
Properties of Lorentz transformations

Lorentz transformations are transformations that preserve the scalar product

and the length of Lorentz four vectors, just like the rotations that preserve the

length of three vectors in three dimensional spatial space. The only difference

is that in three dimensions we are in Euclidean space with its Euclidean metric,

whereas Lorentz transformations operate in Minkowski spacetime with its

Minkowski metric. The length of four vectors in Minkowski space is given by

ηµνX
µ
X

ν

which is invariant under Lorentz transformations, i.e. there no change in its

size and shape. The invariance implies the existence of a symmetry, which is

generated by a group, the Lorentz group.



Assume Xµ → X ′µ under some Lorentz transformation, i.e.

X
µ → X

′µ = Λµ
νX

ν

Hence

ηµνX
µ
X

ν → ηµνX
′µ
X

′ν = ηµνΛ
µ
αΛ

ν
βX

α
X

β = ηαβX
α
X

β

⇒ ηµνΛ
µ
αΛ

ν
β = ηαβ (1)

or in matrix notation

ΛTηΛ = η

where η is the 4x4 Minkowski metric and Λ is the 4x4 matrix of Lorentz

transformations. The identity in eq. (1) defines the Lorentz transformations.

⇒ (DetΛ)2 = 1 ⇒ DetΛ = ±1
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The physical transformations correspond to those that can be continuously

connected to the identity, for which DetΛ = +1.

DetΛ = +1 → Proper Lorentz tranformations

DetΛ = −1 → Imroper Lorentz tranformations

We can look at the 00 component of the identity ηµνΛ
µ
αΛ

ν
β = ηαβ

ηµνΛ
µ
0Λ

ν
0 = +1

⇒ (Λ0
0)

2 −
∑

i

(Λi
0)

2 = +1

⇒ (Λ0
0)

2 = 1 +
∑

i

(Λi
0)

2 ≥ 1

We have that as,

(Λ0
0)

2 ≥ 1 ⇒ Λ0
0 ≥ +1 orthochronos LT

or Λ0
0 ≤ −1 non orthochronos LT
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An example of a nonorthochronos Lorentz transformation is given by

reflections:

Λµ
ν =













−1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1













The Lorentz transformations that are continuously connected to the identity

are proper and orthochronos i.e.

1. DetΛ = 1 ↔ proper

2. Λ0
0 ≥ 1 ↔ orthochronos
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Examples:

Λµ
ν =













1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1













and Λµ
ν =













1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 1













rotations:

Λµ
ν =

(

1 0

0 ~R

)

where ~R are 3x3 rotation matrices in the three spatial dimensions. We

have that DetΛ = DetR = ±1 and DetR = +1 for proper rotations.
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boosts: For a boost along the x–axis

Λµ
ν =













cosh η − sinh η 0 0

− sinh η cosh η 0 0

0 0 1 0

0 0 0 1













we have DetΛ = cosh2 η − sinh2 η = 1 and Λ0
0 = cosh η ≥ 1.

time inversion:













−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1













(2)

DetΛ = −1 and Λ0
0 = −1. An improper non–orthochronos Lorentz

transformation.
MATH431 Lecture 2 2020–2021 Semester 2 6 / 9



full inversion:













−1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1













DetΛ = +1 and Λ0
0 = −1. A proper non–orthochronos LT.

All Lorentz Transformations (LT) are generated by the above transformations.

The proper orthochronos LT correspond to rotations and boosts. These are the

physical LT that can be continuously connected to the identity LT, i.e. we can

write them in infinitesimal form. The proper orthochronos LT form a group.

We can parametrise these transformations in terms of six parameters, similar to

the θ parameter in 2D rotation

6 parameters = 3 angles + 3 boosts
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Write an infinitesimal proper orthochronos Lorentz tranformation in the form

Λµ
ν = δµν + ωµ

ν (3)

δµν → identity transformation; ωµ
ν → a 4x4 infinitesimal matrix

δµν = +1 for µ = ν ; δµν = 0 for µ 6= ν

Next, we expand eq. (1) to first order in the infinitesimal parameters in ωµ
ν .

ηµν(δ
µ
α + ωµ

α)(δ
ν
β + ων

β) = ηαβ

open brackets

ηµνδ
µ
αδ

ν
β + ηµνω

µ
αδ

ν
β + ηµνδ

µ
αω

ν
β + ηµνω

µ
αω

ν
β = ηαβ

⇒ ηαβ + ωβα + ωαβ + O(ω2) = ηαβ

⇒ ωβα + ωαβ = 0

→ The tensor of infinitesimal transformations is antisymmetric.
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rotations: rotation group in two dimensions

(

cos θ sin θ

− sin θ cos θ

)

≃

(

1 0

0 1

)

+ θ

(

0 1

−1 0

)

for small θ (4)

The number of degrees of freedom in a 4x4 antisymmetric matrix?

for general n: n
2
−n

2 = n(n−1)
2

for n = 4 →
4 · 3

2
= 6 → 3 rotation angles + 3 boosts

⇒ ωµν =













0 a1 a2 a3

−a1 0 b3 −b2

−a2 −b3 0 b1

−a3 b2 −b1 0













(5)
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