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1.

{γµ, γν} = 2ηµν ⇒ {γµ, γν} = 2δµ
ν .

So
γµγλγρ = − γλγ

µγρ + 2δµ
λγρ

=γλγργ
µ − 2δµ

ργλ + 2δµ
λγρ

⇒ [γµ, γλγρ] =2(δµ
λγρ − δµ

ργλ).

So
[γµ, γργλ] =2(δµ

ργλ − δµ
λγρ)

and [γµ, γλγρ − γργλ] =4(δµ
λγρ − δµ

ργλ).

Multiplying by 1

8
, we can write as

i[γµ,−1

8
i[γλ, γρ]] = 1

2
(δµ

λγρ − δµ
ργλ),

i.e. i[γµ,Σλρ] = 1

2
(δµ

λγρ − δµ
ργλ).

where
Σλρ = −1

8
i[γλ, γρ].

2.

{γµ, γν} = 2ηµν14 ⇒ γµγν + γνγµ = 2ηµν14,

where 14 is the 4-dimensional identity matrix, usually not written explicitly. Taking
the trace, and using tr(AB) = tr(BA), tr14 = 4, we get

tr[γµγν ] = 4ηµν .

Now

γµγνγργσ = − γνγµγργσ + 2ηµνγργσ

=γνγργµγσ − 2ηµργνγσ + 2ηµνγργσ

= − γνγργσγµ + 2ηµσγνγρ − 2ηµργνγσ + 2ηµνγργσ

⇒ γµγνγργσ + γνγργσγµ =2ηµσγνγρ − 2ηµργνγσ + 2ηµνγργσ.

Taking the trace and using

tr[γνγργσγµ] = tr[γµγνγργσ],

together with tr[γµγν = 4ηµν , we find

tr[γµγνγργσ] = 4[ηµνηρσ − ηµρηνσ + ηµσηνρ]

3.
γµa1/ γ

µ =aν
1γµγνγ

µ = aν
1(−γνγµ + 2ηµν)γµ

=aν
1
(−γνγµγ

µ + 2γν).
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Now
γµγν + γνγµ =2ηµν ,

⇒ ηµν(γµγν + γνγµ) =2ηµνηµν

⇒ γµγ
µ + γνγ

ν =2δµ
µ = 8 ⇒ 2γµγ

µ = 8 ⇒ γµγ
µ = 4.

So we have
γµa1/ γ

µ = (−4 + 2)aν
1
γν = −2(a1.γ).

Also
γµa1/ a2/ γ

µ =aν
1
aρ
2
γµγνγργ

µ

=aν
1a

ρ
2
(−γνγµ + 2ηµν)γργ

µ

=aν
1
aρ
2
(−γνγµγργ

µ + 2γργν .

Now we know that γµγργ
µ = −2γρ, so we have

γµa1/ a2/ γ
µ = 2aν

1
aρ
2
(γνγρ + γργν) = 4aν

1
aρ
2
ηνρ = 4a1.a2.

4. Under a Lorentz transformation we have

j′µ(x′) =ψ′(x′)γ5γµψ′(x′) = ψ(x)S(L)−1γ5γµS(L)ψ(x)

=ψ(x)S(L)−1γ5S(L)S(L)−1γµS(L)ψ(x) = Lµ
νψ(x)γ5γνψ(x) = Lµ

νj
ν(x),

using S(L)−1γ5S(L) = γ5, S(L)−1γµS(L) = Lµ
νγ

ν. Under a parity transformation
we have

j′µ(x′) =ψ′(x′)γ5γµψ′(x′) = ψ(x)S(P )−1γ5γµS(P )ψ(x)

=ψ(x)S(P )−1γ5S(P )S(P )−1γµS(P )ψ(x)

= − Pµ
νψ(x)γ5γνψ(x) = −Pµ

νj
ν(x),

using S(P )−1γ5S(P ) = −γ5, S(P )−1γµS(P ) = Pµ
νγ

ν .
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