Solution to Problem 3
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Table 1: The weight lattice of the spinorial 16 representation of SO(10). Each entry should be
multiplied by the % The :I:% entries are the charges with respect to the five U(1) generators of
the Cartan subalgebra. The product of the five charges should be either positive or negative. If
we choose to be positive then we can have either, zero, two or four negative charges (or spins)
of the total five. Alternatively, if we choose the product to be negative we can have either one,
three or five of the charges (or spins) to have a minus sign. In either case the total number of
possibilities is 16. These are the two spinorial representations of SO(10) being the chiral 16
and the anti—chiral 16. The table above shows the chiral 16 representation.

From the table above we see that there is one state with zero minus signs. This is a singlet of
SU(5). There are five states with four minus signs. This is a 5 representation of SU(5). Finally
there are 10 states with two minus sighs. This is the 10 representation of SU(5). Hence, under
SU(5) x U(1)x the 16 representation of SO(10) decomposes as:
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where the U(1)x charges are obtained by taking the trace Qx = Q1+ Q2+ Q3 + Q4+ @5, and

the Q; are the i% charges with respect to the five generators of the Cartan subalgebra.

16 = (1,

in combinatorial notation we can write

0= (o) +(2) + ()

where the combinatorial factor counts the number of — in a given state.



To find the decomposition under SO(6) x SO(4) = SU(4) x SU(2)r x SU(2)gr we split the
five slots into the first three which correspond to SO(6) and the last two which correspond to
SO(4). We now split the 16 again by counting how many minus signs there are under the first
three times how many there are under the last two. Note that here we have to take the product
of the signs with respect to the first three slots and last two separately. So, for example, states
with zero or two minus signs under the first three slots belong to the same SO(6) representation.
Hence, under SO(6) x SO(4) = SU(4) x SU(2)r x SU(2)R it decomposes as:

16 = (4,2,1) + (4,1,2)

In the combinatorial notation this decomposes as:

o= [0 QNG O [0 QLC)

To find the decomposition under SU(3) x U(1)¢ x SU(2) x U(1)r, we again split the five slots
into the first three, which correspond to SU(3) x U(1)¢ and the last two that correspond to
SU(2) x U(1)r,. We again count how many minus signs there are in each state under the first
three and last two slots to find the multiplicity. The charges under the U(1)s are given by
the sums under Q1 + Q2 + Q3 and Q4 + Q5 for U(1)¢ and U(1)r, respectively. Hence, under
SU(3) x U(1)g x SU(2) x U(1)r, the 16 decomposes as:

3 1 1 3 1 3
16= (1,5, L,+1) + (3, 5,20+ G~ L) + (L5, L -1+ (3, —5, L =1) + (L, =3, 1,0)

where Q¢ and @1, are defined as Q¢ = Q1 + Q2 + @3 and Qr, = Q4 + Q5. In combinatorial
notation these are:

o= (DO OO1 OO OO EHO )

The
From the last line we can read off the Standard Model states. These are in order respectively
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where the subscript L indicates that these are all left—handed fields and the upperscript ¢
denotes charge conjugation (corresponding to antiparticles). Therefore the states are: 1. the
positron which is an SU(2) and SU(3) singlet; 2. down-type quark SU(2) singlet; 3. standard
model singlet corresponding to the right-handed neutrino; 4. quark SU(2) doublet; 5. up-type
quark SU(2) singlet; 6. lepton SU(2) doublet.

The weak hypercharge is given by
1 1
U(l)y = gUC + EUL

and the electric charge by
U(l)e-m- = T3L + U(l)Y

where T3, is the diagonal generator of the SU(2) subgroup.



