is important to check that SO(10) can be nicely incor-
porated into this. Thus far, the best candidate for such a model is String Theory.
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1.2 String Theory Motivation

A key source for this section are chapters 1 and 2 in the introduction to string
theory written by U. Danielsson [5].

To understand why String Theory is such a good candidate for unifying grav-
ity with the other forces, we must first investigate why it is necessary. What
problems arise when we try to include the graviton into the Standard Model?

To answer this question, we need to know a little bit about how Quantum
Field Theories work. In QFT, the strength of a force is described by a coupling
constant, which varies with energy or distance. This is due to what’s known
as vacuum fluctuations. The observed charge in a laboratory can be thought
of as the combination of these vacuum fluctuations and what is known as the
bare charge of the particle. One assumes that this bare charge is fixed and so
one can endeavour to calculate how this observed charge depends on the energy,
by ascertaining the effect that the energy has on these vacuum fluctuations.
However when this calculation is done, it is discovered that the contribution of
these fluctuations is infinite. This sounds like a huge problem, but it is one that
is soon rectified by a process called renormalisation.

In Perturbation Theory, the amplitude of a given process is proportional
to the coupling constants raised to some power. However in four-dimensional
gauge theory, these coupling constants have no dimension, and thus the number
of divergent amplitudes is finite, thus making it a renormalisable theory. In
contrast to this though, the coupling constant of gravity has dimension

GN ∼ 1/(mp)
2 (2)

and thus the amplitudes become increasingly divergent.

These infinities in theory could be adjusted but it turns out one would have
to make infinite adjustments in order to renormalise gravity, thus making it
a non-renormalisable theory. Therefore it would appear that gravity and the
G.U.Ts cannot be combined into one theory, but this is where String Theory
seems to hold the answer.

The first notion of strings came in the 1960s, on the topic of Regge trajec-
tories; patterns in the masses of hadrons. The Bootstrap hypothesis suggested
that this pattern could be explain if the hadrons were made out of strings. From
this hypothesis, it seemed that the evidence of this string physics would come
from scattering amplitudes, which Veneziano later found. He discovered a scat-
tering amplitude that was able to reproduce all the requirements of the physics
of hadrons [6], and it was later realised that his equations actually described
strings [7].

Originally, however, it seemed there was a problem with this string theory,
as it predicted the existence of massless spin-2 particles that were not present
in the original picture of the hadrons. But actually this turned out to be the
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illusive graviton.

Now that we know that string theory can describe all other particle data, I
will now discuss how it solves the problem of the renormalisation of gravity.

We have already established that quantum gravity at high energies problem-
atically leads to infinite divergent integrals. String Theory however very subtly
limits the number of integrals by placing a limit on the energy without violating
General Relativity. This can be visually understood by the below diagram;

Figure 1: Graviton Interaction: Particle vs String

By limiting the energy, we lose some precision in determining the position of
the particles and when we consider the particle picture (left), it is difficult to in-
clude this uncertainty in a consistent way. But with the string diagram (right),
it is no longer obvious where the interaction actually occurs, so this uncertainty
introduced by capping-off high energies is actually built into the model naturally.

Research over the last few decades has shown that string theory does con-
sistently describe quantum gravity, and so far is the only theory we have to do so.

1.3 Bosonic String Theory

Chapter 2.1 in [5] provided many key insights in this section.

The first and simplest string theory was that of the Bosonic String. In order
to formulate these strings, we need to derive the action integral.

For a particle, the action is given by

S = m

∫
ds (3)

with m being the mass of the particle.
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To generalise this to a string, instead of minimising the length of the world
line, one minimises the area of the world sheet. This leads to the Nambu-Goto
action:

SNG = −T0
c

∫
d2σ

√
(Ẋ ·X ′)2 − (Ẋ)2(X ′)2 (4)

with T0 being the tension in the string.

However, the square root in this integral makes using it quite complicated.
Thankfully, there is a way of reformulating the action without a square root,
this is known as the Polyakov action:

SP = −T
2

∫
d2σ(−Ẋ2 +X ′2) (5)

which can be handled using normal field theory and is often given as the defi-
nition for bosonic String Theory.

In this report, I will not give any rigorous derivation of the dimensionality of
the bosonic string, but will simply state it as D = 26. This result caused some
concern as to the reliability of string theory to be an accurate physical theory
since the number of spacetime dimensions far exceeds that of the D = 4 universe
as observed. Another issue with the bosonic string theory is that it predicts the
existence of tachyons; particles with imaginary mass that travel at superluminal
speeds. Furthermore, as the name might suggest, the bosonic string theory does
not describe the fermions. This leads us to Superstring Theories.

1.4 Superstring Theories

An important reference for this section was chapter 3 of [5].

In order for String Theory to also include the fermions, we introduce a pow-
erful symmetry called supersymmetry.

Supersymmetry partners each boson to a corresponding fermion, and re-
quires that the fundamental equations should be invariant under the exchange
of bosons and fermions.

The addition of supersymmetry into the picture solves almost all the obvious
problems of the bosonic string. Obviously it now incorporates the fermions and
it additionally gets rid of the tachyons. While it still doesn’t bring the dimen-
sionality down to four, it does reduce it from 26 to 10, which is much more
manageable.

The way in which the fermions can be integrated however is not unique, and
leads to five different superstring theories. Below we shall consider all possible
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types of superstring theory.

Type I, includes both open and closed strings and contains the sym-
metry group SO(32).

Type IIa, involves closed strings with symmetrical vibrational pat-
terns, meaning it does not matter whether the string oscillation is
travelling to the left (left-mover) or the right (right mover).

Type IIb, also involves just closed strings but this time with asym-
metrical vibrational patterns, so the boundary conditions do depend
on whether the string is a left or right mover.

We are however not limited to just these three, as these are formed of just su-
perstrings. We are actually allowed a combination of both D = 10 superstrings
and D = 26 bosonic strings. Since superstring theories are 10-dimensional the-
ories, the extra 16 bosonic coordinates are compactified on a torus, we shall
see more of this in a moment. The left-moving vibrations mirror the bosonic
strings, while the right-moving vibrations resemble the superstrings. This leads
us on to our final two types; the heterotic theories.

Heterotic Theories, still only involve closed strings and appear to be the
most promising theories as they cancel out all the anomalies of the previous
theories. It turns out that only two symmetry groups are able to be applied to
the 16-torus, namely; SO(32) and E8 × E8.

This leads to the two additional superstring theories; the SO(32) Heterotic
and the E8 × E8 Heterotic.

The general action of this theory is given by

S = −T
2

∫
d2σ

(
9∑
µ

(∂αXµ∂
αXµ − 2ψµ+∂−ψ+µ)− 2

n∑
a=1

λa−∂+λ
a
−

)
(6)

This is the bosonic action on the worldsheet incorporating the real Majorana
fermions (fermions that are their own anti-particle) denoted by λa±, where ±
indicate right/left moving, and the spacetime fermions ψµ. Note that the space-
time fermions are only right moving while the left movers are the bosonic space-
time fields Xµ

L and the internal Majorana fermions λa−.

