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1. (i) The Lagrangian density for a real scalar field is given by

L0 = 1

2
(∂φ)2 − 1

2
m2φ2

Show that the Hamiltonian H0 is given by

H0 = 1

2

∫

[φ̇2 + (∇φ)2 + m2φ2]d3x.

(ii) Show that if we take the usual canonical commutation relations,

[φ(x, t), π(x′, t)] =ih̄δ(x− x′),

[φ(x, t), φ(x′, t)] =0,

[π(x, t), π(x′, t)] =0,

the equations of motion are obtained from

ih̄φ̇ = [φ, H0] and ih̄π̇ = [π, H0] .

(iii) Consider the Lagrangian density

L = L0 + LI ,

with

LI = −
λ3

3!
φ3 −

λ4

4!
φ4 .

Derive the equation of motion from

∂µ

[

∂L

∂(∂µφ)

]

−
∂L

∂φ
= 0.

2. Two-particle states are defined by

|p1,p2 >= a†(p1)a
†(p1)|0 > .

Show that

< p′
1
,p′

2
|p1,p2 >

=(2π)6(2p0

1)(2p0

2){δ(p1 − p′
1)δ(p2 − p′

2) + δ(p1 − p′
2)δ(p2 − p′

1)}.

3. (a) Let Aµ be the electromagnetic vector potential. The electromag-
netic field strength tensor is defined as

Fµν = ∂µAν − ∂νAµ.

Show that Maxwell’s equation in four vector notation can be derived from the
electromagnetic Lagrangian given by

Le.m. = −
1

4
FαβFαβ.



Show that Le.m. is invariant under the transformation Aµ → Aµ − ∂µΛ, where
Λ is a scalar function.

(b) Show that imposing a local U(1) symmetry forbids the photon from
attaining a mass.


