MATHA423 String Theory Solutions 4

1.
d%
T 0 T = f(s).
de*  dztdr  dx*
T drds a
d>xt Pt dz*
7z W[f’(s)]Q + Wf”(s)
d*xt
= equation of motion is T = 0 if and only if f"(s) =0
s
i.e. f(s) = As+ B with A, B constants.
i.e. allowed reparametrisations are a shift of origin and a rescaling.
o e S s o 2k 2ok b o SRR SN A A S
2. We have to take the variation z#(7) — z#(7) + dz*(7) in the action
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R =
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Siss - _mc/f\/_nw/ (w# + ozt) (" + 0a”)
T dr dr
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Ti T \ "y dr dr dr
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déz* doxv

dr dr dr dr

s dzt dzv  dozH dxv
- _mC/ _77,1141/ + +

dr dr

dr

déx* doxv

dr dr dr dr

f dz* dxv dox* dxv
= —mc / N +2 +

dr
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We have to Taylor expand the square root. Recall that Taylor expansion for

an arbitrary function to first order is

f(l‘() -+ A) = f(l'()) + f’(!Eo)A
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Here,

dzH dxv déz* dx¥  doz* dox”
f(l’o) =\ "N

— A =— 2
dr dr and 77“”( dr d7+ dr dr

Hence we get (dropping terms of order §%)

r dzt drv 1 [ =2 Vd5_$“d$_”
S+4S = —mc/f S e fi(M dr

K dr dt / n dxe dzf
aB qr dr

T 1 2 Vdé:l?”di d5$“ dwu
— (5S:—mc/f—< v _ar dT—mc/ S —
2 dz® dzf _ dz dxﬁ
V o8 dr V = NeB ar "ar
Integrating by parts ([ VdU = [d(VU) — UdV') with,
dx,

V=—"d U =96z" we have

/ dx® dzf ’
“Nap 4 “ar
7 d et 5 d med
08 = mc/ — (—(Mﬂ dr— / — | ———=LE—| §2"(7)dT.
o dr / dz® dzP o dT / dz® dzP
Nes~ar ~ar “NaB g ar

The first term vanishes by the conditions éz#(;) = dz#(7¢) = 0. Since dz* (1)

is arbitrary in the domain of integration, The second term vanishes iff the
integrand is identicaly zero i.e.

mee

= {—ﬁ] =0 @
“Napar ar

This equation is in manifestly reparameterization invariant form. Indeed, the

object between the brackets is clearly reparameterization invariant:

dey dzy
me-- me- o
dx® dzP dz® doP
\/_naﬁ dr dr \/_naﬁ dr’ dr’
® M ! . . .
This follows from the chain rule dLT = ‘flﬁ, ‘ZLT. The derivative in front of

the square bracket does not spoil the reparameterization invariance since
Al )=L]. ]2 =0 — L[] =0. When we choose 7 = s
dz* dz” det dz¥  (ds)?

“Nw—F— 7 — —Tw = =1
Mg e T T s s T (ds)?

2



Equation (4) then becomes

A

o™ s | T s

e o e o e o

3. The relativistic version of Newton’s second law is

dp d mu R
dt ﬁ(l—#) ©)
or in covariant form p p p
dpt _ d [ dzh)
ds_ds<mds>_f (6)

with

e 7-F,F
Vi—# )
we want to show that (6) is the same as (5). Note

g.d_ﬁ:gi( mi >: il G ZE<L>J_PO
(1—2) 1

dt dt \/1— 72 1— )5 dt 2 dt
dp® -,
X _5.F
at "
dp®ds . = dp® 7 F
—_— = — =
ds dt ds 1 — 2
Similarly,
dp  dpds R
_— = —— = F
dt dsdt
or
dp B F
ds  1— 2
and I
o A——"
ds /

Here s is the proper time and ds = v/1 — 92dt. Note that we fixed ¢ = 1.
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4.
1 q dzt >
S = /—mv dt+—/Au(a:)—dt where A* = (9, A).
2 c dt
a.
1 2 q T
S:/émv dt+—/A-vdt—q/¢>dt:/Ldt.
c
where
2, 47 5
L=_-mv+=-A-7—qd
c
b.
OL S
g R
ov c
c.
B 1 B 1
H:ﬁ-ﬁ—L:mUQ—l—gA-U——va—QA-17+q<I>:—va—i—q@
c 2 c 2
We have to replace ¢ by p'. From part (b)
1 2
U:—(*— 24)
m c
hence . )
H=— (”— g/f) +q?
2m c
s o o o o i e e S B e
5.