We can now make use of the interchangeability of two Majorana fermions
and a real boson in two dimensions. By this exchange, we can conclude that the
theory contains D + n

2 bosons. Consistency requires that D + n
2 = 26 since the

bosonic string lives in 26 dimensions. By this condition, we obtain that n = 32.
This defines our internal SO(n) symmetry as SO(32).

We are now ready to explicitly describe the difference between the E8 ×E8

theory and the SO(32) theory. The different gauge symmetries come as a result
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of different boundary conditions on the Majorana fermions λa−. For the SO(32)
theory, the set of internal fermions are all given the same boundary conditions,
whereas in E8 × E8 theory, the fermions are split into two groups and each
group is assigned a different boundary condition. This difference in the bound-
ary conditions decides which orbifolds can be constructed under each theory,
the details of which will be discussed in section 3.

As was mentioned at the beginning of this section, these superstring theo-
ries are consistent for a 10-dimensional spacetime. Thus, in order to formulate
a theory describing our 4-dimensional universe, we must apply a scheme called
compactification. This was briefly mentioned in the construction of heterotic
models and a more detailed explanation and formalism will be given.

Before we can do this however, we must first discuss the amount of super-
symmetry relating to each theory. Within the theories we discussed previously,
the supersymmetry varies. The Type I and both heterotic theories come with
a single supersymmetry, classified as N = 1 in 10-dimensions. The two Type II
theories however, come with two supersymmetries; labelled as N = 2.

To further complicate matters, a single supersymmetry in 10-dimensions ac-
tually leads to four supersymmetries in 4-dimensions. Therefore, Type I and the
heterotic theories have N = 4 in our d = 4 universe, and the Type II theories
come equipped with N = 8.

We will return to these supersymmetries in the context of compactification
shortly, after I have provided the formalism for this crucial scheme.

2 Toroidal Compactification

The Introduction to String Compactification [8], specifically chapter 2.2, by
Font and Theisen was a very helpful source for sections 2.1 and 2.2.

It is possible to assume that String Theory is just wrong, since it is only con-
sistent with a 10-dimensional universe and not our 4-dimensional one. However
this is not entirely true. When we describe our universe as 4-dimensional, what
we should actually say is that it is 4-dimensional down to scales of about 10−18

metres. Meaning it is entirely possible for the extra six dimensions to just be
compactified down to an incredibly small space. We can visualise this with a
simple thought-experiment. Imagine you are looking at a telephone wire that
is a reasonable distance away from you. For all intents and purposes, the wire
appears one dimensional. Now imagine you are an ant walking along this wire.
Suddenly, it looks like a three dimensional object; you can tranverse it in three
dimensions. This is an example of when dimensions are not always visible due
to their size, and this is what string theorists believe is happening with the extra
six dimensions of spacetime. Rather that it being some arbitrary 10-dimensional
space, it actually takes the form M4 ×N6, where M4 is Minkowski spacetime
and N6 is some incredibly small, six dimensional manifold that has been curled
up, the properties of which, we shall now discuss.
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2.1 Properties of Compactification

We shall begin with a spacetime and internal manifold of arbitrary dimension to
show the power of the result we are to prove in this section. Despite the general
dimensionality, our overall aim is to describe this internal space such that it
agrees with the results of superstring theories, hence we shall impose that some
supersymmetry must be preserved. This condition actually hugely restricts the
number of possibilities that these extra dimensions can live in.

In a D dimensional spacetime, with d-dimensions of Minkowski space, we are
left with D − d dimensions to compactify. Therefore, as above, we can impose
that this spacetime has the product form

MD =Md ×ND−d (7)

where this ND−d will be the subject of our analysis.

If (7) holds, with ND−d compact, when a metric field GMN is present, then
we say the system undergoes spontaneous compactification. Here GMN is the
metric tensor from relativity.

We can now define the vacuum expectation value (VEV) as the expected
value of a field equation in a vacuum. In the case of GMN , we obtain its (VEV)
〈GMN 〉 as

〈GMN (x, y)〉 =

(
ḡµν(x) 0

0 ḡmn(y)

)
(8)

where xµ and ym are coordinates of Md and ND−d.

We could check to see if the equations of motion have solutions of the form (8)
but since they are non-linear we shall instead assume (8) and require that the
symmetries in Md are unbroken.

When we do this, it can be shown that, since fermionic fields are spinors
that transform non-trivially under SO(1, d− 1);

〈ΦFermi〉 = 0, (9)

with ΦFermi describing a fermionic field.

In other words, the VEV of a fermionic field is zero. This is because if
〈ΦFermi〉 6= 0, then Lorentz invariance would be spontaneously broken.

By supersymmetry, 〈δεΦBose〉 ∼ 〈ΦFermi〉 = 0, meaning the VEV of the
change in the bosonic field by ε is equivalent to the VEV of the fermionic field
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and thus is also zero. Note here, that ε is the spinor of SO(1, d− 1) parametris-
ing the supersymmetry transformation.

Included in the ΦFermi in supergravity is the gravitino ψM , obviously also
with a VEV of zero. This gravitino transforms as

δεψM = ∇M ε+ . . . (10)

where ∇M is the covariant derivative. All other terms in this expansion have
been ommited since their VEV is zero.

Since 〈δεψM 〉 = 0, when we take the VEV of this expansion we conclude
that

〈∇M ε〉 ≡ ∇̄M ε = 0 ⇒ ∇̄mε = 0, ∇̄µε = 0 (11)

to put the covariant derivatives in the context of x, y as introduced in (8).
Spinor fields ε that satisfy (11) are called Killing spinors. These Killing spinors
significantly reduce that number of possible manifolds that can be used in com-
pactification, since the existence of Killing spinors on a Riemannian manifold
causes the Ricci tensor to vanish

R̄µν = R̄mn = 0 (12)

therefore limiting this compact internal manifold ND−d to be Ricci-flat.

Supersymmetry imposes that the internal manifold be Ricci-flat; this is an
extremely powerful result that also leads to ND−d being toroidal, since Ricci-
flat compact manifolds do not admit Killing vectors other than those associated
with tori. In the context of superstring theory, if the internal space N6 = T 6 (a
six-dimensional, compact, flat torus) then this would lead to N = 4 supersym-
metry in 4-dimensions. However it is believed that in our final string theory, the
supersymmetries will reduce down to N = 1. To obtain our desired supersym-
metry, we must make some restrictions to our torus in the form of a holonomy
group.

2.2 Holonomy Groups

Assume the manifold describing our internal space is orientable. A holonomy
group, H, describes a set of rotation matrices and forms a subgroup of SO(m),
H ⊆ SO(m), where SO(m) is the tangent group of an m-dimensional manifold.
The matrices Ui ∈ H describe the rotation of vectors upon parallel transport of
a closed curve on the manifold.

The holonomy of a manifold can be described as trivial if the manifold is sim-
ply connected and has no curvature. When it is not simply connected however,
the holonomy of a flat manifold could be trivial or non-trivial. In the example
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at the end of the previous section regarding T 6, this has trivial holonomy even
though it is not simply connected.

