MATH431 Modern Particle Physics Solutions 3

1.
ds* = dt* — da* — dy? (1)
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b. The line element is invariant under 3 translations (dt, dz and dy). 2 boosts (dtdz,

dtdy) and 1 rotation (dzdy).
The generators associated with the transformations are: i9; = pg, 10, = p; and
10y = p2, are the generators of translations. K; and K5 are the boost generators and J3

is the generator of rotations in the x — y plane.

C.
1
WH = _§6NVPU Jyp Py

1 ...
WO = —§€OZJkJiij = —JkPk

. 1 ... 1 .. 1 ..
Wt =_— §€szkJ0ij . §€ZJOijOPk . §€Z]kOijP0 —
1 4 1 . 1
§€OzijOij + §€OzijOij + §€Ozjkjjkpo =

¢IRK; Py + TPy
1

where K'=J%"=—J" J =y
Ki=—-Jiw=1Joui ; Ji= %Gijkzjjk =—J
In the case of the two dimensional line element eq. (1)
K = (K, K>,0) J = (0,0, J3)
for m? =0 — P* = (p,0,p,0)

w=0

W =J'Py+ YK, P, = 0+ '3 Ko Py + 32 K3 Py = 0

W2 =J?Py+ ¢¥FK,;P, =0+ 3 K3 Py + 3K Py = 0

W3 = J3Py + ¢3F K, P, = J3Py + 2K Py + 2 Ko Py = (J° 4 12K, Py

For m? >0 — P = (m,0,0,0)

wo=0
wt=0
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W3 = J3m
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In polar coordinates
T =1rcoso

Yy =rsin¢
radial speed is therefore 7 and tangential speed is rgb. So the kinetic energy T = %m(f’2 +

r2$?) and the Lagrangian is given by

1 .
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Hence
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so the Euler—Lagrange equation for r is
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So the Euler-Lagrange equation for ¢ is
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If the potential is axisymmetric, 9V/0¢ = 0. The last equation then states that the
angular momentum mr2¢ is constant. If the motion is circular 7 = 0 = ddotr and the
radial equation becomes

)
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wherev = rgb is the speed. The force 0V/0r is equal to m times the centripetal acceleration
—v?/r.
3.
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Therefore, pg is constant in time if H does not depend on g.
An axisymmetric potential does not depend on ¢ so py is a constant of the motion.
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In polar coordinates
x = rsinf cos ¢

y = rsinfsin ¢

z=r7rcosf

The kinetic energy is given by

1 . .
3m [¢2 + (r0)? + (rsin 941))2}
and the potential energy is V'

L= %m [1*2 + ()% + (rsin 0&)2] -V
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H = Zpi% — L = mr? + mr?0? + mr?sin? 0% — 5(7*2 +720% 4 r?sin? 04?) + V
i
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= angular momentum about the symmetry axis is conserved.
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