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1. With ρ = |ψ|2 = ψ∗ψ, we have

∂ρ

∂t
=

∂ψ∗

∂t
ψ + ψ∗ ∂ψ

∂t
.

The Schrödinger equation is given by

ih̄
∂ψ

∂t
=

(

−
h̄2

2m
∇2 + V (x)

)

ψ . (1)

Assuming that V (x) is real, its complex conjugate is

−ih̄
∂ψ∗

∂t
=

(

−
h̄2

2m
∇2 + V (x)

)

ψ∗ . (2)

Now we multiply Eq. (1) by ψ∗ from the left and Eq. (2) by ψ from the right, then
subtract the resulting equations to arrive at

ih̄

(

ψ∗ ∂ψ

∂t
+
∂ψ∗

∂t
ψ

)

= −
h̄2

2m

(

ψ∗∇2ψ − ψ∇2ψ∗
)

= −
h̄2

2m
∇. [ψ∗∇ψ − ψ∇ψ∗] .

Hence
∂ρ

∂t
=

ih̄

2m
∇. [ψ∗∇ψ − ψ∇ψ∗] ,

i.e.
∂ρ

∂t
+ divj = 0

with

j = −
ih̄

2m
[ψ∗∇ψ − ψ∇ψ∗] . qed.

2. (a) The generalised momentum

π(x) =
∂L

∂φ̇
.

The Hamiltonian density is defined by

H = φ̇(x)π(x) −L ,

so

H =

∫

d3x φ̇(x, t)π(x, t)− L =

∫

H d3x .

For the free Klein-Gordon field π = φ̇ (as derived in the lecture) and hence

H = 1

2
φ̇2 + 1

2
(∇φ)2 + 1

2
m2φ2 .
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(b)

[φ(x, t), H] = [φ(x, t),

∫

(

1

2
π(x′, t)2 + 1

2
(∇′φ(x′, t))2 + 1

2
m2φ(x′, t)2

)

d3x′]

= 1

2

∫

d3x′
(

[φ(x), π(x′)2] + [φ(x), (∇′φ(x′))2] +m2[φ(x), φ(x′)2]
)

.

Now
[φ(x), φ(x′)] = 0 ⇒ [φ(x),∇′φ(x′)] = 0 ,

and hence

ih̄φ̇(x) = [φ(x), H] = 1

2

∫

(π(x′)[φ(x), π(x′)] + [φ(x), π(x′)]π(x′)) d3x′

= ih̄

∫

π(x′)δ(x− x′) d3x′ = ih̄π(x) .

Next calculate

ih̄π̇(x) = [π(x, t), H]

= − [

∫

d3x′
(

1

2
π(x′)2 + 1

2
(∇′φ(x′))2 + 1

2
m2φ(x′)2

)

, π(x)]

= − 1

2

∫

d3x′ (∇′φ(x′)[∇′φ(x′), π(x)] + [∇′φ(x′), π(x)]∇′φ(x′))

− 1

2
m2

∫

d3x′ (φ(x′)[φ(x′), π(x)] + [φ(x′), π(x)]φ(x′))

= − ih̄

∫

d3x′
(

∇′φ(x′).∇′δ(x− x′) +m2φ(x′)δ(x− x′)
)

= ih̄

∫

d3x′
(

(∇′)2φ(x′)δ(x− x′) −m2φ(x′)δ(x− x′)
)

= ih̄
(

∇2φ(x) −m2φ(x)
)

.

Together with the previous step we immediately get the Klein-Gordon equation

φ̈(x) = ∇2φ(x) −m2φ(x) .

(c) We write
(∂φ)2 = ηρσ(∂ρφ)(∂σφ) ,

then using
∂(∂ρφ)

∂(∂µφ)
= δρ

µ

we have
∂

∂(∂µφ)
(∂φ)2 = ηρσ(δρ

µ∂
σφ+ ∂ρφδσ

µ) = 2∂µφ .

With this the equation of motion becomes

∂µ (∂µφ) = −m2φ−
1

2
λ3φ

2 −
1

3!
λ4φ

3 ,

or

∂2φ+m2φ+
1

2
λ3φ

2 +
1

3!
λ4φ

3 = 0 .
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3. (a) Two-particle states are defined by

|p1,p2〉 = a†(p1)a
†(p2)|0〉 ,

with |p1,p2〉 = |p2,p1〉 as [a†(p1), a
†(p2)] = 0. Hence

〈p′
1
,p′

2
|p1,p2〉 = 〈0|a(p′

1
)a(p′

2
)a†(p1)a

†(p2)|0〉

= 〈0|a(p′
1
){a†(p1)a(p

′
2
) + (2π)32p0

1
δ(p1 − p′

2
)}a†(p2)|0〉

= 〈0|a(p′
1)a

†(p1){a
†(p2)a(p

′
2) + (2π)32p0

1δ(p2 − p′
2)}|0〉

+ (2π)32p0

1δ(p1 − p′
2)〈0|a(p

′
1)a

†(p2)|0〉

= (2π)32p0

2
δ(p2 − p′

2
)〈0|{a†(p1)a(p

′
1
) + (2π)32p0

1
δ(p1 − p′

1
)}|0〉

+ (2π)32p0

1
δ(p1 − p′

2
)〈0|{a†(p2)a(p

′
1
) + (2π)32p0

2
δ(p2 − p′

1
)}|0〉

= (2π)6(2p0

1
)(2p0

2
){δ(p1 − p′

1
)δ(p2 − p′

2
) + δ(p1 − p′

2
)δ(p2 − p′

1
)} .

(b) The number operator is

N :=
1

(2π)3

∫

d3p′

2p′0
a†(p′)a(p′) .

With this [N, a†(p)] =

[

1

(2π)3

∫

d3p′

2p′0
a†(p′)a(p′), a†(p)

]

=
1

(2π)3

∫

d3p′

2p′0
[a†(p′)a(p′), a†(p)]

=
1

(2π)3

∫

d3p′

2p′0
{

a†(p′)[a(p′), a†(p)] + [a†(p′), a†(p)]a(p′)
}

=
1

(2π)3

∫

d3p′

2p′0
a†(p′)2p′0(2π)3δ(p− p′)

= a†(p) .

So we have

Na†(p) − a†(p)N = a†(p)

⇒ Na†(p) = a†(p)(N + 1) ,

and N |p1 . . .pn〉 = Na†(p1) . . . a
†(pn)|0〉

= a†(p1)(N + 1)a†(p2) . . . a
†(pn)|0〉

= a†(p1)a
†(p2)(N + 2) . . . a†(pn)|0〉

= . . . = a†(p1) . . . a
†(pn)(N + n)|0〉

= n a†(p1) . . . a
†(pn)|0〉 (as a(p)|0〉 = 0 and so N |0〉 = 0)

= n|p1 . . .pn〉 .
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