I shall now discuss how the holonomy group of a manifold leads to the
amount of supersymmetry. To do this, we shall return to our spinor, ε, that
parametrises the supersymmetry transformation. By definition, spinors should
rotate by elements of H too but since ε is convariantly constant, it is left un-
changed. Therefore we must split H into spinors that do change and those that
don’t.

In the case of superstring theories where ND−d = N6, ε is an SO(6) spinor
that has left and right chirality pieces that transform as 4 and 4̄ in SO(6) '
SU(4), where 4 and 4̄ are the Weyl spinors.

Under some H, the 4 splits into some amount of triplets or doublets and
some singlets. Its these singlets that lead to the supersymmetry number since
they represent ε, the supersymmetry parameter. To make this definition more
concrete, we shall examine the cases when H = SU(2) and H = SU(3).

For H = SU(2), the decomposition is

4SU(4) = (2 + 2)SU(2) (13)

i.e. into a doublet and two singlets. The number of singlets correlates to the
number of supersymmetries in d = 4 assuming that N = 1 in D = 10. Therefore
this example corresponds to N = 2 in d = 4. It follows that if N = 2 in D = 10
then the N value would double in d = 4 as well.

For H = SU(3), the 4 decomposes as follows

4SU(4) = (3 + 1)SU(3) (14)

i.e. into a triplet and one singlet. Hence there is one covariantly constant spinor
of each chirality, namely; ε±. Thus H = SU(3) leads to N = 1.

In constructing these examples, we have actually illustrated the result we
were hoping for; a holonomy group that leads to N = 1. This result is why
string theorists deem the heterotic string theories as more phenomenologically
promising than the Type II theories since they have N = 1 in D = 10, thus
allowing us to reach N = 1 in d = 4, unlike the Type II that have N = 2 in
D = 10.

These manifolds with SU(3) ⊂ SO(6) or generally speaking, have SU(n) ⊂
SO(2n) are called Calabi-Yau manifolds CYn. These manifolds seem a promis-
ing area of research since they lead directly to the result we require. However
they are not as ideal as they first seem. The reason for this is that there is
not just one unique manifold satisfying these conditions, but thousands, and
no metric on any CY3 is known explicitly. This makes actually using them to
extract any information near impossible. The interested reader may want to
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consult chapter 3 in [8] for more details on the Calabi-Yau. One way that string
theory research can progress is to consider a class of toroidal orbifolds that are
analogous to CY3, in that their holonomy group is contained within SU(3), but
that give an exactly solvable theory, meaning we are actually able to extract
information from them. This leads us on to the main focus of this report; the
Z2 × Z2 orbifold.

3 Construction of the Z2 × Z2 orbifold

I would like to state that from this point onwards, I will only be referring to the
E8 × E8 heterotic string theory. This is due to the amount of supersymmetry
the heterotic models present, making them phenomenologically appealing, but
also so we can introduce and utilise the Z2 ×Z2 orbifold that is not compatible
with the SO(32) theory. The significance of the Z2 × Z2 orbifold will become
clear in section 4.

3.1 General Orbifold Construction

Chapter 4 in [8] proved very valuable in this section.
I would first like to introduce the general notion of an orbifold before moving

on to the Z2 × Z2.

An orbifold O can be thought of as the quotient of a manifoldM by a group
action G that preserves M. This O can be denoted as

O =M/G (15)

By definition, every point x onM is associated with its orbit under G such that
x ∼ gx. This identification feature makes orbifolds a very viable option for N6

as this curled up nature is a requirement of the internal space. Topologically,
we can also define a torus using orbifold construction as

TD = RD/Λ (16)

where we have compactified RD on a root lattice Λ to generate TD. Obviously
in the context of our heterotic string theory we can set D = 6.

However, as we previously saw, just compactifying on to a flat torus T 6 is
not enough as it leaves us with N = 4 supersymmetry as opposed to the desired
N = 1. Therefore we must generate a new orbifold, Ω, with this crucial property.

The first thing I should point out is, since we are working in E8 × E8 het-
erotic theory, we must impose the E8 × E8 symmetry on our Ω. This is done
by compactifying the 16 bosonic left moving coordinates on to the root lattice
of E8 × E8; we can denote this as T(E8×E8), a 16-torus with E8 × E8 symme-
try. This was very briefly mentioned in the description of heterotic theory in
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section 1.4.

We now define the point group of an orbifold. Since points on a torus are
identified to each other under rotation by some θ, we define the set of all possi-
ble θi as the point group, P . For example, if our P = Z3, then P = {I, θ, θ2},
with θ a rotation by 2π/3. It is our group P that allows us to restrict the
orbifold onto which we compactify while still maintaining a phenomenologically
consistent model. This is because our point group P ≡ H; our holonomy group.

The final piece we need before we can give our Ω in explicit product form
is the gauge twisting group, G. This G is an automorphism of the E8 × E8

Lie group and its action is needed to satisfy modular invariance; meaning that
a rescaling or rotation of the torus should not change anything. We can now
define our new and phenomenologically improved orbifold as

Ω = T 6/P × T(E8×E8)/G (17)

As we mentioned at the end of section 2, for this orbifold model to result in
N = 1 in d = 4, it was required that H ⊂ SU(3), which as we have just stated,
corresponds to P ⊂ SU(3) in the context of orbifold compactification. We also
restrict our choices such that P is abelian. This leaves us with only two options;

P ≡ ZN (18)

P ≡ ZN × ZM (19)

these groups are referred to a twist of the orbifold.

3.2 Satisfying the Boundary Conditions

Chapter 4 of E. Manno’s PhD thesis [9] was a key reference for the next three
sections up to section 4.

As well as the point group, P , we also define the space group, S.

S defines both rotations and translations of the torus that lead to an iden-
tification of ~x ∈ Ω, unlike P which only describes rotations. S can be given by
the set of elements

S = {(θ,~l) | θ ∈ P, ~l ∈ 2πΛ} (20)

where ~l = ~ea · ~na with ~ea being a basis vector of the root lattice Λ and ~na being
a basis vector of the E8 × E8 gauge lattice.

We can therefore rewrite (17) using S as;

Ω = R6/S × T(E8×E8)/G (21)
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Using this space group S, we can state the identification of ~x ∈ Ω as:

~x ∼ θ~x+~l (22)

Since the boundary conditions of the heterotic string action can be satisfied
in different ways on an orbifold, we are left with the conclusion that there are
different types of strings;

• The untwisted string is closed on the torus before the point sym-
metry group P is embedded.

• The twisted string is closed on Ω after P is imposed.

This can be realised by considering the identification of ~x using (22) in the
context of the expression

X3,...,8(τ, σ) = θkX3,...,8(τ, 0) + naea (23)

The untwisted sector, when k = 0, is clearly just the standard toroidal compact-
ification. When k > 0, we are dealing with the twisted sector. This generates
all the new string states under the twist action which are localised at the points
unaltered by (θ,~l) ≡ (θk, naea) of the space group S.

