Aim: Extract the algebraic properties of the Lorentz group
In quantum mechanics operators are unitary,

Ughr = Ubyy = UbpUou =1
U=e© = Utu=e0"e© =

exponentiation is a good way to represent unitary operators if O is hermitian
if AB # BA

1
AB — A+B+}IAB]

(1)

Q>



Suppose we have the exponential representation of a unitary group

eiaaXa’

where X, are hermitian generators and form a vector space; o are infinisetimal

numbers; and summation over repeated indices is implied. In general,

eiaaXAeiﬁbXb # ei(aaXa+BbXb)

but as the elements
ei'YaXa

form a group, we must have

eiaaXAei/BbXb — ei5aXa (2)

for some d,, where summation over repeated indices is implied.
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we expand the exponents in eq. (2) up to quadratic order in « and 3
(I + i Xy +

: 2 : 2
(/OéaXa) I+ IIBbXb+ (I/BbXb)
2 2
X 2 X 2
= I+ iaaXs+ iBsXp — (0‘32 2" X, B, — LX)
( complete the square of axXaBbXp)
= | + iOéaXa =+ iBbXb —+
_(aaXa) . aaXaBbXb . IBbXbaaXa . (Bb)<b)2
2 2 2 2
a3 X386 Xp BpXpaa X,

2
, (i(aaXa + BuXp))*  [@aXa, BoXs]
/ X X _
+’(aa a+6b b)+ ) 5
o = = DA
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We get that
0102 XagiBsXs _ qicaXatiBpXp—3[@aXa,B6Xp] (3)

or noting the group property eq. (2) we have
. . . 1
10, Xa = Xy + //BbXb - E[aaxaa /BbXB]

. . 1
= Jo Xy + iBpXp — Eaaﬁb[xay Xg|
Hence, we must have
[Xs, Xp] = ifapc X for some fapc

fabe — the structure constants summarising the group multiplication law.
in the case of proper orthochronous Lorentz transformations w,, = —w,,.
In four spacetime dimensions that corresponds to 3 boosts +3 rotations.

— A= eé‘w#uJ”V

where J* are generators of the Lorentz algebra.
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To first order in w,,
i

AN~ | — §ww,J‘“’ (4)

A representation of the Lorentz group transforms as
. i Jl“/ i H .
¢ — [ei“’“”R]lqﬁ’ = UN)o, j=1...,n

J
Ji” are the generators in the R-representation of the Lorentz group as n x n
matrices. As pu,v = 0,---,3 we have 16 J*” matrices, but on six of those are
independent as J,,, = —J,,.
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elementary particles transform in representations of the Lorentz group.
scalars — Higgs boson
fermions — matter
vectors — force mediators

The generators of the Lorentz group satisfy the Lie algebra.
[JA, JPT] = i(n/P P — P JPT — 7 JHP o JVP)

which is the Lie algebra of SO(1,3). We define the operators

Ki: ,'0:—./0,' ’:17273
1
Ji= 52 €
J,k
where €103 = +1, €313 = —1, €112 = 0, etc ... To first order in the infinitesimal

parameters the Lorentz rotations and boosts are given by

- =

AN=1+i3-K—ib-J
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The second rank tensor w,,, is given in terms of the a; and b;.
For example, in the case of rotations: A= 1+ /& - J.
Hence, the generators of the Lorentz group are:

J — generators of rotations

=

— generators of boost
satisfy the commutation relations
[Ji, Jj] = ieijk i

[Ji, Kj] = ieijkKx
[Ki, Kj] = —ieijkJk
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We define the combinations:

%(ﬁrﬁ?)
y. %(j—fk)

Note that the generators .7+ and J_ are not hermitians as,

io- i

. -

Jjo= 7

The commutation relations of j+ and J_ are
[J,.“"Jj"’} = % [Ji + iKi, J; + iKj] =
% (i + iKk + iKi + Ji) = i€
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Similarly,
| = e
77| = edi
[Jﬁ,ﬂ —0

The J,-Jr and J. generate two disjoint generators of an SU(2) algebra,

SU(2) x SU(2)t.

Each representation of the Lorentz group is labelled by the indecis of the two
disjoint SU(2) algebras (j1,2).

Each representation has (2j; + 1) ® (2j> + 1) components.

As J = .7+ +J spin is given by j1 + jo.
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examples: (1,42) spin  components

3 (0,0 0 1 singlet
b (%’ 0) % 2 Weyl spinor
c (0, %) % 2 Weyl spinor
d (%7 0) + (0, %) % 4 Dirac spinor
o %’ %) 1,0 4 vector
- & = = T Dan



