Rotations in 2D :

x(\ [ cosO sinf) (x
xb)

—sinf cos6

)2[<1 0>+0( : 1)] (Xl
X2 01
Similarly in three dimensions

) (for small 9)
-1 0 X2

R = 3x3 matrix.
or

X = RX
X X' =X-X

XTRTRX=X-X — RTR=1

The metric in this case is

‘©c o
o = o
= o o

Q>



Einstein’s special relativity follows from two basic tenets:
@ ¢, the speed of light in vacuum is constant in all inertial frames with
c =3-108m/s (in these lectures we often set ¢ = 1).
@ The laws of physics are the same in all inertial frames.

Events are labelled by their time and position in intertial frames.

— 4vector XH* = (ct,)?) unw=0,1,2,3

XX = X = (55353 = (x,y,2)
The length of the four vector is given by
XX =2 —x>—y>—22 = 2 x>—y? 72 withec=1

3
writtenas X - X = Y m,XMXY = pu,XPXY = X, X' p=0,1,2,3
p,v=0

Einstein’s summation convention, repeated upper and lower.indices are summed
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1 0 0 O
0 -1 0 0
The Minkowski metric N =

0 0 -1

0 0 0 -1
3

general scalar product of two 4—vectors — X-Y = Z N X*Y"
p,v=0

using Einstein’s summation convention. Different types of objects:

@ scalar — no free indices. All indices are summed over.
@ vector — one free index (e.g. X*)
@ tensor — two and more free indices (g"”, Ryup0)

Lorentz transformations — preserve the scalar product & length of 4—vectors.
= )
t2 _ X2 = X.-X = ,rluVX/J«XV =X .X = mWX/MX/V _ t/2 _ X
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X and X' are related by a Lorentz transformation : ~ X* — X" = ALXY

In general we write the metric as g*¥ and its components can be functions of
spacetime. This is the subject of general relativity in which spacetime can be

curved. The metric satisfies
gwjgzzo:ég = (g,uy)—l = 8w

In flat spacetime that we are dealing with in this lectures g — n**. We

distinguish between 4—vectors with upper and lower indices. We write

3
Xu=> guX"
v=0

X, is a covariant vector and X" is a contravariant vector.

For Xt = (t,X) — X, = (t,—X), for our choice of the Minkowski metric.
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Given a vector X* = (t,)?) there are two differential quantities of interest
o 1. dX* — differential — contra variant four vector
° 2. gx—u = 0, — gradient — covariant four vector

How do they behave under coordinate transformations X* — X'#?
o 1. dXt — dX" = X dxv

X7
9 o _ axv 9
2 oxu T axm T BX7 OX

We see that the differential and the grandient transform differently. A four
vector that transforms like the differential is a contra—variant vector

ox Vv

oxv

whereas four vector that transforms like the gradient is a covariant vector

VL

oxX”
X

MATH431 Lecture 1

V', =

20202021 Semester 2

5/9



in the following we will use the notation

0
O = oxn

Example of a four vector is the momentum vector P* = (E, 5) and

P, = (E, —P). In relativistic quantum mechanics the momentum four vector is
proportional to the gradient
0
P,~ ==
OXH

and
P, X" =Et—P-X
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Properties of Lorentz transformations

Lorentz transformations are transformations that preserve the scalar product
and the length of Lorentz four vectors, just like the rotations that preserve the
length of three vectors in three dimensional spatial space. The only difference
is that in three dimensions we are in Euclidean space with its Euclidean metric,
whereas Lorentz transformations operate in Minkowski spacetime with its

Minkowski metric. The length of four vectors in Minkowski space is given by
N X XY

which is invariant under Lorentz transformations, i.e. there no change in its
size and shape. The invariance implies the existence of a symmetry, which is

generated by a group, the Lorentz group.



Assume X* — X’ under some Lorentz transformation, i.e.
XH — X" = N\, XY
Hence

N XEXY = 1 XX = 0, NN 5 XOXP = 105X XP

= npy/\“a/\y,b’ = Nap (1)
or in matrix notation
NTgh =1

where 7 is the 4x4 Minkowski metric and A is the 4x4 matrix of Lorentz

transformations. The identity in eq. (1) defines the Lorentz transformations.

= (DetA)? = 1 = DetA = +1
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The physical transformations correspond to those that can be continuously
connected to the identity, for which DetA = +1.

@ DetA = 4+1 — Proper Lorentz tranformations

@ DetA = —1 — Imroper Lorentz tranformations

We can look at the 00 component of the identity 7, A", A"g = 1ag

77u1//\u0/\l/0 =41

= (M%) =D (No)* =+1
= (A% =1+ (Noy*>1

We have that as,

(N2 >1= A% > +1 orthochronos LT

or A% < —1 non orthochronos LT
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