Since our orbifold in (21) is defined as taking a quotient by S ⊗ G, we can
think of our untwisted states as the conjugacy class containing the identity and
the twisted states being all other conjugacy classes in the quotient group. For
a string state to be physical, it must be invariant under the projection S ⊗G.

3.2.1 Untwisted States

As previously mentioned, the untwisted states correspond to simple toroidal
compactifications, before any symmetry group action is imposed, which survive
the S⊗G projections. In standard toroidal compactification to d = 4, the mass
formula for the right and left movers respectively is:

1

4
m2
R = NR +

1

2
piRp

i
R − aR (24)

1

4
m2
L = ÑL +

1

2
pILp

I
L − aL (25)

where NR is the right number operator; counting the bosonic and fermionic
oscillators. ÑL is the left number operator accounting for the spatial operators
α̃i−nα̃

i
n and the left gauge contibutions α̃I−nα̃

I
n. Finally aR,L are the normal

orderings for the Virasoro operators L̃0 and L0 in the momentum operator as
P̂ = L0 − L̃0; corresponding to a point shift on the string. I also deem it
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important to state explicitly that in formulas (24) and (25) the i denotes the di-
mension of the right movers while the I denotes the dimension of the left movers.

I would now like to introduce weight vector notation for the right moving
string states. This corresponds to the observation of the

bi− 1
2
|0〉R ⊗ α̃j−1|0〉L (26)

state in the massless spectrum where i = 1, 2 and j takes any value from the com-
pact space. This provides the spacetime vectors and is denoted by q = (1, 0, 0, 0),
where q includes all permuations of this vector.

We can now rewrite (24) and (25) by imposing the level matching condition,
i.e. that the number of right moving states is equal to the number of left moving
states. This new formula takes the form

1

2
q2 − 1

2
=

1

4
m2
R =

1

4
m2
L =

1

2
p2 +NL − 1 = 0 (27)

Since the states must survive the S ⊗ G projections, the left and right states
transform as

|p〉 = e(2πip·V )|p〉 ; |q〉 = e(2πiq·v)|q〉 (28)

with V describing a shift in the root lattice and ~v corresponding to the twist
action. We can use these elements to explicitly state the orbifold and twist
action. First, we can redefine an element of S in terms of V I as

(θ, naea)→ (σV I , naσA
I
a) (29)

with AIa are the gauge transformations called Wilson Lines. These will be dis-
cussed further in the section 3.4.

We can now describe the orbifold action as

Xi → (θX)i + nae
i
a , XI

L → XI
L + V I + naA

I
a (30)

The twist action is simply:

θk = k~v (31)

Returning to the states in (28), the invariant states correspond to the product
of the eigenvalues equalling 1. From this condition we can obtain two types of
solutions. The first; when the right movers are invariant under S, giving

p · V ≡ 0 (mod 1) , p ·Aa ≡ 0 (mod 1) (32)
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and the second; obtained when non-trivially transforming right movers are ten-
sored with left moving states, are

p · V ≡ k

N
(mod 1) , k = 1, . . . , N − 1 (33)

p ·Aa ≡ 0 (mod 1) (34)

This is useful in the case of the gravitino, since we can see only (33) is not
projected out, giving us an N = 1 in d = 4.

3.2.2 Twisted States

The twisted sector are the states for which k 6= 0 in (23), and their mass formula
is as follows

1

2
(q+vi)

2− 1

2
+δc =

1

4
m2
R =

1

4
M2
L =

1

2
(pI+V I+naAa)2+NL−1+δc = 0 (35)

with δc being the zero point energy by the modded oscillators.

We can consider a twisted state h = (θ, naea;V, naAa) ∈ S ⊗ G. All states
in the same congruency class as h, form the Hilbert space Hh.

Now consider another element g = (θ̄, n̄aea;V, n̄aAa) ∈ S ⊗G. If [h, g] = 0,
then all states congruent to g are also in Hh. Meaning all states in Hh that are
not congruent to g have to be projected out.

All elements in S ⊗G, such as g, that commute with h, form the centralizer
of h

Zh = {g ∈ S ⊗G | [h, g] = 0} (36)

All states g̃ ∈ S⊗G that do not commute with h, form other congruency classes
that are constructed using linear combinations of Hh, i.e. Hg̃hg̃−1 .

3.3 Z2 × Z2 Discrete Symmetry

It may come as no surprise that the Z2 × Z2 orbifold, is simply our orbifold Ω,
from (17), with Z2×Z2 discrete symmetry as our point group, P . The Z2×Z2

orbifold model has lead to some fascinating results and has progressed the field
considerably. One of the factors that changes the phenomenology of the Z2×Z2

orbifold model is the root lattice that T 6 is compactified on. When we gave the
product form of our orbifold in (17), the root lattice Λ was hidden in T 6. While
it may be perfectly clear to the reader how Λ fits into Ω, I would nevertheless
like to explicitly state it just for completion.
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Ω is defined as T 6/P × T(E8×E8)/G. Our root lattice, Λ is incorporated
into our torus T 6 via compactification of R6 on Λ, i.e. T 6 = R6/Λ. Hence we
can see that Λ helps to define Ω. This is why different lattice choices lead to
phenomenologically different orbifold models.

Root lattices can be characterised into two groups; factorisable and non-
factorisable. In this section, we will only state what the difference is, the effect
the difference has on the properties of the model will be discussed in section 4.4.

The basic notion is fairly simple to understand. A factorisable lattice is
one that can be decomposed into a product of smaller lattices, for example
T 6 ∼= T 2 × T 2 × T 2. A non-factorisable lattice is one that cannot be written as
the product of smaller lattices, for example SO(6)2.

I would like to apply some of the general properties introduced in sections 3.1
and 3.2 to our chosen orbifold; the Z2 × Z2. I will begin with the point group,
P . PZ2×Z2

= {I, θ1, θ2, θ3} where I corresponds to the untwisted sector and
θ1, θ2, θ3 correspond to the twisted sectors. Each of these represented as a twist
vector is given below

I→ ~v0 = (0, 0, 0, 0)

θ1 → ~v1 = (0,
1

2
,−1

2
, 0)

θ2 → ~v2 = (0, 0,
1

2
,−1

2
)

θ3 → ~v3 = (0,
1

2
, 0,−1

2
)

(37)

we can see from this that θ3 is a combination of θ1 and θ2. From this we can
also define the space group as

S = {(kv1 + lv2 , naea | k, l = 0, 1 , na ∈ Z)} (38)

where the twisted sectors are defined as combinations of k, l = 0, 1.

3.4 Introduction to Wilson Lines

Finally, I would like to discuss Wilson lines. However similar to the definition
of factorisable and non-factorisable lattices, I will not discuss their application
in formulating consistent free fermionic models until the next section. Here, I
will merely give their definition and any important characteristics that will be
needed to discuss their role in the theory.

