
MATH425 Quantum Field Theory Solutions 61. Consider the plane wave  (x) = v(p)eip:x. It will satisfy the Dira equation(i:� �m) =0if (:p+m)v(p) =0:In our representation,
:p+m = � p0 +m ��:p�:p �p0 +m�where eah entry is a 2� 2 blok. Now write

v(p) = � ��� where � = � �1�2� ; � = � �1�2� :Then (:p+m)v(p) = 0beomes (p0 +m)� =�:p�;�:p� =(p0 �m)�:Given �, de�ne � = �:pp0 +m�
then �:p� = (�:p)2p0 +m�Now �i�jpipj =p2 (�i�j = Æij + i�ijk�k)So �:p� = p2p0 +m�

=(p0)2 �m2p0 +m �=(p0 �m)�so we have a onsistent solution. The general form of v(p) is
v(p) = N(p)� �:pp0+m�� � ;

where � is a 2-vetor and N(p) is arbitrary. Suppose we pik two orthonormal 2-vetors �1;2 satisfying �yr�s = Ærs:1



We have
vr(p)vs(p) = vyr(p)0vs(p) =N(p)�N(p) ��yr �:pp0+m �yr � 0� �:pp0+m�s�s �

=N(p)�N(p) ��yr �:pp0+m �yr �� 12 0202 �12�� �:pp0+m�s�s �
=jN(p)j2 ��yr (�:p)2(p0 +m)2�s � �yr�s�
=jN(p)j2 ��yr p2(p0 +m)2�s � �yr�s�
=jN(p)j2�yr�sp2 � (p0 +m)2(p0 +m)2=jN(p)j2Ærs (p0)2 �m2 � (p0 +m)2(p0 +m)2=jN(p)j2Ærs�2p0m� 2m2(p0 +m)2 = �2mÆrs

if we take N(p) =pp0 +m.
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2(a).

ur(p) =pp0 +m� �r�:pp0+m�r �) ur(p)us(p) =uyr0us = (p0 +m) ��yr �yr �:pp0+m �� 12 0202 �12�� �s�:pp0+m�s�=(p0 +m)��yr�s � �yr (�:p)2(p0 +m)2�s�=(p0 +m)��yr�s � �yr p2(p0 +m)2�s�=(p0 +m)�1� p2(p0 +m)2��yr�s=(p0 +m)� (p0 +m)2 � ((p0)2 �m2)(p0 +m)2 � Ærs
=(p0 +m)2p0m+ 2m2(p0 +m)2 Ærs = 2mÆrs:

(b).

u1(p)u1(p) =u1(p)uy10 = (p0 +m)� �1�:pp0+m�1���y1 �y1 �:pp0+m �� 12 0202 �12�=(p0 +m)� �1�:pp0+m�1���y1 ��y1 �:pp0+m �
=(p0 +m) �1�y1 ��1�y1 �:pp0+m�:pp0+m�1�y1 � �:pp0+m�1�y1 �:pp0+m

!
3



So u1(p)u1(p) + u2(p)u2(p)=(p0 +m) (�1�y1 + �2�y2) �(�1�y1 + �2�y2) �:pp0+m�:pp0+m (�1�y1 + �2�y2) � �:pp0+m (�1�y1 + �2�y2) �:pp0+m
!

=(p0 +m) 1 � �:pp0+m�:pp0+m � (�:p)2(p0+m)2
!

=(p0 +m) 1 � �:pp0+m�:pp0+m � (p)2(p0+m)2
!

=(p0 +m) 1 � �:pp0+m�:pp0+m � (p0)2�m2(p0+m)2
!

=(p0 +m) 1 � �:pp0+m�:pp0+m �p0�mp0+m
!

=� p0 +m ��:p�:p �p0 +m�=����p� +m = :p+m:So P+ = 12m (u1(p)u1(p) + u2(p)u2(p))= 12m (:p+m):
(We have used �1�y1 + �2�y2 = 12.) So

P 2+ = 14m2 (u1(p)u1(p) + u2(p)u2(p))(u1(p)u1(p) + u2(p)u2(p))= 14m2 [(u1(p)u1(p)u1(p)u1(p) + u1(p)u1(p)u2(p)u2(p)+ u2(p)u2(p)u1(p)u1(p) + u2(p)u2(p)u2(p)u2(p)℄= 14m2 (u1(p)2mu1(p) + 0 + 0 + u2(p)2mu2(p))= 12m (u1(p)u1(p) + u2(p)u2(p)) = P+:
Or P 2+ = 14m2 (:p+m)2 = 14m2 [(:p)2 + 2m:p+m2℄= 14m2 [p2 + 2m:p+m2℄ = 14m2 [m2 + 2m:p+m2℄= 14m2 [2m2 + 2m:p℄ = 12m [:p+m℄ = P+:
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Similarly,
v1(p)v1(p) =v1(p)vy10 = (p0 +m)� �:pp0+m�1�1 ���y1 �:pp0+m �y1 �� 12 0202 �12�=(p0 +m)� �:pp0+m�1�1 ���y1 �:pp0+m ��y1 �

=(p0 +m) �:pp0+m�1�y1 �:pp0+m � �:pp0+m�1�y1�1�y1 �:pp0+m ��1�y1
!

Sov1(p)v1(p) + v2(p)v2(p)=(p0 +m) �:pp0+m (�1�y1 + �2�y2) �:pp0+m � �:pp0+m (�1�y1 + �2�y2)(�1�y1 + �2�y2) �:pp0+m �(�1�y1 + �2�y2)
!

=(p0 +m) (�:p)2(p0+m)2 � �:pp0+m�:pp0+m �1 !
=(p0 +m) (p)2(p0+m)2 � �:pp0+m�:pp0+m �1 !
=(p0 +m) (p0)2�m2(p0+m)2 � �:pp0+m�:pp0+m �1 !
=(p0 +m) p0�mp0+m � �:pp0+m�:pp0+m �1 !
=� p0 �m ��:p�:p �p0 �m�=:p�m:So P� =� 12m(v1(p)v1(p) + v2(p)v2(p))= 12m (�:p+m):So (this wasn't asked for in the question but we'll do it anyway)P 2� = 14m2 (v1(p)v1(p) + v2(p)v2(p))(v1(p)v1(p) + v2(p)v2(p))= 14m2 [v1(p)v1(p)v1(p)v1(p) + v1(p)v1(p)v2(p)v2(p)+ v2(p)v2(p)v1(p)v1(p) + v2(p)v2(p)v2(p)v2(p)℄= 14m2 (v1(p)(�2m)v1(p) + 0 + 0 + v2(p)(�2m)v2(p))=� 12m(v1(p)v1(p) + v2(p)v2(p)) = P�:
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Or P 2� = 14m2 (�:p+m)2 = 14m2 [(:p)2 � 2m:p+m2℄= 14m2 [p2 � 2m:p+m2℄ = 14m2 [m2 � 2m:p+m2℄= 14m2 [2m2 � 2m:p℄ = 12m [�:p+m℄ = P�:
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