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1. Consider the Poincare group in 1+2 dimensions, with the infinitesimal line
element

ds2 = dt2 − dx2
− dy2

a. Write in matrix form the metric for this line element and its inverse.

b. Write all the transformations under which this line element is invariant.
Write down the generators associated with each transformation.

c. The Pauli-Lubanski vector in four dimensions is given by

Wµ = −

1

2
ǫµνσρJνσPρ

Write down the four components of the Pauli-Lubanski vector in the case of
the 3 dimesnional line element given above, for massless and massive particle
states.

2. The Pauli–Lubanski vector in four dimensions is given by

Wσ = −

1

2
ǫσµνλJµνPλ,

where ǫσµνλ is asymmetric under odd permutation of the indices; Jµν are
the generator of Lorentz transformations; and Pλ is the momentum four
vector.

a. Show that WσP σ = 0

b. The commutation relations of the Pauli–Lubanski with the generators
of the Poincare group are given by

[Jµν , Wρ] = i (ηνρWµ − ηµρWν) ,

[Pν , Wρ] = 0

Show that the generators of the Poincare transformations commute with
WµWµ.

3. Write down the Lagrangian for a particle of mass m in a potential V (r, φ)
when referred to planar polar coordinates (r, φ). Hence show that the
equations of motion are

mr̈ − mrφ̇2 = −

∂V

∂r
mrφ̈ + 2mṙφ̇ = −

1

r

∂V

∂φ
.

Hence derive the principle of conservation of angular momentum in the
plane, and obtain the usual formula v2/r for centripetal acceleration.

4. a. Show that if the Hamiltonian is independent of a generallized coordinate
q0, then the conjugate momentum p0 is a constant ot the motion. Such co-
ordinates are called cyclic coordinates. Give two examples of a physical
system that has a cyclic coordinate.



b. Show that in 3 dimension spherical polar coordinates the Hamiltonian
of a particle of mass m moving in a potential V (~x) is

H =
1

2m
(p2

r +
p2

θ

r2
+

p2

φ

r2 sin2 θ
) + V (~x).

show that pφ = constant when ∂V/∂φ ≡ 0 and interpret this result physi-
cally.


