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1.

With p = |¢|? = ¢*1), we have

o _ W Lou
A T
The Schrodinger equation is given by
L G
zha = <—%V -l-V(x))?,ZJ. (1)

Assuming that V(x) is real, its complex conjugate is

g <_%v2 + V(X)) v 2)

—ih

Now we multiply Eq. (1) by ¢* from the left and Eq. (2) by 9 from the right, then
subtract the resulting equations to arrive at

- *8¢ a¢* _ h2 *1v72 2, %\ __ h2 * *
zh@ S+ ¢) = o (VY- V) = — VLV - V]
Hence 5 -+
p _ * _ *
i.e. 5
P .
9 +divj = 0
with
. Zh * *
J = _Q—W Vip —pVy*] . qed.
m
The generalised momentum
oL
7T(.’E) = —.
o9

The Hamiltonian density is defined by
H = d(z)m(z) - L,

SO
H = /d?’xgb(x, tr(x,t)— L = /Hd?’x.
For the free Klein-Gordon field 7 = ¢ (as derived in the lecture) and hence
H o= 30"+ 5 (V) +3m’".
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(6x,8). H) = [96x,t), [ (3607 + HV'6x'0) + dm*o(x, 07) ]
= 3 [ @ ([0l), () + (9001, (V6P 4 mP(0(x), ()]

Now
[p(x), (X)) = 0 = [8(x),V'e(x)] = 0,

and hence
ihg(x) = [¢(x),H] = %/(W(X’)W(X)J(X’)]+[¢(X),W(X’)]W(X')) d’x’
= ih/w(x’)é(x—x’)d3x’ = ihm(x).

Next calculate
ihwr(x) = [r(x,1), H]

= [ % (3r6) + (V60 + m*(x)?) ()]

= =3 [ X (VORI 6) m)) + [T, () V'0(x)
— [ @ (@G)[o(x), 7)) + [0, 7] 6(x)

= — ih/d3x’ (V'o(x).V'§(x — x') + m*¢(x')d(x — X))

=i [ (9)26()0(x ~ ) — m*o(x)o(x ~ )

= ih (V2(x) — m?(x)) .

Together with the previous step we immediately get the Klein-Gordon equation
o(x) = V?¢(x) —m?¢(x).
(c) We write
(8¢>2 = 1o (079)(079) ,

then using
000) _
o(o19) !
we have 5
O(0r¢) (00) = 1y (8”07 + 07§67 ) = 20,0 -

With this the equation of motion becomes

1 1
o (@L‘b) = —m2¢ - 5)\3¢2 - g)\z@g,
or 1 1 ‘
D%¢ +mp + §>\3¢>2 + §A4¢>3 = 0.
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3. (a) Two-particle states are defined by

|p1,P2> = GT(p1)a

T(1)2)‘0> )

with |p1, p2) = |p2, p1) as [af(p1),a’(p2)] = 0. Hence

(P1, Pa|P1,P2) = (Oa(
= (0la(

= (0a(p})a

(b) The number operator is

3

pi)a(py)al(p1)a’ (p2)|0)
pi){a’(p1)a(ph) + (27)*2p{6(ps
f(p1){a’(p2)a(p
+ (2m)%2pY6(p1 — p5)(0la(p))a
= (2m)*2p36(p2 — P)(0[{a’ (p1)a(p
+ (2m)%2pY6(p1 — py)(0l{a’ (p2)a(p
= (2m)°(2p)) (2p9) {0 (p

— p5)}a' (p2)[0)
5) + (2m)*2p)8(p2 — Ph) }0)
"(p2)|0)
1)+ (2m)%2pY6(p1 — p1)}0)
1)+ (2m)%2p30(p2 — p1)}0)

1 —P1)0(P2 — P5) + 6(P1 — P2)d(P2 — P1)} -

1 d°p’ / /
N = (%)3/2;; a'(p')a(p’) .
3.4/
With this [N, af(p)] = (271T)3 gplfo af(p')a(p’), a’(p)
3./
~ s | g o' @)e().a! )
3./
N (271r)3 / ipf:) {a'(p")[a(p'),a’(p)] + [a' (), a' (P)]a(p’) }
3.4/
- (271r)3 / Czlp% a'(p')2p" (27)*3(p — p')
=a'(p).
So we have
Na'(p) —a'(p)N = a'(p)
= Nal(p) =d'(p)(N +1),
and N|p; 2y = Na'(p1)...al(p,)|0)
= aT(pl)(N +1)a’ (p2) ... a’(pn)[0)
= a'(p1)al(p2)(N +2)...af (py)]0)
= ... =al(py).. (pn)(N+n)\0>
= (pl) ( )|O> (as a(p)|0) =0 and so N|0) =0)
= n|p1 Pn >.



