
All problems are similar to homework problems

Solution to Problem 1

a.

gµν =

(

1 0
0 1

)

, gµν =

(

1 0
0 1

)

(1)

b.

x → x+ ǫA(x, y)

y → y + ǫB(x, y)

dx → dx+ ǫ(∂A
∂x

dx+ ∂A
∂y

dy)

dy → dy + ǫ(∂B
∂x

dx+ ∂B
∂y

dy)

ds2 → [(1 + ǫ
∂A

∂x
)dx + ǫ

∂A

∂y
dy]2 + [(1 + ǫ

∂B

∂y
)dy + ǫ

∂B

∂x
dx]2

we require invariance of ds2. Expanding to first order in ǫ we impose that the coefficients of
the addtional terms vanish. These yield the constraints on the functions A and B.

dx2 : ∂A
∂x

= 0 ⇒ A = A(y)

dy2 : ∂B
∂y

= 0 ⇒ B = B(x)

dxdy : ∂A
∂y

+ ∂B
∂x

= 0 ⇒
dA
dy

= −
dB
dx

= constant = c

⇒ A(y) = cy + a

B(x) = −cx+ b

we obtained three constants of integration a, b and c. These correspond to a shift in x a, a
shift in y b, and a rotation c.
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Solution to Problem 2

1a The electromagnetic field strength tensor,

Fµν = ∂µAν − ∂νAµ.

Le.m. = −
1

4
FµνF

µν

= −
1

4
(Aµ,ν −Aν,µ)(A

µ,ν
−Aν,µ)

= −
1

4
ηαµηβν(Aβ,α −Aα,β)(Aµ,ν −Aν,µ)

The Euler–Lagrange equations of motion are obtained from the Lagrangian

∂

∂xν

(

∂L

∂Aµ,ν

)

−
∂L

∂Aµ

= 0

∂L

∂Aµ

= 0 ⇒
∂

∂xν

(

∂L

∂Aµ,ν

)

= 0

∂L

∂Ap,q

= −
1

4
ηαµηβν(δpαδ

q
β − δ

p
βδ

q
α)(Aµ,ν − Aν,µ) + (Aα,β −Aβ,α)(δ

p
µδ

q
ν − δpνδ

q
µ)

= −
1

4
(ηpµηqν − ηqµηpν)(Aµ,ν +Aν,µ) + (ηαpηβq − ηαqηβp)(Aβ,α −Aα,β)

= −4
1

4
(Aq,p

−Ap,q)

= −F pq

∂

∂xν

(

∂L

∂Aµ,ν

)

= −
1

4

∂

∂xν
Fµν = 0

which are Maxwell’s equation in the absence of sources.

Aµ → Ãµ = Aµ + ∂µΛ

F̃µν = ∂µÃν − ∂νÃµ = ∂µ(Aν − ∂νΛ)− ∂ν(Aµ − ∂µΛ)

= ∂µAν − ∂νAµ − ∂µ∂νΛ + ∂ν∂µΛ = ∂µAν − ∂νAµ = Fµν

Therefore Le.m. is also invariant under the transformation.

From the Euler–Lagrange eq. of motion the second term gives

∂

∂xν

(

∂L

∂Aµ,ν

)

−
∂L

∂Aµ

= 0

∂L

∂Aµ

= jµ ⇒
∂

∂xν

(

∂L

∂Aµ,ν

)

= ∂νF
µν = jµ

∂µ∂νF
µν = 0 → ∂µj

µ = 0
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1b

In the Lorentz gauge we impose ∂µA
µ = 0. The derivative of the mass term 1

2
m2AµA

µ with
respect to Aν gives m2Aν . Hence

(∂µ∂
µAν +m2Aν) = jν

.
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