MATH431 Modern Particle Physics Solutions 3

1.
ds* = dt* — da* — dy? (1)
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b. The line element is invariant under 3 translations (dt, dz and dy). 2 boosts (dtdz,

dtdy) and 1 rotation (dzdy).
The generators associated with the transformations are: i9; = pg, 10, = p; and
10y = p2, are the generators of translations. K; and K5 are the boost generators and J3

is the generator of rotations in the x — y plane.
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where K'=J%"=—J" J =y
Ki=—-Jiw=1Joui ; Ji= %Gijkzjjk =—J
In the case of the two dimensional line element eq. (1)
K = (K, K>,0) J = (0,0, J3)
for m? =0 — P* = (p,0,p,0)

w=0

W =J'Py+ YK, P, = 0+ '3 Ko Py + 32 K3 Py = 0

W2 =J?Py+ ¢¥FK,;P, =0+ 3 K3 Py + 3K Py = 0

W3 = J3Py + ¢3F K, P, = J3Py + 2K Py + 2 Ko Py = (J° 4 12K, Py

For m? >0 — P = (m,0,0,0)

wo=0
wt=0
W2=0
W3 = J3m
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1
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where in the second line we permuted o three times across; in the third line we changed
the dummy summation indices; in the fourth line we again permute A and ¢ and exchange
P> and P?. Hence, the second line is equal to minus the fourth line, which can only hold
if they vanish.

b

We use the identity
A, BC) = [4,B]C + B[A,C),

where A, B and C' are operators. Hence, we have

[Jpo, W, WH] =0t [J e, W, W]
=" ([Jpos W] Wy + Wy, [ oo, Wo])
=" (i Mo WWy — 1oy Wo Wy + 00, W W, — 0, W, W)
= " 0o, WoW,, — i 0oy W Wo + i 05, W, W, — in"" 1, W W,
=" W, W, — iW, W, +iW, W, —iW, W, = 0,
where we used that
"N, = 0%, etc

That W, W*# commutes with Py is obvious because [P,, W,] = 0.
3. In polar coordinates
T = 1rcoso

Yy = rsin¢

radial speed is therefore r and tangential speed is 7“(1'). So the kinetic energy T =

%m(f2 + r2$?) and the Lagrangian is given by

1 .
L= im(fQ +r2p?) -V

Hence
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so the Euler—Lagrange equation for r is

mey = mre¢® + = 0

Similarly,
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dp 0
So the Euler-Lagrange equation for ¢ is
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If the potential is axisymmetric, 9V /0¢ = 0. The last equation then states that the
angular momentum mr2¢ is constant. If the motion is circular ¥ = 0 = # and the
radial equation becomes

v? ov

r o or’
wherev = rgﬁ is the speed. The force OV/Or is equal to m times the centripetal
acceleration —v?/r.
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940
Therefore, pg is constant in time if H does not depend on ¢g.
An axisymmetric potential does not depend on ¢ so pg is a constant of the motion.

In polar coordinates
x = rsinf cos ¢

y = rsinfsin ¢
z=rcosf
The kinetic energy is given by
1 ) e
3M 72 4 (r0)% + (rsin 0¢)?

and the potential energy is V'

L= %m :7*2 + (r0)? + (rsin Hgb)z -V
oL )
pr= oo =mi
oL :
P = % = mr?0
Do = g—f; = mr? sin? 94{5
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H =) pigi = L=mi® + mr?0? + mr?sin 06" — o (7% + 120 + r*sin® 09%) + V
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= angular momentum about the symmetry axis is conserved.
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