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1.
γ5† =(iγ0γ1γ2γ3)†

= − iγ3†γ2†γ1†γ0†

= − i(γ0γ3γ0)(γ0γ2γ0)(γ0γ1γ0)γ0

= − iγ0γ3γ2γ1 = iγ0γ2γ3γ1 = −iγ0γ2γ1γ3 = iγ0γ1γ2γ3 = γ5.

For the second part, it’s best to do for each µ in turn:

γ5γ0 =iγ0γ1γ2γ3γ0 = −iγ0γ1γ2γ0γ3 = iγ0γ1γ0γ2γ3

= − iγ0γ0γ1γ2γ3 = −γ0γ5 ⇒ {γ5, γ0} = 0,

γ5γ1 =iγ0γ1γ2γ3γ1 = −iγ0γ1γ2γ1γ3 = iγ0γ1γ1γ2γ3

= − iγ1γ0γ1γ2γ3 = −γ1γ5 ⇒ {γ5, γ1} = 0.

It is clear that the other two calculations will be similar.

2. We have
(γ0)2 = 1, (γi)2 = −1, i = 1, 2, 3.

γ0γ1γ2 = − γ0γ1γ2γ3γ3 = iγ5γ3

γ0γ1γ3 = − γ0γ1γ2γ2γ3 = γ0γ1γ2γ3γ2 = −iγ5γ2.

3.

{γµ, γν} = 2ηµν14 ⇒ γµγν + γνγµ = 2ηµν14,

where 14 is the 4-dimensional identity matrix, usually not written explicitly. Taking
the trace, and using tr(AB) = tr(BA), tr14 = 4, we get

tr[γµγν ] = 4ηµν .

Now

γµγνγργσ = − γνγµγργσ + 2ηµνγργσ

=γνγργµγσ − 2ηµργνγσ + 2ηµνγργσ

= − γνγργσγµ + 2ηµσγνγρ − 2ηµργνγσ + 2ηµνγργσ

⇒ γµγνγργσ + γνγργσγµ =2ηµσγνγρ − 2ηµργνγσ + 2ηµνγργσ.

Taking the trace and using

tr[γνγργσγµ] = tr[γµγνγργσ],

together with tr[γµγν = 4ηµν , we find

tr[γµγνγργσ] = 4[ηµνηρσ − ηµρηνσ + ηµσηνρ]
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ψ(r, θ, φ) = R(r)




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ia cos θ
iaeiφ sin θ




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Normalize
∫

d3rψ†ψ = 1 =

∫

4πr2dr(|R|2(1 + a2))

⇒

∫ ∞

0

r2|R|2dr = [4π(1 + a2)]−1

(a.)

Lz = −i
∂

∂φ
⇒ Lzψ = R
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
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
6∝ψ

so ψ is not an eigenstate of Lz.
(b.)

〈Lz〉 =

∫

d3rψ†Lzψ =

∫

2πr2d cos θ|R|2a2 sin2 θ

∫

1

−1

d cos θ(1 − cos2 θ) = 2 −
2

3
=

4

3
⇒ 〈Lz〉 =

8π

3
a2 ·

1

4π(1 + a2)

⇒ 〈Lz〉 =
2a2

3(1 + a2)

In H-atom , v/c ∼ α ⇒ 〈Lz〉 = O(v2/c2). This is a relativistic effect - spin–orbit interac-
tion.

(c.)
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⇒ Szψ =
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h̄R
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(Lz + Sz)ψ = R
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ψ ⇒ Jz = +
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5. (a) Operating with γν∂ν from the left on the Dirac equation we have

γν∂ν (iγµ∂µ −m)ψ(x) =

i
1

2
(γνγµ + γµγν) ∂ν∂µψ −mγν∂νψ =

iηµν∂ν∂µψ + im2ψ =

i
(

∂µ∂µ +m2
)

Iψ = 0

where I is the 4 × 4 identity matrix.
(b)

γµ∂µψ + imψ = 0 , (∂ψ†)γµ†

− imψ† = 0

⇒(∂ψ†)γ0γµγ0 − imψ† = 0

⇒(∂µψ̄)γµ − imψ̄ = 0

(c)
• ∂µ(ψ̄γµψ) = (∂µψ̄)γµψ + ψ̄γµ(∂µψ)

= (imψ̄)ψ + ψ̄(−imψ) = 0

• ∂µ(ψ̄γµγ5ψ) = (∂µψ̄)γµγ5ψ + ψ̄γµγ5(∂µψ)

= (imψ̄)γ5ψ − ψ̄γ5(γµ∂µψ) = 2imψ̄γ5ψ
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