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Problem
—  E&M interactions — Longrange - m, =0
—  Weak interactions —  Short range = my+.7 #0
How ? —  symmetry breaking
Lagrangian is invariant, but vacuum —  symmetry breaking

The vacuum —  the states of lowest energy
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Consider a real scalar field with the Lagrangian

1 1 1
L=T-V=3(0u9) = GH" + 726%)

1 1
V() = 5,&752 + Z>\¢4 with A >0
This Lagrangian is invariant under the transformation ¢ — —¢
For 112 > 0 the potential looks like
V(9
N
=} =3 E E DA




The Lagrangian describes a self-interacting scalar field with coupling A and
mass . The ground state correspond to (¢) = 0 and it obeys the reflection
symmetry of the Lagrangian.

For 112 < 0 the potential looks like

V()
¢
. P 8\/ 2 2
The potential has two minima at 8—(;5 =o(u"+Xp7) =0
— 2
= (¢) =+v with v= —~
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The extremum ¢ = 0 does not correspond to the minimum of the energy.
We perform perturbative calculation around the classical minimum ¢ = v or
o= —v.

we write o(x) = v+n(x)

n(x) represents quantum fluctuations about this minimum.

Substituting into the Lagrangian we obtain
/ 1 L7 2 A 4
L= S0uv+mdi(vtn) =5 | p(v+n)+ 4 (v+n)

1 2 A
- 5(8Mn)2 — (l%(v2 +2nv + 7]2) + Z(V4 +4v3n+6v2n? + 4vnd + 774)>

A
S A+ 6vin? 4 dv? + 1)

V2
(v +217v+77) 1

1 2,
= 2( u77) >
4

1 A
= 5(8“77)2 — 22?2 = v — % + const
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The field  has a mass term with the correct sign

m, = V2 v2 = /242

The higher terms in 7 are self—interaction terms. We do perturbation theory

around a stable minimum ¢ = v + 7.

7 is a massive field

The reflection symmetry is broken by the choice of the vacuum.
Consider now a complex scalar field

(P11 +ig2)
¢ = —A

L= (9,0)"(9"0) = n*6"¢ = N(9"9)°
L is invariant under the global U(1) symmetry
¢ — e
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For A and ;® < 0 we rewrite the Lagrangian

L=

N -

((0u0n) + @u62)?) — 317(6R + 63) — TM(GE + 6B

There is now a circle of minima




We translate the field ¢ to (¢1) = v, (¢2) = 0.

Expand the Lagrangian around the vacuum with

o(x) = %w () + iC(x)

L= ((8u77)2 + (8/,LC)2) + u2n? 4 constant

N[ -

+(cubic & quartic terms in n & ()

The term £°n? is a mass term for the 1) field my, = /—2u? as before.
There is no corresponding mass term for ( — massless scalar field
Goldstone theorem — spontaneously broken continuous global symmetry

—  Goldstone boson
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Consider now a complex scalar field coupled to a continuous U(1) symmetry
$(x) = eMg(x)
As we saw local phase invariance requires that we replace 9, by
D, =0, — ieA,
and the gauge field A, transforms as
Au— A+ é@ua
The gauge invariant Lagrangian is

L = (0, + ieA,)d* (0" — ieA")p — 12 ¢*d — N(¢"¢)* — %FWF‘“’
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For 42 > 0 — Lagrangian for charged self-interacting scalar field with mass j

For u? < 0 expand o(x) = %(V—H](X)—i- i¢(x))
/ 1 2 2 129
- L = ) ((8u77) + (9u€) ) - 77 + 2e vEALAY

1 : :
—evA,0"¢ — ZFWFW + interaction terms

The particle spectrum appears to be
massless Goldston boson ¢ with m¢ =0
massive scalar n with m,, = V2Av2
massive vector boson A* with my = ev

However, this interpretation should be revised
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massless A¥ — 2T physical degrees of freedom

massive A¥ — 2T + 1L physical degrees of freedom

where did the third degree of freedom come from 7 Note that to lowest order

6= (v )+ iG(x)) = 5 (v + () e

— use a different set of fields h, 0, A,

1
6= J5(v + hG0)™

1
AM — AM + Ea,ﬂ
substitute into £. We get
1 1 1
L' = 5(8uh)2 — \v2h? 4 5e 2V2A, AR — \vh? — Z)\h“
+%e2AHA“h2 + ve? A A h — %FWF’“’
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The Goldstone boson disappeared altogether

— The Goldstone boson is absorbed as the longitudenal mode of A,
— only 2 physical fields h and A*.



