from the previous lecture ...

1 .
The Dirac equation ihE%W(?, t) = (—ihd -V + fmc)V(X, t)

The Dirac field describes a multi—state solution, i.e. it is a quantum field.
Solutions of the Dirac equation

Y = u(E, B)e P> = u(E, ﬁ)e_’(Et_ﬁ';) — positive energy plane wave solution
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2E — relativistic particles density per unit volume = N=+vE-+m



For anti—particles of 4—-momentum (E, p),
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B — P—eA

Consider the KGE for a charged particle in an electromagnetic field

9

E - E—eV
(E—eV)? = (P —eA)?+m?
In quantum mechanics E — ih0;, B — —ihV
= (ihd; — eV)2¢(%, t) = (—ihV — eA)2$(%, t) + m*¢(X, 1)
The complexified equation  (—ihd; — eV)2¢* = (ihV — eA)?¢* + m?¢*
=

(ihdy + eV)2¢* = (—ihV + eA)?¢* + m?¢p*

Hence if ¢ = e /(Et=F%X) — ¢~ iEt+5X 5 3 solution of the KGE with E > 0, p.
¢ = el(Ft=P%) — o= i(E(=t)+iBX) i5 3 solution of the KGE
with E >0, p— —pand e - —e, m = mg. - e
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This operation : o — ¢
e — —e

is called charge conjugation C. The KGE is invariant under charge conjugation.

The Dirac equation is also invariant under Charge Conjugation (CC).

What is the CC operation that leaves the Dirac equation invariant?
v — ¢ =Cy* — charge conjugation C

Such that 1€ is a positive energy solution with e — —e.
To find C write Y(i0, — eA,) —mp =0 < Diraceq.
— V(O + €A )Y + imp =0
= (0, — ieALY" — imyp* =0
—Cy** CHD), — ieA)YE + imyp© =0
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Hence we need
CAH* cl = —AH
i.e. WHC = —Cy*

Since all y* are real, except 2 (which is purely imaginary) in our standard

representation we can take

0 0 0 —i 0 0 0 1
0 -1 0
C=iy>=i 0 o = 0 0 0 —
—os 0 0O /0 O 0 -1 0 O
—i 0 0 O 1 0 0 0
For free particles we have vIC =yt Vi€ = ¢
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Similarly to charge conjugation we can also extract the transformation
properties of the Dirac wave function under parity transformations

define : U7, t) — YP(7 t) = Py(-7,t)

invariance : we want to find P such that 1" is also a solution

Dirac equation : — (iv'0, — m)y(r,t) =0

— (710, + im)(7, t) =0

— (%00 ++/0; + im)(7, t) = 0

- (%00 — 7/ + im)h(~F,t) = 0

— (PY°P~18y — Py P~10; + im)yP(F,t) = 0
o = = E

r— —r

Y — PP



Hence for invariance to hold we need

P')’OP_l _ ,YO
S
= PP=4P | PyY=—pPy
This relations are satisfied by
10 0 O
01 0 O
P=A0=
7 0 0 -1
00 0 -1



particle at rest ) = u(m,0)e”™ = /2m e”imt — P = Py = 44p

particle at rest ) = v(m,0)et™ =/2m Mt = YP =Py =—y

_ O O O O© O O =¥

= particle and anti—particles have opporite intrinsic parity.

For KGE the parity transformation is o(F, t) = ¢F(F, 1) = ¢(—F, t)

Since ¢(7, t) is a scalar function under LT &' (7, t") = o(r, t)
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2
which follows from the KGE <% - V2 + m2> o7, t) =0
P — i—62—i-m2 ¢'(—r,t)=0
ot? e

Hence ¢ and ¢’ are solutions of the same equations.

In the case of the Dirac equation the scalar is & = 1) = wTyoz/J

check :  ®(F,t) = oI (7, t)Y0%(F, t)
oP(rt) = YI(=F )70 10 1%(~F, 1)
P Pyp(=7,t)
= UI(Ft) P U(-F 1) = O(-F.t)

— ) transforms as a scalar under parity.
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Similarly, j* is a true vector.

Hence : jPO(7, 1)

As we would expect from a t

under parity transformation

= YIOyry(7 t)
= YI(=F, )70 0% (F, t)

=% = A% for p=0
= %" for p=1,2,3
:JO(_F7 t) ) _’\P(’_’; t) = _.7(_?7 t)

rue 4—vector
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