
from the previous lectures ...

The Higgs mechanism

Complex scalar field with continuous U(1) symmetry φ(x) → e
iα(x)φ(x)

invariance requires ∂µ → ∂µ − ieAµ and the gauge field Aµ transforms as

Aµ → Aµ +
1

e
∂µα

The gauge invariant Lagrangian is

L = (∂µ + ieAµ)φ
∗(∂µ − ieAµ)φ− µ2φ∗φ− λ(φ∗φ)2 − 1

4
FµνF

µν

For µ2 < 0 expand φ(x) =
1√
2
(v+η(x)+iζ(x)) ∼= 1√

2
(v + η(x)) ei

ζ(x)
v

⇒ L′ =
1

2
(∂µh)

2 − λv2h2 +
1

2
e2v2AµA

µ − λvh3 − 1

4
λh4

+
1

2
e2AµA

µh2 + ve2AµA
µh − 1

4
FµνF

µν



The Goldstone boson disappeared altogether

→ The Goldstone boson is absorbed as the longitudenal mode of Aµ

→ only 2 physical fields h and Aµ.
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We are ready to see how the Higgs mechanism operates in the Standard Model.

L = (∂µΦ)
†(∂µΦ)− µ2(Φ†Φ)− λ(Φ†Φ)2

with Φ =
1√
2

(

φ1 + iφ2

φ3 + iφ4

)

The Lagrangian is invariant under the gauge transformation

Φ → Φ′ = e
i
αaτa

2 Φ

The covariant derivative Dµ = ∂µ + ig
τa

2
W a

µ a = 1, 2, 3

under Φ(x) → Φ′(x) = (1 + i
~α · ~τ
2

)Φ(x)

~Wµ → ~Wµ − 1

g
∂µ~α− ~α× ~Wµ
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The gauge invariant Lagrangian is

L = (∂µΦ+ ig
1

2
~τ · ~WµΦ)

†(∂µΦ+ ig
1

2
~τ · ~W µΦ)− V (Φ)− 1

4
~Wµν · ~W µν

where ~Wµν = ∂µ ~Wν − ∂ν ~Wµ − g ~Wµ × ~Wν

Take µ2 < 0 , λ > 0

The potential has a minimum at

Φ†Φ =
1

2
(φ2

1 + φ2
2 + φ2

3 + φ2
4) = −µ2

2λ

Expand about a minimum. Choose

φ1 = φ2 = φ4 = 0 , φ2
3 = −µ2

λ
= v2
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Expand Φ(x) about the vacuum〈Φ0〉 =
1√
2

(

0

v

)

Φ(x) =
1√
2

(

0

v + h(x)

)

The three additional degrees of freedom are absorbed as the longitudenal

components of W µ
1 , W

µ
2 ,W

µ
3 . The mass term

∣

∣

∣

∣

(

g
~τ

2
· ~Wµ

)

Φ

∣

∣

∣

∣

2

=
g2

8

∣

∣

∣

∣

∣

(

W 3
µ W 1

µ − iW 2
µ

W 1
µ + iW 2

µ −W 3
µ

)(

0

v

)∣

∣

∣

∣

∣

2

=
g2v2

8

[

(W 1
µ )

2 + (W 2
µ )

2 + (W 3
µ )

2
]

→ 3 massive vector bosons
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Now consider the Lagrangian of the SU(2)W × U(1)Y of the Standard Model

coupled to Φ

Φ =

(

φ+

φ0

)

with φ+ =
1√
2
(φ1 + iφ2)

φ0 =
1√
2
(φ3 + iφ4)

The Lagrangian density of the Higgs field is given by:

L =

∣

∣

∣

∣

(

∂µ − ig ~T · ~Wµ − ig ′Y

2
Bµ

)

Φ

∣

∣

∣

∣

2

− V (Φ)

where ~T = ~τ
2 and

V (Φ) = µ2Φ†Φ+ λ
(

Φ†Φ
)2

MATH431 Lecture 32 2020–2021 Semester 2 6 / 9



The relevant term for the gauge boson masses

∣

∣

∣

(

g ~τ
2 · ~Wµ + g ′ 1

2Bµ

)

Φ
∣

∣

∣

2
=

∣

∣

∣

∣

∣

(

g
2

[(

0 1

1 0

)

W 1
µ +

(

0 −i

i 0

)

W 2
µ +

(

1 0

0 −1

)

W 3
µ

]

+ g ′

2

(

1 0

0 1

)

Bµ

)

Φ

∣

∣

∣

∣

∣

2

= 1
4

∣

∣

∣

∣

∣

[

g

(

W 3
µ W 1

µ − iW 2
µ

W 1
µ + iW 2

µ −W 3
µ

)

+ g ′

(

Bµ 0

0 Bµ

)]

1√
2

(

0

v

)∣

∣

∣

∣

∣

2

= 1
8

∣

∣

∣

∣

∣

(

gW 3
µ + g ′Bµ g(W 1

µ − iW 2
µ )

g(W 1
µ + iW 2

µ ) −gW 3
µ + g ′Bµ

)(

0

v

)∣

∣

∣

∣

∣

2

= 1
8v

2
(

g
(

W 1
µ + iW 2

µ

)

,
(

−gW 3
µ + g ′Bµ

))

(

g
(

W 1µ − iW 2µ
)

−gW 3µ + g ′Bµ

)
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= g2v2

8

[

(W 1
µ )

2 + (W 2
µ )

2
]

+ v2

8 (g
′Bµ − gWµ)(g

′Bµ − gW µ)

= 1
4g

2v2W+µW−µ + 1
8v

2(g2 + g ′2)
(−gW 3

µ+g ′Bµ)
2

(√
g2+g ′2

)2

=
(

1
2gv
)2

W+
µ W−µ + 1

2v
2 (g

2+g ′2)
4

(

−gW 3
µ+g ′Bµ√
g2+g ′2

)2

+ 0
(

gW 3
µ + g ′Bµ

)2

M2
W± W+

µ W−µ + 1
2M

2
ZZ

2
µ + 1

2MAA
2
µ

The first term is the mass term for W+, W−,

MW± =
1

2
gv
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Recalling that

tan θW =
g ′

g
; sin θW =

g ′
√

g2 + g ′2

the normalised Aµ and Zµ field combinations are

Aµ =
g ′W 3

µ + gBµ
√

g2 + g ′2
with MA = 0

Zµ =
g ′W 3

µ − gBµ
√

g2 + g ′2
with MZ =

1

2
v
√

g2 + g ′2

which gives
MW

MZ

=
g

√

g2 + g ′2
= cos θW

which is verified experimentally to high precision
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