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1. The Lagrangian of the given two-dimensional potential is

L =
1

2
m(ẋ2 + ẏ2) −

1

4
k(x2 + y2)2 .

(ii) The Euler-Lagrange equations are

d

dt

∂L

∂ẋ
−

∂L

∂x
= mẍ + k(x2 + y2)x = 0 ,

d

dt

∂L

∂ẏ
−

∂L

∂y
= mÿ + k(x2 + y2)y = 0 .

(iii) The Hamiltonian is

H =
1

2m
(p2

x + p2

y) +
1

4
mw2(x2 + y2)2 with w =

√

k

m
.

(iv) In polar coordintes we derive:

L =
1

2
m(ṙ2 + r2φ̇2) −

1

4
kr4 ,

pr =
∂L

∂ṙ
= mṙ ,

pφ =
∂L

∂φ̇
= mr2φ̇ .

Hence we get

H =
∑

i

piq̇i − L = mṙ2 + mr2φ̇2 −
1

2
m(ṙ2 + r2φ̇2) +

1

4
mw2r4

=
1

2
m(ṙ2 + mr2φ̇2) +

1

4
mw2r4

=
pr

2

2m
+

pφ
2

2mr2
+

1

4
mw2r4 .

(v) There are two constants of the motion.
Since the Hamiltonian does not depend explicitly on time, the energy is a constant
of the motion with E = H(q0, p0). Since it does not depend explicitly on φ, also pφ

is a constant of the motion, corresponding to conservation of the angular momentum
w.r.t. the symmetry axis.
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2. Two-particle states are defined by

|p1,p2 >=a†(p1)a
†(p1)|0 >

|p1,p2 >=|p2,p1 > as [a(p1), a(p2)] = 0

< p′
1
,p′

2
|p1,p2 >= < 0|a(p′

1
)a(p′

2
)a†(p1)a

†(p2)|0 >

= < 0|a(p′
1
){a†(p1)a(p′

2
) + (2π)32p0

1
δ(p1 − p′

2
)}a†(p2)|0 >

= < 0|a(p′
1)a

†(p1){a
†(p2)a(p′

2) + (2π)32p0

1δ(p2 − p′
2)}|0 >

+ (2π)32p0

1
δ(p1 − p′

2
) < 0|a(p′

1
)a†(p2)|0 >

=(2π)32p0

2
δ(p2 − p′

2
) < 0|{a†(p1)a(p′

1
) + (2π)32p0

1
δ(p1 − p′

1
)}|0 >

+(2π)32p0

1
δ(p1 − p′

2
) < 0|{a†(p2)a(p′

1
) + (2π)32p0

2
δ(p2 − p′

1
)}|0 >

=(2π)6(2p0

1
)(2p0

2
){δ(p1 − p′

1
)δ(p2 − p′

2
) + δ(p1 − p′

2
)δ(p2 − p′

1
)}.

3(a).
The electromagnetic field strength tensor,

Fµν = ∂µAν − ∂νAµ.

Le.m. = −
1

4
FµνFµν

= −
1

4
(Aµ,ν − Aν,µ)(Aµ,ν − Aν,µ)

= −
1

4
ηαµηβν(Aβ,α − Aα,β)(Aµ,ν − Aν,µ)

The Euler–Lagrange equations of motion are obtained from the Lagrangian

∂

∂xν

(

∂L

∂Aµ,ν

)

−
∂L

∂Aµ

= 0

∂L

∂Aµ

= 0 ⇒
∂

∂xν

(

∂L

∂Aµ,ν

)

= 0

∂L

∂Ap,q

= −
1

4
ηαµηβν(δp

αδ
q
β − δ

p
βδq

α)(Aµ,ν − Aν,µ) + (Aα,β − Aβ,α)(δp
µδq

ν − δp
νδq

µ)

= −
1

4
(ηpµηqν − ηqµηpν)(Aµ,ν + Aν,µ) + (ηαpηβq − ηαqηβp)(Aβ,α − Aα,β)

= − 4
1

4
(Aq,p − Ap,q)

= − F pq
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∂

∂xν

(

∂L

∂Aµ,ν

)

= −
1

4

∂

∂xν
Fµν = 0

which are Maxwell’s equation in the absence of sources.

Aµ → Ãµ = Aµ + ∂µΛ

F̃µν = ∂µÃν − ∂νÃµ = ∂µ(Aν − ∂νΛ) − ∂ν(Aµ − ∂µΛ)

= ∂µAν − ∂νAµ − ∂µ∂νΛ + ∂ν∂µΛ = ∂µAν − ∂νAµ = Fµν

Therefore Le.m. is also invariant under the transformation.
(b) the Lagrangian for a massive photon without sources is given by

−
1

4
FµνFµν + m2AµAµ

The first term is invariant under transformation. The second term transforms to

→ m2ÃµÃµ = m2AµAµ + m2(∂µΛ∂µΛ − ∂muΛAµ − Aµ∂µΛ)

therefore the mass term does not vanish under the transformation. Requiring invari-
ance imposes m2 = 0.

4.
γ5† =(iγ0γ1γ2γ3)†

= − iγ3†γ2†γ1†γ0†

= − i(γ0γ3γ0)(γ0γ2γ0)(γ0γ1γ0)γ0

= − iγ0γ3γ2γ1 = iγ0γ2γ3γ1 = −iγ0γ2γ1γ3 = iγ0γ1γ2γ3 = γ5.

For the second part, it’s best to do for each µ in turn:

γ5γ0 =iγ0γ1γ2γ3γ0 = −iγ0γ1γ2γ0γ3 = iγ0γ1γ0γ2γ3

= − iγ0γ0γ1γ2γ3 = −γ0γ5 ⇒ {γ5, γ0} = 0,

γ5γ1 =iγ0γ1γ2γ3γ1 = −iγ0γ1γ2γ1γ3 = iγ0γ1γ1γ2γ3

= − iγ1γ0γ1γ2γ3 = −γ1γ5 ⇒ {γ5, γ1} = 0.

It is clear that the other two calculations will be similar.

5. N.B. Of course the question was wrong–should have said (γ0)2 = 1, (γi)2 = −1,
i = 1, 2, 3.

γ0γ1γ2 = − γ0γ1γ2γ3γ3 = iγ5γ3

γ0γ1γ3 = − γ0γ1γ2γ2γ3 = γ0γ1γ2γ3γ2 = −iγ5γ2.
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6.

{γµ, γν} = 2ηµν14 ⇒ γµγν + γνγµ = 2ηµν14,

where 14 is the 4-dimensional identity matrix, usually not written explicitly. Taking
the trace, and using tr(AB) = tr(BA), tr14 = 4, we get

tr[γµγν ] = 4ηµν .

Now

γµγνγργσ = − γνγµγργσ + 2ηµνγργσ

=γνγργµγσ − 2ηµργνγσ + 2ηµνγργσ

= − γνγργσγµ + 2ηµσγνγρ − 2ηµργνγσ + 2ηµνγργσ

⇒ γµγνγργσ + γνγργσγµ =2ηµσγνγρ − 2ηµργνγσ + 2ηµνγργσ.

Taking the trace and using

tr[γνγργσγµ] = tr[γµγνγργσ],

together with tr[γµγν = 4ηµν , we find

tr[γµγνγργσ] = 4[ηµνηρσ − ηµρηνσ + ηµσηνρ]
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