A Wilson Line is a VEV for Ai; an internal gauge field, where i signifies the
direction the VEV acts along the vectors of the root lattice, Λ. The maximum
number of Wilson Lines for a given model is the number of independent cycles
on the orbifold that are not identified by the lattice vectors. For example, the
number of independent cycles on a six-torus is six but since lattices come with
point symmetry, some of the Wilson Lines corresponding to these independent
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cycles are identified, thus lowering their total allowed number.

By including Wilson lines into a model, the effects are such that:

• The modular invariant conditions are much more restricted, result-
ing in fewer allowed shifts V I in the root lattice. Note the original
modular invariance conditions for orbifold models are as follows:

N(V 2 − v2) ≡ 0 (mod 2)

NV ·Aa ≡ 0 (mod 1)

NAa ·Ab ≡ 0 (mod 1)

NA2
a ≡ 0 (mod 2)

(39)

• In the untwisted sector, the gauge group is broken, since the Wil-
son lines introduce new projections.

• In the twisted sectors, the massless equations change with respect
to the fixed points on the orbifold, providing different left moving
states. I shall quickly define a fixed point as any point on Ω such
that it is related to itself via the identification.

This projection is performed under elements of the centralizer, Zh, for states
h = (θk, naea) in the twisted sectors, introduced in section 3.2.2. In deriving
the massless spectrum, left and right moving states are tensored such that the
product is invariant under the full space group, S. The difference when Wilson
lines are introduced is that now the states have to be invariant under the cen-
tralizer Zh ∈ S. We shall see the usefulness of implementing Wilson lines into
our model in section 4.4.

4 Free Fermionic Formulation

For sections 4.1, 4.2 and 4.3, chapter 3 of [9] and chapter 2 of [10] gave key
insights.

The most phenomenologically promising string theory models are those con-
structed under the Free Fermionic Formalism. These are heterotic string theory
models with N = 1 supersymmetry in d = 4, with three particle generations
and canonical SO(10) embedding. In this section, we shall first introduce the
formalism, and then discuss the correspondence to our Z2×Z2 orbifold and the
modifications that make this such a useful theory.

4.1 General Formalism

The first key thing to note regarding the free fermionic formulation, is that is it
actually constructed directly in d = 4, not D = 10 with compactification on the
N6 space. We shall see later how this can still be useful despite not agreeing
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with the dimensionality of our string theory model.

The difference in this formalism, compared to previous, is that all internal
degrees of freedom are fermionised, as opposed to bosonised; producing world-
sheet fermions, hence its name. As such, the models under this formalism de-
scribe 18 left moving Majorana fermions χa, a = 1, . . . , 18, and 44 right moving
real fermions Φ̄I , I = 1, . . . , 44. The spacetime coordinates are described by the
left moving coordinates (Xµ, ψµ) and right moving bosons X̄µ.

We also need to introduce left moving local supersymmetry, since under this
construction, the supersymmetry is fixed in the left sector to achieve N = 1,
and thus make it a phenomenologically useful model. To do this, we impose the
supercurrent

TF = ψµ∂Xµ + fabcχ
aχbχc (40)

among the left sector, spacetime and internal fields. Here fabc are the structural
constants of an 18-dimensional semi-simple Lie group G. χa transform under
the adjoint representation of G; the representation obtained by linearising the
action of G on itself by conjugation.

It was established by Dreiner, Lopez and Nanopoulos in 1989 that N = 1
can be realised in d = 4 when G = SU(2)6. Therefore we can split χa up into
six triplets (χi, yi, wi), i = 1, . . . , 6 such that each of them transforms as the
adjoint representation of SU(2).

4.2 Model Construction

Within the fermionic construction, phenomenologically consistent models can
be generated by placing constraints on the boundary conditions. A set of these
boundary condition vectors form a group

Ξ ∼ ZN1
⊗ · · · ⊗ ZNk (41)

generated by a basis B = {b1 . . . bk}, where bi is a vector form of the spin
structure for a non contractible loop on the orbifold. Any fermion appearing in
this basis B, is said to have periodic boundary conditions while any fermion not
present in the basis is assigned anti-periodic boundary conditions. This basis
must be chosen to satisfy the following conditions;

• The identity vector ~I must be present in the model

• The number of real fermions must be even

•
∑
imibi = 0 ⇔ mi ≡ 0 (mod Ni), ∀i

• Nijbi · bj ≡ 0 (mod 4)
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• Nibi · bi ≡ 0 (mod 8)

where Ni is the smallest possible integer resulting in Nibi ≡ 0 (mod 2) and Nij
is the L.C.M of Ni and Nj . Additionally, the Lorentz product above can be
explicitly calculated by:

bi · bj =

{
1

2

∑
LR

+
∑
LC

−1

2

∑
RR

−
∑
RC

}
bi(f)bj(f) (42)

for f any fermion (ψµ, χa, Φ̄I). Also here, LR corresponds to the real left
fermions, LC corresponds to the complex left fermions, RR corresponds to the
real right fermions and finally RC corresponds to the complex right fermions.

However these conditions alone are not enough to produce a consistent the-
ory. In order to achieve modular invariance in the model, we must also place
restrictions on the phases for the intersection of the basis vectors. These addi-
tional requirements are as follows:

• c
(
bi
bj

)
= δbie

2πini
Nj = δbje

2πimi
Ni e

iπbi·bj
2

• c
(
bi
bi

)
= −e

iπbi·bi
4 c

(
bi
I

)
• c
(
bi
bj

)
= e

iπbi·bj
2 c∗

(
bi
bj

)
• c
(

bi
bj + bk

)
= δbic

(
bi
bj

)
c

(
bi
bk

)
where 1 < ni < Nj and 1 < mi < Ni.

Furthermore in order to determine the surviving massless states of the spec-
trum, we can state the GSO projection used:

eiπbi·Fα |s〉α = δαc

(
α
bi

)∗
|s〉α (43)

where |s〉α is a arbitrary state in the sector α, produced by the bosonic and
fermionic oscillators in the vacuum. δα can be defined for the sector α by

δα =


1 , for α(ψµ) = 0

−1 , for α(ψµ) = 1

0 , otherwise

Finally, the operator (bi · Fα) is defined explicitly by

bi · Fα =

{∑
L

−
∑
R

}
bi(f)Fα(f) (44)

where F is the fermion number operator, obtained by
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F (f) =

{
1 → for f

−1 → for f∗

If within the sector α, the fermions are periodic, the vacuum is described as
degenerate and transforms under a SO(2n) Clifford algebra. This therefore
changed the value of the fermion number operator F . Therefore we shall redefine
F for when f is a periodic fermion, denoted as |±〉

F (f) =

{
0 → for |+〉
−1 → for |−〉

This is all the general analysis we will need to now return to the Z2×Z2 orbifold.

