MATHA425 - Quantum Field Theory
Set Work: Sheet 3

1. The defining equation for the Lorentz group may be written
LTnL =1. (1)
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L__  satisfies the above condition.
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2. We need to show that ,C,_TF is a group. This is done as follows:
(i) Use (1) to show that
In~ LT =71 (2)
(Hint: recall that for matrices (AB)~! = B=1471))
(i) We now have from (1), (2)
na,BLapL'Bu = Nuv, naﬁLuaLy,B = 77’“/- (3)
Let 1 = (LYo, L2y, L3;) and 1 = (fiol,fjog,_flog). By putting 4 = v = 0 in (3),
show that |1| = \/(L%)? — 1 and |1] = /(L%)? — 1.
(iii) By considering (LL)%y = L%, L%, show that
(LL)% = L°%L% + 1L

(iv) Use the Schwartz inequality
L] < [1[[1]

to show
(I_;L)Oo > EOOLOO — (I_,Oo)2 —14/(L%)2 — 1.

(v) Show that
(=) 20=2%" 2oy +1> (@ - - 1) = (@y-1)° > (=" -’ - 1)
= either zy—1>v22—1/42—1 or zy—1<—va2—1/y2 — 1. I
Deduce that if z,y > 1 then zy — 1 is positive and we must have
oy — Vo2 —1y/y2 —1>1.

Finally combine with (iv) to deduce that if L°y > 1 and L% > 1, then (LL)%, >
1.




(vi) Use the fact that det(LL) = det L det L to deduce that
det L = det L =1 = det(LL) = 1.

(vii) We can now deduce that L € ETF and L € El = (LL) € El.
Together with the obvious fact that 1 € E_TF, this most of what we need to show
that LE_ is a group.

(viii) We still need to show that L € 51 = L' = El. Note that
(1) = L7t = n71LTy. So clearly (L71)% = L%. Moreover, det L~! =
detn~!det LT detn = 1. QED.



