MATHA425 Quantum Field Theory Solutions 2
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2(i). Taking the inverse of (1), we have
(LTT’L)_l — 77_1 = L_l'r]_l(LT)_l — ,',’—1
Multiplying on the left by L and on the right by LT, we find
LL_l'r’_l(LT)_lLT :L,,,’—ILT
n~t =Ly L7,
as required.
(ii) Putting 4 =v =0 in (3), we have
NapL®LPo =1, 1n*PL°,L% =1
2 2 2 2
1.€. (Loo) — (Llo) — (L20) — (L30) = 1,
Z0\2 /70 )2 20 \2 =0 \2
(L%)" = (L%1)" = (L%)" = (L%)" =1
= (L%) -2 =1, (%) —[?=1
= 1l = /(2% =1, = /(L%)" - 1.
(iii) B B
(LL)% =L°, L%
=L°%L% + L° L'y + L% L%, + L3 L%,
=L%L% + 11

1



L1 < YT} = — LI} <T1< |
= (using (iii)) (LL)% — L%L% > —[1|]1]
= (EL)OO > EOOLOO — |l||T|

ie. (using (i) (LL)% > L%L% — /(L%)* — 14/ (L%)? — 1.

(z—y)?>0=2"—2zy+y° >0=> 22y > —a° — 3
:>:v2y2—2my+12x2y2—a:2—y2—|—1
=222 —2ey+1> (22— 1)(y? = 1) = (zy — 1)? > (22 = 1)(3* - 1).
= either wy—lz\/x2—1\/y2_1 or wy—lg—\/w2—1\/y2—1,

If z,y > 1 then zy — 1 is positive, and we must have the first inequality, implying

my—\/x2—1\/y2—121.

Writing L% = z, L% =y, we have from (iv)

(LL) > L%L% — \/(L9%)” — 11/ (L%)® —1 > 1.

(vi) Obviously if det L = det L = 1, then

det(LL) = det Ldet L = 1.

(vii) We have now shown that if L € El, Le El, then LL € El. It is clear that 1 € El.
(viii) We can write (1) as
(T LT L=n""n=1,
which shows that L=! = n=1LTp, i.e. (L7Y)H, = n**(LT)aPng, = n**LP 4mp,. So
(L=1)% = n" L0 ngo = LY. Moreover,

det L' = detny ' det LT detp = (—1)det L(—1) = det L = 1.

So L~te E_TF. The remaining group property is associativity, (L1 Lg)Ls = L1(LaLs3),
which is true for all matrices. So EE_ 18 a group.



