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1.
The generalised momentum

π(x) =
∂L

∂φ̇
.

The Hamiltonian density is defined by

H = φ̇(x)π(x)− L,

then

H =

∫

d3xφ̇(x, t)π(x, t)− L =

∫

Hd3x.

For the KG field π = φ̇ and

H = 1

2
φ̇2 + 1

2
(∇φ)2 + 1

2
m2φ2.

[φ(x, t), H] =[φ(x, t),

∫

[ 1
2
π(x′, t)2 + 1

2
(∇φ(x′, t)2 + 1

2
m2φ(x′, t)2]d3x′]

= 1

2

∫

d3x′
{

[φ(x), π(x′)2] + [φ(x), (∇′φ(x′))2] + m2[φ(x), φ(x′)2]
}

.

[φ(x), φ(x′)] = 0 ⇒[φ(x),∇′φ(x′)] = 0.

So [φ(x), H] = 1

2

∫

{π(x′)[φ(x), π(x′)] + [φ(x), φ(x′)]π(x′)}

=ih̄

∫

π(x′)δ(x− x′)d3x′

=ih̄π(x) = ih̄φ̇(x) OK.

[π(x, t), H] = −

[
∫

d3x′
{

1

2
π(x′)2 + 1

2
(∇φ(x′)2 + 1

2
m2φ(x′)2

}

, π(x)

]

= − 1

2

∫

d3x′ {∇′φ(x′)[∇′φ(x′), π(x)] + [∇′φ(x′), π(x)]∇′φ(x′)}

− 1

2
m2

∫

d3x′ {φ(x′)[φ(x′), π(x)] + [φ(x′), π(x)]φ(x′)}

= − ih̄

∫

d3x′
{

∇′φ(x′).∇′δ(x− x′) + m2φ(x′)δ(x− x′)
}

=ih̄

∫

d3x′
{

(∇′)2φ(x′)δ(x− x′) − m2φ(x′)δ(x − x′)
}

=ih̄
{

∇2φ(x) − m2φ(x)
}

=ih̄φ̈(x) using K-G equation

=ih̄π̇(x)

1



We write
(∂φ)2 = ηρσ∂ρφ∂σφ,

then using
∂(∂ρ)φ

∂(∂µφ)
= δρ

µ,

we have
∂

∂(∂µφ)
(∂φ)2 = ηρσ(δρ

µ∂σφ + ∂ρφδσ
µ) = 2∂µφ.

So equation of motion becomes

∂µ (∂µφ) = −m2φ −
1

2
λ3φ

2 −
1

3!
λ4φ

3,

or

∂2φ + m2φ +
1

2
λ3φ

2 +
1

3!
λ4φ

3 = 0.

2. Two-particle states are defined by

|p1,p2 >=a†(p1)a
†(p1)|0 >

|p1,p2 >=|p2,p1 > as [a(p1), a(p2)] = 0

< p′
1
,p′

2
|p1,p2 >= < 0|a(p′

1
)a(p′

2
)a†(p1)a

†(p2)|0 >

= < 0|a(p′
1){a

†(p1)a(p′
2) + (2π)32p0

1δ(p1 − p′
2)}a

†(p2)|0 >

= < 0|a(p′
1
)a†(p1){a

†(p2)a(p′
2
) + (2π)32p0

1
δ(p2 − p′

2
)}|0 >

+ (2π)32p0

1
δ(p1 − p′

2
) < 0|a(p′

1
)a†(p2)|0 >

=(2π)32p0

2δ(p2 − p′
2) < 0|{a†(p1)a(p′

1) + (2π)32p0

1δ(p1 − p′
1)}|0 >

+(2π)32p0

1δ(p1 − p′
2) < 0|{a†(p2)a(p′

1) + (2π)32p0

2δ(p2 − p′
1)}|0 >

=(2π)6(2p0

1)(2p0

2){δ(p1 − p′
1)δ(p2 − p′

2) + δ(p1 − p′
2)δ(p2 − p′

1)}.

3(a).
The electromagnetic field strength tensor,

Fµν = ∂µAν − ∂νAµ.

Le.m. = −
1

4
FµνFµν

= −
1

4
(Aµ,ν − Aν,µ)(Aµ,ν − Aν,µ)

= −
1

4
ηαµηβν(Aβ,α − Aα,β)(Aµ,ν − Aν,µ)
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The Euler–Lagrange equations of motion are obtained from the Lagrangian

∂

∂xν

(

∂L

∂Aµ,ν

)

−
∂L

∂Aµ

= 0

∂L

∂Aµ

= 0 ⇒
∂

∂xν

(

∂L

∂Aµ,ν

)

= 0

∂L

∂Ap,q

= −
1

4
ηαµηβν(δp

αδ
q
β − δ

p
βδq

α)(Aµ,ν − Aν,µ) + (Aα,β − Aβ,α)(δp
µδq

ν − δp
νδq

µ)

= −
1

4
(ηpµηqν − ηqµηpν)(Aµ,ν + Aν,µ) + (ηαpηβq − ηαqηβp)(Aβ,α − Aα,β)

= − 4
1

4
(Aq,p − Ap,q)

= − F pq

∂

∂xν

(

∂L

∂Aµ,ν

)

= −
1

4

∂

∂xν
Fµν = 0

which are Maxwell’s equation in the absence of sources.

Aµ → Ãµ = Aµ + ∂µΛ

F̃µν = ∂µÃν − ∂νÃµ = ∂µ(Aν − ∂νΛ) − ∂ν(Aµ − ∂µΛ)

= ∂µAν − ∂νAµ − ∂µ∂νΛ + ∂ν∂µΛ = ∂µAν − ∂νAµ = Fµν

Therefore Le.m. is also invariant under the transformation.
(b) the Lagrangian for a massive photon without sources is given by

−
1

4
FµνFµν + m2AµAµ

The first term is invariant under transformation. The second term transforms to

→ m2ÃµÃµ = m2AµAµ + m2(∂µΛ∂µΛ − ∂muΛAµ − Aµ∂µΛ)

therefore the mass term does not vanish under the transformation. Requiring invari-
ance imposes m2 = 0.
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