4.3 Z2 × Z2 Correspondence

As we have already stated, the construction of semi-realistic free fermionic mod-
els is related to the choice of boundary condition vectors B = {b1, . . . , bk}. We
shall consider the NAHE set; the boundary condition vectors corresponding to
the Z2 × Z2 orbifold. The basis in explicit form is

I = {ψ1,2, χ1,...,6, y1,...,6, w1,...,6|ȳ3,...,6, w̄1,...,6, ψ̄1,...,5, η̄1,2,3, φ̄1,...,8}
S = {ψ1,2, χ1,...,6}
b1 = {ψ1,2, χ1,2, y3,...,6|ȳ3,...,6, ψ̄1,...,5, η̄1}
b2 = {ψ1,2, χ3,4, y1,2, w5,6|ȳ1,2, w̄5,6, ψ̄1,...,5, η̄2}
b3 = {ψ1,2, χ5,6, w1,...,4|w̄1,...,4, ψ̄1,...,5, η̄3}

where, as stated in section 4.2, only periodic fermions appear in these vectors.
The left moving internal coordinates are fermionised by the relation

eiX
i

=
1√
2

(yi + iwi) (45)

with a similar transformation for the right moving internal coordinates. χi

denotes the superpartners of the left moving bosons, while the complex fermions
are given by the 16 extra degrees of freedom ψ̄1,...,5, η̄1,2,3, φ̄1,...,8. For the NAHE
set, the GSO one loop phases are as follows

c

(
bi
bj

)
= −1, c

(
1
S

)
= 1, c

(
bi

1, S

)
= −1 (46)

The gauge group introduced by the NAHE set is SO(10)×SO(6)3×E8, thus em-
bedding our SO(10), in N = 1. Explicitly, the ψ̄1,...,5 correspond to the SO(10)
symmetry, the φ̄1,...,8 result in the E8 symmetry and the internal fermions
{ȳ3,...,6, η̄1}, {ȳ1,2, w̄5,6, η̄2}, {w̄1,...,4, η̄3} give three copies of the horizontal SO(6).
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However as was stated in the beginning of section 4, for the model to be
physical, we require the number of generations equal to three. In order to do
this and simultaneously break the four dimensional gauge group, we introduce
new basis vectors denoted (α, β, γ). This breaking occurs as a result of the
boundary conditions for the new vectors corresponding the to generators of the
considered subgroup. For example, we can break SO(10) into SU(5) × U(1),
SO(6) × SO(4) or SU(3) × SU(2) × U(1)2, with the latter corresponding to
the gauge interactions in the standard model, by choosing specific boundary
conditions for ψ̄1,...,5.

The SO(6)3 symmetries can also be broken into flavour U(1) symmetries.
In the visible sector, U(1) charges can be produced by the world-sheet currents
ηiη̄i, i = 1, 2, 3 and further U(1)n symmetries are realised as a result of pairing
real fermions among the right internal sector.

Thus in order to construct a semi-realistic fermionic model corresponding
to an orbifold construction, we need to extend the NAHE set by at least one
boundary condition vector; namely ξ1 = {ψ̄1,...,5, η̄1,2,3}. By accompanying this
with an appropriate GSO projection, the gauge group SO(4)3×E6×U(1)2×E8

is imposed, with N = 1 spacetime supersymmetry.

To construct a model in orbifold formulation we first begin, as before, with
toroidal compactification. A given subset of basis vectors

Γ′ = {I, S, ξ1, ξ2} (47)

where ξ2 = {φ̄1,...,8}, provides a toroidally compactified model with N = 4 in
d = 4 with SO(12) × E8 × E8 gauge group. The metric of the six-dimensional
compactified manifold is the Cartan matrix of SO(12), while the anti-symmetric
tensor is

bij =


gij , for i > j

0 , for i = j

−gij , for i < j

Adding back the vectors b1 and b2 to Γ′ we obtain,

Γ = {I, S, ξ1, ξ2, b1, b2} (48)

where Γ is the set of basis vectors corresponding to the Z2 × Z2 orbifold model
with standard embedding. It is well established that half the Euler number of
a model gives the number of chiral generations. Here, the Euler characteristic
is 48, leaving us with a 24 generation model.

The additional basis vector ξ1 that was added to construct Γ, is used to
separate the gauge degrees of freedom spanned by the world-sheet fermions
{ψ̄1,...,5, η̄1,2,3, φ̄1,...,8} from the internal compactified degrees of freedom. In
realistic fermionic models, we introduce the vector 2γ to do this task, with its
explicit form as follows
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2γ = {ψ̄1,...,5, η̄1,2,3, φ̄1,...,4} (49)

breaking the E8×E8 symmetry into SO(16)×SO(16). The action of the Z2×Z2

twist breaks the symmetry gauge group into SO(4)3×SO(10)×U(1)3×SO(16).
We haven’t yet fixed the problem of the model having 24 generations but at
least now the representation of SO(10) is the chiral 16 representation. We can
actually obtain the same result using Γ rather than 2γ by projecting out the
16⊕ 1̄6 from the ξ1 sector by

c

(
ξ1
ξ2

)
→ −c

(
ξ1
ξ2

)
(50)

There are two N = 4 models that we can construct using basis Γ′ that differ by
the sign in (50). We shall define these as Z+ and Z−. The first of these, Z+,
produces to the E8×E8 model, while the second produces the SO(16)×SO(16).
The discrete symmetry twist of the Z2 × Z2 acts equally in both models, the
only difference is in the discrete torsion in (50).

We have now defined how to construct a free fermionic model corresponding
to the Z2 × Z2 orbifold. However it is far from realistic. This model has be
constructed directly in d = 4, without the compactification from ten spacetime
dimensions, and also, while our model does incorporate the chiral 16 representa-
tion of SO(10) from the standard model, it currently has 24 chiral generations,
8 from each of the three twisted sectors - far too many for a physical model. To
address this latter issue, we shall reintroduce Wilson lines, to show how they
may fix this problem.

4.4 Applications of Wilson Lines

For this final section, a key reference was chapter 5 of the paper on Z2×Z2 het-
erotic orbifold models of non factorisable six dimensional toroidal manifolds [10]
by A. Faraggi.

In theory, the Z2 × Z2 orbifold looks a very promising option for producing
a three generation model, since it has three twisted sectors and the number of
generations ∼ the number of twisted sectors. Unfortunately however, in gen-
eral, Z2×Z2 orbifold models do not lead to three generations since they produce
more than one generation per twister sector. We saw this in the free fermionic
construction in the previous section; where each twisted sector produced 8 gen-
erations.

However, it turns out that we can formulate three generation models with
chiral SO(10) embedding if we introduce Wilson lines into our model. By the
standard embedding of the orbifold, we saw in section 4.3 that one of the E8

factors is broken into E6. We use Wilson lines to then break this E6 down to
SO(10) and remove the 16-dimensional spinors of SO(10) from E6. This looks
promising for fixing our problem since the number of generations in a sector
corresponds to the number of 16-dimensional representations of SO(10) within
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that sector, hence fewer 16 spinors means fewer generations.

