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1. Poincaré group; Pauli-Lubanski vector

ds2 = dt2 − dx2
− dy2 (1)

(a)

gµν =





1 0 0
0 −1 0
0 0 −1



 , gµν =





1 0 0
0 −1 0
0 0 −1



 .

(b) The line element is invariant under 3 translations (dt, dx and dy), 2 boosts (dtdx,
dtdy) and 1 rotation (dxdy). The generators associated with the transformations are:
P0 = i∂t, P1 = −i∂x and P2 = −i∂y , the generators of translations. K1 and K2 are
the boost generators and J3 is the generator of rotations in the (x, y) plane.

(c)

Wµ = −
1

2
ǫµνρσJνρPσ ,

W 0 = −
1

2
ǫ0ijkJijPk =

1

2
ǫ0ijkJijPk =

1

2
ǫkijJijPk = JkPk ,

W i = −
1

2
ǫi0jkJ0jPk −

1

2
ǫij0kJj0Pk −

1

2
ǫijk0JjkP0 =

−
1

2
ǫi0jkJ0jPk −

1

2
ǫi0jkJ0jPk +

1

2
ǫ0ijkJjkP0 =

+
1

2
ǫ0ijkJ0jPk +

1

2
ǫ0ijkJ0jPk +

1

2
ǫ0ijkJjkP0 =

− ǫ0ijkJ0jPk −
1

2
ǫ0ijkJjkP0 = ǫijkKjPk − JiP0 .

In the case of the one+two dimensional line element Eq. (1), embedded in our usual
one+three dimensions,

~K = (K1, K2, 0) and ~J = (0, 0, J3) .

For m = 0 we can take, without loss of generality, that Pµ = (p, 0, p, 0), Pµ =
(p, 0,−p, 0). Then

W 0 = 0 ,

W 1 = ǫ1jkKjPk = ǫ123K2P3 + ǫ132K3P2 = 0 ,

W 2 = ǫ2jkKjPk = ǫ213K1P3 + ǫ231K3P1 = 0 ,

W 3 = −J3P0 + ǫ3jkKjPk = −J3P0 + ǫ312K1P2 + ǫ321K2P1 =

= −J3P0 − K1P0 = −(J3 + K1)P0 .
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For m > 0 we can evaluate the Pauli-Lubanski vector most conveniently in the rest
frame, Pµ = (m, 0, 0, 0). Then

W 0 = 0 ,

W 1 = 0 ,

W 2 = 0 ,

W 3 = −J3m.

2. We consider the line element on a two dimensional surface

ds2 = dθ2 + sin2 θ dφ2 .

(a) The corresponding metric is

gµν =

(
1 0
0 sin2 θ

)

, and its inverse gµν =

(
1 0
0 1

sin2 θ

)

.

(b) Now we want to determine the infinitesimal transformations

θµ
→ θµ + ǫ ζµ(θ, φ) .

For this we want to find the two functions

A(θ, φ) = ζ1(θ, φ) and B(θ, φ) = ζ2(θ, φ) ,

such that ds2 remains invariant under the transformations

θ → θ + ǫA(θ, φ) ,

φ → φ + ǫB(θ, φ) ,

with which sin θ → sin(θ + ǫA) ≈ sin θ + ǫA cos θ

and sin2 θ → sin2 θ + 2ǫA sin θ cos θ + O(ǫ2) .

Keeping terms to first order in ǫ we get the transformations

dθ → (1 + ǫ
∂A

∂θ
)dθ + ǫ

∂A

∂φ
dφ ,

dφ → ǫ
∂B

∂θ
dθ + (1 + ǫ

∂B

∂φ
)dφ ;

dθ2
→ (1 + 2ǫ

∂A

∂θ
)dθ2 + 2ǫ

∂A

∂φ
dθdφ ,

dφ2
→ (1 + 2ǫ

∂B

∂φ
)dφ2 + 2ǫ

∂B

∂θ
dθdφ ,

sin2 θ dφ2
→ sin2 θ (1 + 2ǫ

∂B

∂φ
) dφ2 + sin2 θ 2ǫ

∂B

∂θ
dθ dφ + 2ǫA sin θ cos θ dφ2 .
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We now demand that ds2 remains invariant:

dθ2 + sin θd φ2
→ dθ2 + sin θ dφ2 + · · · · · · · · · · · · · · ·

︸ ︷︷ ︸

terms must vanish

.

Thus we obtain the following constraints:

dθ2 :
∂A

∂θ
= 0 ⇒ A = A(φ) = f ′(φ) =

df

dφ
,

dφ2 : sin2 θ
∂B

∂φ
+ A sin θ cos θ = 0 ⇒

∂B

∂φ
= −

df

dφ

cos θ

sin θ
⇒ B = −f(φ)

cos θ

sin θ
+ g(θ) ,

dθdφ :
∂A

∂φ
+ sin2 θ

∂B

∂θ
= 0 ⇒ f ′′ + sin2 θ

(
f(φ)

sin2 θ
+ g′(θ)

)

= 0

⇒ f ′′(φ) + f(φ) = − sin2 θ g′(θ) = constant = c .

Solving the two differential equations for f and g we get

f ′′ + f = c ⇒ f = a sinφ + b cosφ + c ,

sin2 θ
dg

dθ
= −c ⇒ g = c

cos θ

sin θ
+ d .

For A and B we thus arrive at

A = f ′(φ) = a cosφ − b sinφ ,

B = −
cos θ

sin θ
(a sinφ + b cosφ + c) + c

cos θ

sin θ
+ d = −

cos θ

sin θ
(a sinφ + b cosφ) + d .

We are left with the three parameters a, b and d, which in the following we denote as
α, β and γ, respectively:

A = α cos φ + β sin φ ,

B = −
cos θ

sin θ
(α sin φ − β cos φ) + γ .

Hence we are left with three degrees of freedom needed to parametrise the transfor-
mation.

(c) We now want to find the generators associated with each degree of freedom. The
generators are given by summing

J ≡ ζµ ∂

∂θµ
.

As A is transforming θ and B φ, we readily read off the three operators connected to
α, β, γ from the results for A and B above:

α : J1 = cos φ
∂

∂θ
−

cos θ

sin θ
sin φ

∂

∂φ
,

β : J2 = sin φ
∂

∂θ
+

cos θ

sin θ
cos φ

∂

∂φ
,

γ : J3 =
∂

∂φ
.
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From this we calculate (or may have guessed by now) the commutation relations
among the generators Ji (check it!):

[Ji, Jj ] = i ǫijkJk .

This is the SU(2) algebra.

(d) The metric ds2 is the metric on the surface of a sphere. The transformations are
generated by the rotations in (θ, φ) of a vector fixed at the origin. The generators
associated with the three degrees of freedom are the operators for the three components
of the angular momentum, Ji. (They obey the SU(2) algebra, [Ji, Jj ] = i ǫijkJk .)
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