MATH425 Quantum Field Theory Solutions 5

7y =20 = {" ot =261,

> Y = — v + 26" 27,
=YY = 20" a4+ 207 A7,
= [V vvp] =2(6" 2y, — 6" o).
So

"5 vea] =2(6% pya — 6%x7p)
and  [Y*, 727, — Yp7a] =4(6 A7, — 6 o).
Multiplying by %, we can write as
7;[7“7 _%Z[fy)n ,}/p” :%(5M>\7p - 51“;)7)\)7
e i[y", 8] =5 (0" A7, — 8" p7n)-

where
EAp - _%7;[’}9\77;)]'

{’Vua 'YI/} =20y = Y Ve = 2014,

where 14 is the 4-dimensional identity matrix, usually not written explicitly. Taking
the trace, and using tr(AB) = tr(BA), trly = 4, we get

tr[yu ] = 4
Now

VY YpVo == N VuVpVo + 20uwYp Ve
=YY VYo = 20up Vv Vo + 20 p Vo
== N YpVoVu + 2NV Yo — 2Mup Vo Vo + 2N Yp Vo
= YV VpVo + VYoV =2Mue Vo Vp — 20up Vv Vo + 20V pVo -

Taking the trace and using

tr['YVVp'YU'Yu] = trhu'yu%ﬂ/a]a

together with tr[y,v, = 4n,., we find

trhu%/Yp'YU] = 4[77uv77pa — NupMvo + nucrnup]

TV =a{ v = ai (= + 20 )7"
:allj(_%/}/ufyﬂ + 271/)-
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Now
YuYv + Yo Vu :277;u/7

= 0" (Ve + 1) =20 N
= VY + =200, =8 = 2y, =8 = vt =

So we have
TV = (=44 2)ain, = =2(a17).
Also
V2" =ayay
=ayal (=YY + 20w ) Yo"
=ayal (=% YY" + 275V
Now we know that v,v,7" = —2v,, so we have

Yudr doy" = 2a7a5 (VY + Vo) = 4alabn,, = 4a;.as.

. Under a Lorentz transformation we have

7M@) =9 (2 )y " (2") = (2)S(L) "Iy S (L) (x)
=¢(x)S(L)1y°S(L)S(L) S (L)p(x) = L (a)y° " (a) = LH, j¥ (x),

using S(L)~145S(L) = ~°, S(L)~'4*S(L) = L*,4". Under a parity transformation

we have
JH (") =9 (@)Y () = () S(P ) VA S(PY(x)
( 1

=(2)S(P)"'y°S(P)S(P) 'S (P)i(z)
= — P ()" (x) = —P*, 5% (x),
using S(P)~19°S(P) = —y°, S(P)~'41S(P) = PH,4".