For factorisable tori, this Wilson line, breaking E6 to SO(10), will be invari-
ant under one of the non-trivial elements of Z2×Z2. Within the corresponding
twisted sector of this element, the Wilson line will remove all 16 representations
of SO(10) making the contribution of that sector to the number of generations
equal to zero. In the non-factorisable case, there exists Wilson lines which aren’t
invariant under any of the Z2 × Z2 elements, meaning it doesn’t necessarily re-
move the 16 representations from the twisted sector. In this section, I hope to
show how the Z2 ×Z2 orbifold model with a lattice of SO(6)2 does in fact lead
to a three generation model, since the Wilson lines remove all but one of the 16
spinors from each of the three twisted sectors.

In order to do this, we must first define the consistency conditions for the
Wilson lines. A general definition of Wilson lines was given in 3.4. For discrete
Wilson lines, Ai can only change from its orbifold image by the vectors on the
E8 × E8 root lattice. To find the consistency conditions, we state the effect on
the generating vectors, ei, of the SO(6)2 lattice by the orbifold action.

θ1 :

e1 → −e1
e2 → −e3
e3 → −e2
e4 → −e4
e5 → −e6
e6 → −e5

, θ2 :

e1 → e1 + e2 + e3
e2 → −e2
e3 → −e3
e4 → e4 + e5 + e6
e5 → −e5
e6 → −e6

(51)

This gives us the following consistency conditions:

(Ai, A2 +A3, A5 +A6) ∈ ΛE8×E8
, i = 1, . . . , 6 (52)

Additionally the modular invariance conditions must also be satisfied. These
were given in (39). Now, we characterise the standard embedding by the shift
vectors

V1 = ( 1
2 ,−

1
2 , 0

6)(08)

V2 = (0, 12 ,−
1
2 , 0

5)(08)
(53)

where the first three components of the gauge shift are equal to the last three
components of the twist vectors θ1 and θ2 given in (37). Also in the above
notation, I deem it important to explain what I mean by 0n. This is a shorthand
for

0n = (0, . . . , 0)︸ ︷︷ ︸
n times

(54)

Hence we can see that Vi corresponds to two vectors consisting of eight compo-
nents each, this is due to the gauge symmetry E8 × E8.

We can use the same notation on the consistent set of Wilson lines
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A1 = (08)(03, 12 ,
1
2 ,−

1
2 ,−

1
2 , 0)

A2 = A3 = (07, 1)(1, 07)

A4 = (08)(0,− 1
2 ,−

1
2 , 0, 0,

1
2 ,

1
2 , 0)

A5 = A6 = (08)(0, 12 ,
1
2 ,−

1
2 ,−

1
2 , 0

3)

(55)

where the A2 = A3 = (07, 1)(1, 07) wilson lines are responsible for breaking E6

into SO(10). The others, hopefully, will result in us being left with only one 16
in each twisted sector.

The untwisted spectrum, given by

SO(10)× U(1)3 × SU(2)8 (56)

results in an N = 1 vector multiplet. In the above product, SO(10) and U(1)3

come from the first E8 factor in E8 ×E8 whereas the SU(2) factors come from
the second.

We can categorise the Cartan operators Hi of both E8 groups in the E8×E8

by each of these factors. H1, . . . ,H3 are generated by the three U(1) factors. The
five remaining operators H4, . . . ,H8 are generated by the SO(10) factor. These
make up the first E8 and obviously the second E8 consisting of H9, . . . ,H16 is
generated by the eight SU(2) factors.

These last eight operators are ordered as follows:

H9 +H16

H9 −H16

H10 +H11

H10 −H11

H12 +H13

H12 −H13

H14 +H15

H14 −H15

(57)

I will now give representations of (56) by an ordered nonet of the dimension-
alities of the SO(10) and SU(2)8 representations. The representation of U(1)3

charges will be given as triple subscripts. Finally I should state that the nota-
tion 1n defines n consecutive entries of 1.

Transformations of the chiral multiplets in the untwisted sector:

(10; 18)1,0,0 + (1; 18)0,1,1 + (1; 18)0,1,−1 + Charge Conjugate (58)

(10; 18)0,1,0 + (1; 18)1,0,1 + (1; 18)1,0,−1 + Charge Conjugate (59)
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(10; 18)0,0,1 + (1; 18)1,1,0 + (1; 18)1,−1,0 + Charge Conjugate (60)

where (58), (59) and (60) correspond to the first, second and third complex
plane. The charge conjugate above refers to the corresponding antiparticles;
changing the sign of all the charges.

Before we discuss the twisted sectors, I must first introduce the concept of
a fixed torus for a given twist sector. Similar to the idea of a fixed point as
mentioned in 3.4, a fixed torus Υ of the sector θn is one such that

θnΥ = Υ +
∑

aiei (61)

In order to analyse the twisted sectors, we must give their fixed tori as each chi-
ral multiplet transforms differently under each one. To do this, I shall introduce
the notation Υj

i , where the lower index i corresponds to the sector in which we
are discussing; θi. The upper j index is merely a way of cataloging each fixed
torus within a given sector.

We shall now discuss the θ1 twisted sector and state its fixed tori as follows:

Υ1
1 =

{
(0, 0, 0, 0, x, y) | x, y ∈ R2/Λ2

}
Υ2

1 =
{

( 1
2 , 0,

1
2 , 0, x, y) | x, y ∈ R2/Λ2

}
Υ3

1 =
{

(0, 12 , 0,
1
2 , x, y) | x, y ∈ R2/Λ2

}
Υ4

1 =
{

( 1
2 ,

1
2 ,

1
2 ,

1
2 , x, y) | x, y ∈ R2/Λ2

}
(62)

We can now give the representations in which the chiral multiplets transform
on each torus.

For Υ1
1:

(16; 18)0,0, 12 + (10; 18)− 1
2 ,−

1
2 ,0

+ (1; 18) 1
2 ,

1
2 ,1

+ (1; 18) 1
2 ,

1
2 ,−1

+ 2(1; 18) 1
2 ,−

1
2 ,0

+ 2(1; 18)− 1
2 ,

1
2 ,0

(63)

For Υ2
1:

(1; 2,1,2,15)− 1
2 ,

1
2 ,0

+ (1; 1,2,1,2,14)− 1
2 ,

1
2 ,0

+ (1; 14,2,1,2,1) 1
2 ,−

1
2 ,0

+ (1; 15,2,1,2) 1
2 ,−

1
2 ,0

(64)

For Υ3
1:

(1; 2,13,2,1) 1
2 ,−

1
2 ,0

+ (1; 12,2,13,2,1) 1
2 ,−

1
2 ,0

+ (1; 1,2,13,2)− 1
2 ,

1
2 ,0

+ (1; 13,2,13,2)− 1
2 ,

1
2 ,0

(65)
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For Υ4
1:

(1; 2,15,2,1) 1
2 ,−

1
2 ,0

+ (1; 1,2,15,2) 1
2 ,−

1
2 ,0

+ (1; 12,2,1,2,13)− 1
2 ,

1
2 ,0

+ (1; 13,2,1,2,12)− 1
2 ,

1
2 ,0

(66)

In the θ2 twisted sector, the fixed tori are:

