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2(i). Taking the inverse of (1), we have
(LTT]L)_l — 77—1 = L_ln_l(LT)_l — 77—1
Multiplying on the left by L and on the right by LT, we find
LLflnfl(LT)flLT :LnflLT
n~t =Ly 'LY,
as required.

(ii) Putting u = v =0 in (3), we have

ie. (L%)° — (L'0)” = (I%)? = (I3%)* =1,

(L%)° = (L%) = (L%)" - (L%)" =1
= (L%) =12 =1, (%) -[>=1

= (1] = /(20%)* =1, [T =/(L%)" - 1.
(iii) i i
(LL)° =L°, L%
=L%L% + L% L'+ L L% + L3 L%,
=1%L% +11
(iv)
LY < (U1} = — 1[I} <11 < 1]
= (using (i) (LL)% — L%L% > —[1[1
= (EL)OO > EooLOO — mm
i.e. (using (ii)) (LL)% > L°%L%, — \/(L00)2 — 1\/(L00)2 — 1.
(v)

(x—y)?=0=a”—2ay+y > 0= 20y > —a” —
:>x2y2—2:1:y+12:1:2y2—a:2—y2+1
=222 — 22y +1> (22— 1) - 1) = (zy — 1)? > (2* — 1)(y* - 1).
= cither a2y —1>v22—1/y2—1 or zy—1<—va2—14y2— 1.

If x,y > 1 then zy — 1 is positive, and we must have the first inequality, implying

zy— Va2 — 12— 1> 1.
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Writing L% = z, LY% =y, we have from (iv)

(L) > L%L0% — \/(L99)> — 11/ (L9%)® =1 > 1.

(vi) Obviously if det L = det L = 1, then

det(LL) = det Ldet L = 1.

(vii) We have now shown that if L € EL, Le EL, then LL € EL. It is clear that 1 € EL.
(viii) We can write (1) as
(' L)L =n""n=1,
which shows that L=t = =1Ly, ie. (L7Y*, = n**(LT) . ns, = n**LP np,. So
(Lil)oo = 7’]OOL007’]00 = Loo. MOI‘GOVGI‘,

det L™ = detn ' det LT detnp = (—1)det L(—1) = det L = 1.

So L~ te EIL. The remaining group property is associativity, (LiLo)Ls = L1(LoLs3),
which is true for all matrices. So EL 1S a group.

3.
The two inertial frames are moving relative to each other in the direction of the x axis

at constant speed v. Denoting 3 = v/c, where c is the speed of light, and v = 1/4/1 — (32
the Lorentz transformations between the two frames are given by

o =¥(a® - Ba")

o = v(=pa’ + at)

a/2 _ a2

a/3 _ aS

or in matrix form

a’(l) v =8 0 0\ /a°
a'2 (-8 v 00 al
a’ 0 0 1 0 a?
a’ 0 0 0 1 a®

b =" — B

V' =y (—pb° +bh)
b/2 — b2
b/3 — b3



which can be written similarly in matrix form. Lowering the indices on the left—hand side
changes the sign on the spatial components on the right—hand side

o =(b" = pbh)
by = =y (=00 + ')
by = —b°
by = —b°
Then
a’“b;L = a’0b6 + a"'b} 4 a’?bly + a’gbg—k

a'tby, = y(a® — Ba*)y(B° — Bb') — y(—pa’ + a')y (=B + b)) — a®by — a®bs
=77 [a%°(1 = B%) — a'b' (1 = §%)] — a®by — a’bs
=ab’ — a'b' — a?? — a®b® = a®by + by + a*by + a®bs

_ o u
= al'b,

4.
Lorentz transformations, derivatives and quantum operators

a.
ag = CLO, a; = —al, ag = —CL2, as = —CLS
ag = " = y(a® = fa') = y(ap + fa1) (1)
ay = —a"t = —y(=pa’ + a*) = v(Bag + a1)

and ajy = az, ay = as
b.

we hav i which we ex i
Suppose we have a function f(z°, 2!, 22, 23) which we express as a function of z’°, 2!, 2/2, 2’3

by expressing z# as a function of 2’#. The standard chain rule for partial differentiation
says that
Of @ (@") <~ Of da”

ox'H N ‘ oxv Ox'H
v=

for £n=0,1,2,3

Using the summation convention and writing as an operator equation we get

o 02”0
ox'm  dx'm Oxv

We need x as a function of 2/, the inverse of the Lorentz transformation that gives 2’ as a
function of . For a boost along the 2’ axis, the inverse is a boost with the opposite speed,
SO

wO — 7(33/0 —l—ﬁx/l), Il — ,y(ﬁx/O +x/1), x2 — 33/2333 — w/S
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Hence
00 B 0z B ozt B Ox! B
8w/0 - 77 8./1;,1 - 7/87 8{1)’0 - 7/67 8./1;,1 - ’y

and
0 0 0 0 0 0 0 0 0 0
oz'0 7(8900 +ﬁ8x1)’ ozt 7(68900 + 8361)’ o2 9x2’  Qx’3  Oxd
which is the same as as (1) with a, = Z—
C.
The operator for momentum p'is —ihﬁ, i.e.
0 0 0
V= —ih—, p? = —ith—, p> = —ih— 5
p ihe = iho = 1 e (5)
and
0 0 .0

p1=1 Ozl P2 =1 Ox2’ p3 923 (6)
The Schrodinger equation says

where H is the energy operator. Since p® = % and z° = ct, this can be written as

(7)

= ih—
Po =1 90

If we write (5) and (7) in terms of p,,, we remove the sign difference between the 0 com-

ponent and the others.

L0
Pu:m%,

which transforms as a Lorentz covariant vector, as we have shown in (b).