We are interested in variation of the action

o
S=-me [ds+ U1 1= [ araem) S

when we let 2#(7) — a#(7) + d2#(7). We note that

FA(a(7)) = Ay (a(7) +82(r) — Ay (a(r)) = T (r),
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where g’;‘;‘ is calculated at x = (7). The variation of the firstpart wss done

in problem 2. The variation of the second part is obtained from

480 = [ drd,(a(r) + ou(r ))ddT(m“+5x”)
B 8A“ dzt  déz*
N /dTA 3x”5 )(dT + dr )

dz* 314# ,dx dox*
- /PdT(Auu)) ot G S A )

T

where we dropped the term of order §2 in the last line. We therefore have

0A zt dozt
6]—/ dr—-4 o +/Pd7'A“($(T)) .

We exchange p < v in the first term and rewrite the second using a total
derivative:

0A, dz¥
oxt dr

51:/7)0175 o

T

d dA,
A dxt # :
/dT[dT( u0xt) — ox y ]
We assume that dx vanishes at the ends of P, so the total derivative (first

term in square brackets) vanishes. Using the chain rule for the second term
in square brackets we find

A
o1 = [ droar @x: W) = [ dréa'F,
P

This concludes the variation of 1.

The variation of the first term in (7) is obtained by varying the path
a# (1) — a#(7) +0x"(T), as was done in problem 2, or alternatively as we did
in the lectures,

dox dz¥
S = —mc/(5Ols):mc/n,wd—gcz9

_ mc/ dr—— <7]W (T))dc%:> - /:f drd(zt (7)) (mcmu% <%>>

The first term is a boundary term and vanishes by imposing

o(2(mi)) = 0(x"(74)) = 0.

d
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~ 59 = _/: dro(x" (7)) <mCW”% (d;:))

The momentum four vector is given by

dx¥
ds’

P’ = mu” = mc

where u” is the velocity four vector. Hence,

T dp” T dp
58 = —/TA A8 (1) 1 = —/T_ ars(at ()

Combining the variation of the two terms in the action for a charged particle
in an electromagnetic field we get

dp, q . dx”
"o dr

dr ¢

Our starting point is the variation
58 = —me / 5(ds). ®)

With the path parametrised by an arbitrary 7 we have

dxt dx¥

(d5)? = —gula(r) -

(dr)*. (9)
Under the variation z(7) — x(7) + dx(7) the variation of the metric is

09 (2(7)) = gz + 6x) — g () = %595“(7’).

The variation of 9 gives

09w 520 dx* dz”

dz* doéx¥ J
oz dr dr

(dT)2 — 20—

_ 2
2 ds §(ds) = T (d7)

Dividing by 2 ds and cancelling one factor of dr, we have

L0 oda’ da ot doot
po .

o(ds) = —=
(ds) 2 Oz ds drt ds dr
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inserting this result into 8 we have,

~ e / dr 109W Qdzt dz” dx* dox®
N 2 3x°‘ ds dr T4 ar )

Integrating by parts and dropping total derivatives that vanish since dx = 0
at the boundaries of the world-line

p p
0S = mc/dT(Sxa <1agm, ot d [guadib.

20z ds dr dr ds

Since dz® is arbitrary and requiring that the variation vanishes fernishes the
equation of motion which is given by

d de"|  10g,, dz" dz”
dr |9as | T 20z ds dr

This is the geodesic equation. Since 7 is an arbitrary parameter we can

choose 7 = 5. We then have

d dx* 1 ag,“, dx* dz”
e

ds ds | 283:0‘ ds ds (10)

Expanding the derivatives in 10 gives
d*z* 0gue dz¥ dxt 10g,, do* dx”
e gsa Or¥ ds ds 20z ds ds
The last two terms on the left—hand side can be combined to give

a1 <20gua 8gw,> dx* dx”

G ds? orr  0xo | ds ds

=0.

. . . . . . v 12 . . .
Since the expression in parenthesis multiplies %%, and is symmetric in

the summation indices p and v, it can be rewritten in a form which is also
symmetric in p and v as

>z 1 (99,0 n OGva 09\ dat dx” 0
Jna™ 52 ozv Ozt Oz® ) ds ds
multiplying throughout by ¢** and using g**g"® = 6} gives
Az N 1 o [ 99ua N gva  Oguw \ da* dz” o
ds? 2 ox ozt Oz ) ds ds
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The equation takes the form

d*z* \ dzt dx”
+ -
ds? ' ds ds

with

F)\ — 1 Ao agua agl/a . agm/
w = 99 or” oxr Oz )’