Υ1
2 =

{
(x, y, 0, 0, 0, 0) | x, y ∈ R2/Λ2

}
Υ2

2 =
{

(x, y, 12 , 0,
1
2 , 0) | x, y ∈ R2/Λ2

}
Υ3

2 =
{

(x, y, 0, 12 , 0,
1
2 ) | x, y ∈ R2/Λ2

}
Υ4

2 =
{

(x, y, 12 ,
1
2 ,

1
2 ,

1
2 ) | x, y ∈ R2/Λ2

}
(67)

The representations are:

For Υ1
2:

(16; 18) 1
2 ,0,0

+ (10; 18)0,− 1
2 ,−

1
2

+ (1; 18)1, 12 ,
1
2

+ (1; 18)−1, 12 ,
1
2

+ 2(1; 18)0, 12 ,−
1
2

+ 2(1; 18)0,− 1
2 ,

1
2

(68)

For Υ2
2:

(1; 2,2,16)0,− 1
2 ,−

1
2

+ (1; 12,2,2,14)0,− 1
2 ,−

1
2

+ (1; 14,2,2,12)0, 12 ,
1
2

+ (1; 16,2,2)0, 12 ,
1
2

(69)

For Υ3
2:

(1; 1,2,15,2)0,− 1
2 ,

1
2

+ (1; 13,2,1,2,12)0,− 1
2 ,

1
2

+ (1; 2,15,2,1)0, 12 ,−
1
2

+ (1; 12,2,1,2,12)0, 12 ,−
1
2

(70)

For Υ4
2:

(1; 2,16,2)0, 12 ,
1
2

+ (1; 1,2,14,2,1)0, 12 ,
1
2

+ (1; 12,2,12,2,12)0,− 1
2 ,

1
2

+ (1; 13,2,2,13)0,− 1
2 ,

1
2

(71)
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Finally, in the θ3 ∼ (θ1θ2) twisted sector, the fixed tori are:

Υ1
3 =

{
(0, 0, x, y, 0, 0) | x, y ∈ R2/Λ2

}
Υ2

3 =
{

( 1
2 , 0, x, y,

1
2 , 0) | x, y ∈ R2/Λ2

}
Υ3

3 =
{

(0, 12 , x, y, 0,
1
2 ) | x, y ∈ R2/Λ2

}
Υ4

3 =
{

( 1
2 ,

1
2 , x, y,

1
2 ,

1
2 ) | x, y ∈ R2/Λ2

}
(72)

The representations are:

For Υ1
3:

(16; 18)0, 12 ,0 + (10; 18)− 1
2 ,0,−

1
2

+ (1; 18) 1
2 ,1,

1
2

+ (1; 18) 1
2 ,−1,

1
2

+ 2(1; 18) 1
2 ,0,−

1
2

+ 2(1; 18)− 1
2 ,0,

1
2

(73)

For Υ2
3:

(1; 2,12,2,14) 1
2 ,0,

1
2

+ (1; 1,2,2,15) 1
2 ,0,

1
2

+ (1; 14,2,12,2)− 1
2 ,0,−

1
2

+ (1; 15,2,2,1)− 1
2 ,0,−

1
2

(74)

For Υ3
3:

(1; 2,1,2,15)− 1
2 ,0,

1
2

+ (1; 1,2,1,2,14) 1
2 ,0,−

1
2

+ (1; 14,2,1,2,1)− 1
2 ,0,

1
2

+ (1; 15,2,1,2) 1
2 ,0,−

1
2

(75)

For Υ4
3:

(1; 2,2,16)− 1
2 ,0,−

1
2

+ (1; 12,2,2,14) 1
2 ,0,

1
2

+ (1; 14,2,2,12,12) 1
2 ,0,

1
2

+ (1; 16,2,2)− 1
2 ,0,−

1
2

(76)

Thus we can see that for each twisted sector, only one 16 representation
of SO(10) remains, giving us one chiral generation per twisted sector; a total
of three as desired. We have successfully formulated a model with three chiral
generations, standard SO(10) embedding with N = 1 supersymmetry in d = 4.
Hence showing that the Z2×Z2 orbifold along with some other tools can provide
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us with phenomenologically interesting results.

5 Conclusion

This report began with general overview of string theory, where I gave a motiva-
tion and introduced some of the important details. We then explored superstring
theories and began analysing some of the problems with these models and how
string theorists have overcome them. The dimensionality of the theory was rec-
tified by introducing compactification schemes; beginning with toroidal. Here
we showed an extremely important result, that the internal 6-dimensional man-
ifold had to be Ricci-flat; vastly reducing the number of possible schemes. This
then lead us on to holonomy groups, where we saw that for a 6-dimensional
internal space to have N = 1 supersymmetry, the holonomy group H must
be within SU(3). We also stated that when H = SU(3), we have defined a
Calabi-Yau manifold. Unfortunately we know too little about them to produce
any phenomenologically interesting results so we moved on to discuss another,
simpler model, but with the same features; the orbifold. We introduced this
generally and showed how they are constructed by taking quotients of lattices
Λ. These lattices introduce specific symmetry into the model using a distinct
set of basis vectors to describe it. The point group P corresponds to the holon-
omy group H and so for N = 1 we imposed that P ⊂ SU(3), leading to the
conclusion that P ≡ ZN or ZN × ZM . We then introduced the untwisted and
twisted sectors of the model and gave some details about the definition of each.
We then defined our Z2 × Z2 as our P from before and stated that, within this
orbifold, the I corresponds to the untwisted sector while θi , i = 1, 2, 3 relates
to the twisted sector. The notion of Wilson lines was then introduced, with a
promise of a demonstration of their utility later on. We also gave its modu-
lar invariance conditions, and later in section 4 its consistency conditions too.
We then moved on to the free fermionic formulation; models with three chi-
ral generations, SO(10) embedding and N = 1 supersymmetry. We discussed
the general formalism before showing how models are actually constructed. We
gave the conditions for the basis generating the boundary condition vectors and
defined some important features of the conditions governing this model. Next,
we introduced the link between the main two areas of the report; the correspon-
dence between the free fermionic formulation and the Z2 × Z2 orbifold. Here,
the NAHE basis was stated and it was showed how extending it leads to a useful
breaking of the E8×E8 gauge group. However at this point the theory contained
too many generations to be physical, therefore we reintroduced Wilson lines to
show how they may fix this issue using a concrete example. We discussed how
Wilson lines break the E6 into an SO(10), removing 16 representations from
the E6. We then explained how this would be useful since the number of 16
spinors in the twisted sectors corresponds to the number of chiral generations,
so removing some of them brings us closer to a physical result. We then used
the SO(6)2 lattice and calculated the chiral multiplets of all its fixed tori and
showed indeed that only one 16 remained in each of the twisted sectors resulting
in three in total; matching our experimental observations.

Despite the free fermionic formulation being constructed in just 4 dimen-
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sions, with no compactification, the techniques learnt by analysing this model
are invaluable, and could lead to significant breakthroughs in the future. The
existence of our model with the Z2 × Z2 orbifold correspondence shows that
the Z2 × Z2 deserves to be one of the key players in the theory of string phe-
nomenology and how it may be one of the most promising string vacua we have
unearthed.
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