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1. The defining equation for the Lorentz group may be written

LT ηL = η. (1)

Consider a 2-dimensional spacetime for which η =

(

1 0
0 −1

)

. Show that

the standard Lorentz transformation

L =

(

γ −γv
c

−γv
c

γ

)

,

where γ = 1
√

1− v2

c2

, satisfies the above condition.

2. We need to show that L↑
+ is a group. This is done as follows:

(i) Use (1) to show that

Lη−1LT = η−1. (2)

(Hint: recall that for matrices (AB)−1 = B−1A−1.)

(ii) We now have from (1), (2)

ηαβLα
µLβ

ν = ηµν , ηαβLµ
αLν

β = ηµν . (3)

Let l = (L1
0, L

2
0, L

3
0) and l̄ = (L̄0

1, L̄
0
2, L̄

0
3). By putting µ = ν = 0 in (3),

show that |l| =
√

(L0
0)2 − 1 and |̄l| =

√

(L̄0
0)2 − 1.

(iii) By considering (L̄L)00 = L̄0
αLα

0, show that

(L̄L)00 = L̄0
0L

0
0 + l̄.l.

(iv) Use the Schwartz inequality

|̄l.l| ≤ |l||̄l|

to show

(L̄L)00 ≥ L̄0
0L

0
0 −

√

(L̄0
0)2 − 1

√

(L0
0)2 − 1.

(v) Show that

(x − y)2 ≥ 0 ⇒ x2y2 − 2xy + 1 ≥ (x2 − 1)(y2 − 1) ⇒ (xy − 1)2 ≥ (x2 − 1)(y2 − 1)

⇒ either xy − 1 ≥
√

x2 − 1
√

y2 − 1 or xy − 1 ≤ −
√

x2 − 1
√

y2 − 1.

Deduce that if x, y ≥ 1 then xy − 1 is positive and we must have

xy −
√

x2 − 1
√

y2 − 1 ≥ 1.

Finally combine with (iv) to deduce that if L̄0
0 ≥ 1 and L0

0 ≥ 1, then (L̄L)00 ≥
1.



(vi) Use the fact that det(L̄L) = det L̄ detL to deduce that

det L̄ = det L = 1 ⇒ det(L̄L) = 1.

(vii) We can now deduce that L ∈ L↑
+ and L̄ ∈ L↑

+ ⇒ (L̄L) ∈ L↑
+.

Together with the obvious fact that 1 ∈ L↑
+, this most of what we need to show

that L↑
+ is a group.

(viii) We still need to show that L ∈ L↑
+ ⇒ L−1 ⇒ L↑

+. Note that
(1) ⇒ L−1 = η−1LT η. So clearly (L−1)00 = L0

0. Moreover, det L−1 =
det η−1 det LT det η = 1. QED.

3.

Consider two Lorentz vectors aµ and bµ. Write the Lorentz transformations
aµ → a′µ and bµ → b′

µ
under a boost along the x–axis. Verify that aµbµ is

invariant under these transformations.

4.

(a) Give the Lorentz transformations for the components aµ of a vector
under a boost along the x1 axis.

(b) Show that the object ∂
∂xµ transforms under a boost along the x1 axis as

the aµ vector considered in (a) do. This checks, in a particular case, that partial
derivatives with respect to upper–index coordinates xµ behave as a four–vector
with lower indices, which is why they are written as ∂µ.

(c) Show that, in quantum mechanics, the expression for the energy and
momentum in terms of derivatives can be written compactly as pµ = ih̄ ∂

∂xµ .


