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1.
γµa1/ γ

µ =aν
1γµγνγ

µ = aν
1(−γνγµ + 2ηµν)γµ

=aν
1(−γνγµγ

µ + 2γν).

Now
γµγν + γνγµ =2ηµν ,

⇒ ηµν(γµγν + γνγµ) =2ηµνηµν

⇒ γµγ
µ + γνγ

ν =2δµ
µ = 8 ⇒ 2γµγ

µ = 8 ⇒ γµγ
µ = 4.

So we have
γµa1/ γ

µ = (−4 + 2)aν
1γν = −2(a1.γ).

Also
γµa1/ a2/ γ

µ =aν
1a

ρ
2γµγνγργ

µ

=aν
1a

ρ
2(−γνγµ + 2ηµν)γργ

µ

=aν
1a

ρ
2(−γνγµγργ

µ + 2γργν .

Now we know that γµγργ
µ = −2γρ, so we have

γµa1/ a2/ γ
µ = 2aν

1a
ρ
2(γνγρ + γργν) = 4aν

1a
ρ
2ηνρ = 4a1.a2.

2. Under a Lorentz transformation we have

j′µ(x′) =ψ′(x′)γ5γµψ′(x′) = ψ(x)S(L)−1γ5γµS(L)ψ(x)

=ψ(x)S(L)−1γ5S(L)S(L)−1γµS(L)ψ(x) = Lµ
νψ(x)γ5γνψ(x) = Lµ

νj
ν(x),

using S(L)−1γ5S(L) = γ5, S(L)−1γµS(L) = Lµ
νγ

ν. Under a parity transformation
we have

j′µ(x′) =ψ′(x′)γ5γµψ′(x′) = ψ(x)S(P )−1γ5γµS(P )ψ(x)

=ψ(x)S(P )−1γ5S(P )S(P )−1γµS(P )ψ(x)

= − Pµ
νψ(x)γ5γνψ(x) = −Pµ

νj
ν(x),

using S(P )−1γ5S(P ) = −γ5, S(P )−1γµS(P ) = Pµ
νγ

ν .
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3. Consider the plane wave ψ(x) = v(p)eip.x. It will satisfy the Dirac equation

(iγ.∂ −m)ψ =0

if (γ.p+m)v(p) =0.

In our representation,

γ.p+m =

(

p0 +m −σ.p
σ.p −p0 +m

)

where each entry is a 2 × 2 block. Now write

v(p) =

(

ξ
η

)

where ξ =

(

ξ1
ξ2

)

, η =

(

η1
η2

)

.

Then

(γ.p+m)v(p) = 0

becomes
(p0 +m)ξ =σ.pη,

σ.pξ =(p0 −m)η.

Given η, define

ξ =
σ.p

p0 +m
η

then σ.pξ =
(σ.p)2

p0 +m
η

Now σiσjpipj =p2 (σiσj = δij + iεijkσ
k)

So σ.pξ =
p2

p0 +m
η

=
(p0)2 −m2

p0 +m
η

=(p0 −m)η

so we have a consistent solution. The general form of v(p) is

v(p) = N(p)

(

σ.p
p0+m

χ
χ

)

,

where χ is a 2-vector and N(p) is arbitrary. Suppose we pick two orthonormal 2-
vectors χ1,2 satisfying

χ†
rχs = δrs.
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We have

vr(p)vs(p) = v†r(p)γ
0vs(p) =N(p)∗N(p)

(

χ†
r

σ.p
p0+m

χ†
r

)

γ0

(

σ.p
p0+m

χs

χs

)

=N(p)∗N(p)
(

χ†
r

σ.p
p0+m

χ†
r

)

(

12 02

02 −12

) (

σ.p
p0+m

χs

χs

)

=|N(p)|2
[

χ†
r

(σ.p)2

(p0 +m)2
χs − χ†

rχs

]

=|N(p)|2
[

χ†
r

p2

(p0 +m)2
χs − χ†

rχs

]

=|N(p)|2χ†
rχs

p2 − (p0 +m)2

(p0 +m)2

=|N(p)|2δrs

(p0)2 −m2 − (p0 +m)2

(p0 +m)2

=|N(p)|2δrs

−2p0m− 2m2

(p0 +m)2
= −2mδrs

if we take N(p) =
√

p0 +m.
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