MATHA431 Modern Particle Physics Solutions 5

1. The Lagrangian of the given two-dimensional potential is

1 1
L = 5m(d32 +79%) — Zk(x2 +y?)2.

(ii) The Euler-Lagrange equations are

doL 8L . ., o,
doL oL ., .
&_&Q _8y = mj+k(z®+y )y = 0.

(iii) The Hamiltonian is

1 1 k
H = %(pi+p§,)+zmw2(x2+y2)2 with w:”E'

(iv) In polar coordintes we derive:

. 1
L = —m(?*2+r2¢2)—1kr4,
= 8—L =mr
pT‘ - 87" - ’
8—L = mr2
y2 3¢

Hence we get

. . : 1 . : 1
H = Zpiqi —L = mi? + mr?¢?® — im(r2 +r2¢?) + T

1 . 1
= §m(7'°2 + mr?¢?) + me2r4
2 2
1
= b P + ~muw?rt.

2m  2mr?2 4

(v) There are two constants of the motion.
Since the Hamiltonian does not depend explicitly on time, the energy is a constant
of the motion with E = H(go,po). Since it does not depend explicitly on ¢, also p,
is a constant of the motion, corresponding to conservation of the angular momentum

w.r.t. the symmetry axis.



2. Two-particle states are defined by

Ip1, P2 >=a'(p1)a’(p1)[0 >
P1,P2 >=[p2,P1 > as [a(p1),a(p2)] =0
< P}, Ph|p1, P2 >= < 0la(p)a(ps)a (p1)a’ (p2)[0 >
= < 0a(ph){a’(p1)a(py) + (27)*2p}6(p1 — p2) }a' (p2)[0 >
(p1)al (p1){a’ (p2)a(ps) + (27)32pY6(p2 — p5)}10 >
+ (2m)*2p)8(p1 — P) < Ola(p})a' (p2)]0 >
(2m)%2p36(p2 — p5) < 0[{a’(p1)a(p}) + (27)*2p}6(p1 — P1)}HO >
+(2m)*2pY6(p1 — ph) < Ol{a’ (p2)a(p}) + (27)°2p36(p2 — p1)}0 >
=(2m)°(2p)) (2p9){8(p1 — P1)d(P2 — Ph) + 6(P1 — P5)d(P2 — P1)}-

= < Ola(p

3(a).
The electromagnetic field strength tensor,

F, = 0,4, —0,A,.

1 v
Lem. = _ZFMVFH

1
_Z(
1 a v
= _Z”? “ﬂﬁ (Aﬂ,a - Aa,ﬁ)(A/J,,V - Au,y,)

The Euler-Lagrange equations of motion are obtained from the Lagrangian

0 (0L )\ _ 9oL _,
ozv \0A,,) 04,

oL _ . _ 0 (oL \_,
A, dxv \9A,,)

Apw — Ay ) (AW — Ay L)

OL 1
S =~ g (50— 500 (A — Au) + (Aas — Apa) (07 — 820%)
p.q
1 v (0% (0%
= O =) (A + Au) + (PP = 72 07) (Ap 0~ Aays)

— _ e



0 OL 1 0
R — = F =
oz? <8AW,) rre 0

which are Maxwell’s equation in the absence of sources.

A, — A, =A,+9,A

F. =0,A,—-0,A,=08,(A,—08,A) —08,(A, —9,A)
= d,A, — 0,4, —0,0,A+,0,A =09,A, —0,A, =F,,

Therefore L. ,, is also invariant under the transformation.
(b) the Lagrangian for a massive photon without sources is given by

]' v
— 5 P B + m>A, A"

The first term is invariant under transformation. The second term transforms to
—m2A, A" = m? A, A" + m?(9,A0" A — D uh AP — A,0"A)

therefore the mass term does not vanish under the transformation. Requiring invari-
ance imposes m? = 0.

T =(iy09'y24®)1

— i3ty 100

— () (Y2 0) (109140)4°

— i3yt = i %%yt = —i 02yl yR = iy 0Ty RR = .

o

For the second part, it’s best to do for each p in turn:

oA —170’7172'7370 S B e B R e e e B
— i7" 2y = =499 = {4%,7°} =0,
7Py —17071727371 = —iy'y 2 yly? = iy 0qlqyla2e?

— iV 2y = =41 = {4841 =0

It is clear that the other two calculations will be similar.

5. N.B. Of course the question was wrong—should have said (7°)? = 1, (7%)? = -1,
i=1,2,3.
FOn? = — A0nla2a3,3 — 253
O = = Oy la22n3 — A0,1,20802 52
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{7/4«7 'YV} =20 la = YWY + YV = 20w 14,

where 14 is the 4-dimensional identity matrix, usually not written explicitly. Taking
the trace, and using tr(AB) = tr(BA), trly = 4, we get

tr[yuye] = 4nu0-
Now

VYo Yo Voe == Vo VuVp Vo T 20uvYp Vo
=YY YuYo — 2Mup YV + 2NuwVp Vo
== NV Yo Yu + 2Muoc VoV — 2Mup Vv Yo + 20 YpVo
= VYo VYo + VYo YoYu =2MusYoYp — 2Mup Vo Yo + 20 YpYor-

Taking the trace and using

(Y0 Yo Yo Yl = [V Y Yo Vol

together with try,v, = 47,., we find

tr[')’,u’yu’)/p')’a] = 4["7#!/77;70 — NppMve + manup]



