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1.

ūf ( 6 pf − m)γµui = ūfγµ( 6 pi − m)ui = 0 (Dirac eq.)

⇒ 2mūfγµui = ūf ( 6 pfγµ + γµ 6 pi)ui

6 pfγµ + γµ 6 pi = γνγµpfν
+ γµγνpiν

γµγν + γνγµ = 2gµν

γµγν − γνγµ = −2iσµν

Hence
γµγν = gµν − iσµν ; γνγµ = gµν + iσµν

⇒ 6 pfγµ + γµ 6 pi = gµν(pf + pi)ν + iσµν(pf − pi)ν = (pf + pi)
µ + iσµν(pf − pi)ν

⇒ ūfγµUi =
1

2m
ūf [(pf + pi)

µ + iσµν(pf − pi)ν ]ui

2. We consider an electron in a constant magentic field ~B = (0, 0, B) with B > 0.
(a.)
The vector potential

Aµ = (0, 0, Bx, 0)

(b.)

(i∂0 − m)φ = ~σ · (~p − e ~A)χ

(i∂0 + m)χ = ~σ · (~p − e ~A)φ

where, as usual, ~p = −i∇.
(c.) Assuming a solution of the form

φ(x) = φ(~x)e−iEt, χ(x) = χ(~x)e−iEt

Inserting into the equations from (b.) these equations become

(E − m)φ(~x) = ~σ · (~p − e ~A)χ(~x)

(E + m)χ(~x) = ~σ · (~p − e ~A)φ(~x)

Substituting χ(~x) from the second equation into the first and repeating the steps that
we too in class when deriving the gyromagnetic factor from the Dirac equation, we get

(E2 − m2)φ(~x) = [(~p − e ~A)2 − e~σ · ~B]φ(~x)

= [~p2 + e2B2x2 − 2epyBx − eσzB]φ(~x)

1



Since px, py commute with x, we can seach for solutions of the form

φ(~x) = ei(pyy+pzz)f(x)

where py and pz are c-numbers and f(x), as φ(~x), is a two component spinor. The equation
for f(x) becomes

[−
d2

dx2
+ (py − eBx)2 − eBσz]f(x) = (E2 − m2 − p2

z)f(x)

f(x) can be taken to be an eigenfunction of σz with eigenvalues σ = ±1, σzf = σf . Then

[−
d2

dx2
+

1

2
(2e2B2)(x −

py

eB
)2]f(x) = (E2 − m2 − p2

z + eBσ)f(x)

This is formally identical to the Schrödinger equation of an harmonic oscillator with fre-
quency 2|e|B. The energy levels are therefore given by

E2 − m2 − p2
z + eBσ = (n +

1

2
)2|e|B

or
E = [m2 + p2

z + (2n + 1 + σ)|e|B]
1

2

Observe that there is a continuous degeneracy in px and py, as well as a discrete degeneracy

E(n, pz, σ = +1) = E(n + 1, pz, σ = −1).

In the nonrelativistic limit pz << m2, (2n + 1)|e|B << m2 the nonrelativistic limit there-
fore gives

E(n, pz, σ) ≃ m +
p2

z

2m
+

(

n +
1 + σ

2

)

ωB

with ωB = |e|B/m. These are the Landau levels of nonrelativistic quantum mechanics.

3.

UU† = 1 ⇒ U = eiH ; U† = e−iH†

= e−iH

Hence we must have H = H†. H must be hermitian.

4a. 3 diagonal generators.

λ3 =







1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0






, λ8 =







1 0 0 0
0 1 0 0
0 0 −2 0
0 0 0 0






, λ15 =







1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3







4b. D = 15. Three diagonal generators of part (2a) plus:
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λ1 =







0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0






, λ2 =







0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0







λ4 =







0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0






, λ5 =







0 0 −i 0
0 0 0 0
i 0 0 0
0 0 0 0







λ6 =







0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0






, λ7 =







0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0







λ9 =







0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0






, λ10 =







0 0 0 −i
0 0 0 0
0 0 0 0
i 0 0 0







λ11 =







0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0






, λ12 =







0 0 0 0
0 0 0 −i
0 0 0 0
0 i 0 0







λ13 =







0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0






, λ14 =







0 0 0 0
0 0 0 0
0 0 0 −i
0 0 i 0







4c.

4 = (3, 1/3) + (1,−1)

under the maximal subgroup SU(3) × U(1)
4d.

see separate figure
4e.

4 × 4̄ = {(3, 1/3) + (1,−1)} × {(3̄,−1/3) + (1, +1)} =

15 + 1 = {(3, +4/3) + (8, 0) + (1, 0) + (3̄,−4/3)} + (1, 0)

4f.

4 × 4 = {(3, 1/3) + (1,−1)} × {(3, 1/3) + (1,−1)} =

6 + 10 = {(6, 2/3) + (3,−2/3) + (1,−2)} + {(3̄, 2/3) + (3,−2/3)}

6g.
SU(4) decomposes as SU(3) × U(1) under the Standard Model, where SU(3) corre-

sponds to the gauge symmetry of the strong interactions and the U(1) can be indentified
as baryon minus lepton number. The fundamental representation decomposes as a triplet
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and a singlet of SU(3) with the triplet corresponding to a quark, with baryon number 1/3,
and the singlet to a lepton, with lepton number −1. The Cartan generators correspond to
the two diagonal generators of SU(3) and the U(1)B−L generator.
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