MATHA425 - Quantum Field Theory
Solutions Set Work Sheet 2

1. In the interaction picture the Hamiltonian is given by
H=Hy,+ H;

where the free Hamiltonian H{ = H§ is the same as in the Schrodinger
picture. A state in the Interaction picture is related to a state in the
SChrodinger picture by

|A,t); = UJ|A, t)s
where,

— HO(t*tO)

U() = U()(t, to) =€ h s

and an operator in the interaction picture is related to an operator in the
Schrodinger picture by
o'(t) = Ul 0%U,.

(i) We have to show that an operator in the interaction picture obeys

L dOT(t) g
th = [0'(t), Hy|

Start from
o'(t) = Ulo°U,

differentiate both sides with respect to ¢

dO’(t) dul dU, dul dU,
1 = ih(—=2UUl 0% U+ Ul O°U U =2 = ib(—2 U0 + O U =2
" ih(=g UoUoO"Uo+Up 07Uy =57) = ih(=5~Uo 0" + 0" Wy =47)
remembering that OF is time independent. We have the relations

.. dUy 5 dUp 4

ih di oUo = ih i UO 0
and ; ;

—ih—9 = Ul Hy = —ihlUy—2 = H

1 dt UO 0o = —thUy dt 0

we get

(U HoUpO! + O'U{ HoUy) = —HoO' + O'Hy = [0F, H]
(ii) We have to show that a state in the interaction picture obeys

h— = At)r .
? dt I| Y >I




|Aa t>5 = U(HA’ t>1
. d S S
’Lh%(UolA, t)I) = (HO —+ HI )U0|A, t>I
top @ . dUo s s
Ufin2 (14, 8)r) +ih(2) A, t)r = H§Us|A,t)1 + HE Tl A, 1)1
. d t .2 AUo t 778 t gy
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