
from the previous lecture ...

The Dirac equation

i~
1

c

∂

∂t
Ψ(~x , t) = (−i~~α · ~∇+ βmc)Ψ(~x , t) (1)

The wave function Ψ =













ψ1

ψ2

ψ3

ψ4













is a 4–component vector

(not a four spacetime vector)

spin ↑ spin ↓ particles spin ↑ spin ↓ anti–particles

consequences:

1 The Dirac equation predicts the existence of anti–particles

2 Time and space derivatives are linear



Setting ~ = c = 1 ⇒ (iγµ∂µ −m)Ψ = (i /∂ −m)Ψ = 0

Defining identity γ0γµγ0 = γµ† µ = 0, 1, 2, 3

together with {γµ, γν} = γµγν + γνγµ = 2ηµν

are the two properties that define the Dirac γ–matrices

representation γ0 =

(

I2 0

0 −I2

)

γi =

(

0 σi

−σi 0

)

i = 1, 2, 3

where σi are the Pauli matrices
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Solutions of the Dirac equation →

4–component objects → spinors (not 4–vectors)

ψ =













ψ1

ψ2

ψ3

ψ4













Each component obeys the KGE by construction

E 2 = H2 = ~p2 +m2 ⇒ E 2Iψ = (~p2 +m2)Iψ
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Spin of the Dirac particles

How do we prove that the Dirac equation correspond to spin 1/2 particles?

Show: exist an operator ~S such that ~J = ~L+ ~S is a constant of the motion,

and ~S2|s〉 = s(s + 1)|s〉 =
3

4
I |s〉 (~ = 1)

Note: ~L = ~r × ~p is not a constant of the motion:

H = βm + ~α · ~p = βm + αipi

~L = Lx î + Ly ĵ + Lz k̂

e.g . Lz = (xpy − ypx)

[Lz ,H] = [x ,H] py − [y ,H] px = iαxpy − iαypx = i(~α× ~p)z (~ = 1)
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in general:
[

~L,H
]

= i~α× ~p 6= 0

⇒ we need
[

~S ,H
]

= −i~α× ~p

This is true if ~S =
1

2
Σ with Σj =

(

σj 0

0 σj

)

we want : [Sj , αipi + βm] = −i(~α× ~P)j

= [Sj , αi ] pi + [Sj , β]m

[Sj , β] =

(

A

A

)(

I

−I

)

−

(

I

−I

)(

A

A

)

= 0

→ Sj =

(

A

A

)

MATH431 Lecture 19 2020–2021 Semester 2 5 / 10



[Sj , αi ] = ∼ αk ∼

(

A

A

)(

0 σi

σi 0

)

−

(

0 σi

σi 0

)(

A

A

)

=

(

0 σjσi − σiσj

σjσi − σiσj 0

)

= −i

(

0 2σk

2σk 0

)

= −2iαk

Defining Sj =
1

2

(

σj 0

0 σj

)

we get the desired result

Then : ~S2 =
1

4

(

Σ2
x +Σ2

y +Σ2
z

)

=
3

4
I ⇒ spin =

1

2

Furthermore : [Li ,Sj ] = 0
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Magnetic moment of the Dirac equation

In an electromagnetic field we make the usual minimal substitutions

H → H − eV , ~p → ~p − e~A

where e is the electric charge. In the Dirac equation we obtain

H − eV = ~α · (~p − e~A) + βm

Note: We no longer get the KG equation when squaring

(H − eV )2 =
∑

j ,k

αjαk(pj − eAj)(pk − eAk) +m2

= (~p2 − e~A)2 +m2 −
∑

j 6=k

(αjαkpjAk + αjαkAjpk)
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For j 6= k : αjαk =

(

0 σj

σj 0

)(

0 σk

σk 0

)

=

(

σjσk 0

0 σjσk

)

= iǫjkl

(

σl 0

0 σl

)

= iǫjklΣl

where we used [σi , σj ] = 2iǫijkσk

{σi , σj} = 2δij

⇒ σiσj = δij + iǫijkσk

PjAk f = (−i∇jAk)f = Ak(−i∇j f )− i(∇jAk)f = (AkPj − i(∇jAk))f

ǫjklΣl∇jAk = Σlǫljk∇jAk = Σl(~∇× ~A)l = ~Σ · ~B
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we get : −e
∑

j 6=k

(αjαkpjAk + αjαkAjpk)

= −e
∑

j 6=k

(αjαkAjpk + αjαkAkpj)− e~Σ · ~B

= −e
∑

j 6=k

(αjαk + αkαj)Ajpk − e~Σ · ~B = −e~Σ · ~B

Hence : (H − eV )2 = (~p − e~A)2 +m2 − e~Σ · ~B

(H − eV ) = m

(

1 +
(~p − e~A)2 − e~Σ · ~B

m2

) 1
2

NR limit ≃ m +
1

2m
(~p − e~A)2 −

e

2m
~Σ · ~B
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This correspond to a magnetic moment

µ =
e

m
~S = ge(

e

2m
)~S

where ge = 2 (experiment ⇒ 2.0023193...) where the (0.0023193...)

are quantum field theory corrections.

Great success of Dirac equation.

(g-2) of the muon is of great contemporary interest and substantial

experimental effort to measure it.
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