from the previous lecture ...

1 -
The Dirac equation ihE%W(?, t) = (—ihd -V + fmc)V(X, t)

Charge conjugation: ¢ — ¢¢ = Cy* — charge conjugation C = iy

Parity invariance (7, t) — P (7, t) = PY(=7F,t) = ~oU(—7,t)

KGE invariant under parity transformation ¢(7,t) — ¢F(7,t) = ¢(—7, t)
Since ¢(7, t) is a scalar under LT¢' (¥, t') = ¢(7, t)

In the case of the Dirac equation the scalaris & = ¢ = 1/1T701/1

Similarly, j* is a true vector jPO(F, t) =j0(-rt) fP(F, t) = —f(—



We define the matrix

0o
7P = inO41h243 = 2x2 (in our representation)
hx2 0

We will see that weak interactions involve the axial current
Sy = Py = piylytaPy
under parity transformations Y — PP =~0(=7, 1)
" = Pl(=7, )70 71090y (T, 1)
now {y*,7°} = 0 forp=0,1,2,3
() = |
Hence JEO(Ft) = —JO(=F,t) .  JR(F.t) = Ja(—F,t)

As expected for an axial vector.
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Similarly : ®p = ¢ = wayO’ysz/J a pseudo scalar

- = Il -
b7 t) = PI(=F, )" 129510 (~F, 1)
—_————— —_—————

Massless Dirac particles

The Dirac equation : Hy = ih% = (—iho_z'- V+ ﬂm> (0

o =
g 0
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The positive energy free particle solutions are
¥ = u(E, peEPD

Form=0 = E=|p|andu= (f;) gives

i-p 0
hence - Iflﬁ P <¢>_0 N ci'rszlfjlqb
-7 |p X G- po = |plx
G- p G- p G- B>
= x=ﬁ¢>&¢>=ﬁx=>x:<ﬁ>x
Pl p p
& p\?
- ()
P
= /\:a-p is the helicity operator with A? = |
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1 ight
and eigenvalues A =+1 — spin aone 5 — He handed

against P left

£

Helicity operator: projection of spin on

= for massless particles with m = 0 the 2 components spinors x and ¢ are
eigenstates of the helicity operator.
For massless particles helicity is a Lorentz invariant.

Note that if 1) represents a massless particle them

(O () () oo

Hence, ° is the helicity operator for massless particles (minus helicity for
massless anti—particles).
In the case of massless particles we can decompose the Dirac equation into two

equations for the two helicity eigenstates.
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We can introduce the basis

o (01N . (o o\ 5 [-10
) (7))

On o~ = ¢>: 0 Bl —7-p <¢>:0
(+’Ipl =7 - p) (x <|ﬁ|+a-ﬁ 0 \

Hence, in this basis,

c-p c-p
- X = +1X ; T(b = _1¢
Pl Pl

Therefore, in this basis x and ¢ are the eigenstates of the helicity operator

with eigenvalues +1 and —1 respectively. We denote,

X=%r 0=
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1

Y1 and g are two component spinors that tranform as (5,0) and (0, %)

representations of the Lorentz group.

A Dirac spinor can be written as

P = (;Z)L) Yy, g are called Weyl spinors
R

We define the operators

In the chiral basis we have

1({(1 0 -1 0 10
P = = — = , P2="P
1({(1 0 -1 0 00
Pr = 3 + = , Pr*=P
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and

1+4°

1—~°
2 + 27 .
PL,.YM:’)/“PR

PRfyH _ ’y“PL

Hence, we have

)

0
PR¢ — ( ) _ wR
Furthermore, from PrP; = 0 we have Pgrt; =0, Pytpg = 0.

VR
=} F N ) o
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The weak interactions were observed experimentally to have the vector minus

axial-vector form, (V — A), i.e.
(Y = Ia)s = v (1 =7

If i is a massless particle then (1 — ~°)v; vanishes for helicity +1, i.e. only

left—handed fields interact. The same applies to particle f since
P (L =) = e+
.i.
= I =)0 = [(1 = 2°)er] A0y e

This is non—vanishing only if the f—particle is a left—handed field.
In the Standard Model only left—handed fields interact via the weak interactions.
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The Langrangian density that gives the Dirac equation of motion

Lp = pin" 0, — mpyp =

B(P? + PR)iv" 01 — mip(P? + PR)Y =

! Pryint 0, Prip + T PLAC i 0, Prip — mT Pry® Prap — myT Py Pryp =
YEAC i8R + I it AL — m(EA YL + Ui YR) =

VDRIV bR + DLiv*Oup — m(YrYL + VLR).

The first two terms are the kinetic terms, whereas the last two are the Dirac
mass terms.

We see that the kinetic terms containing the derivatives involve L <+ L and

R < R terms, whereas the mass terms involve L <+ R and R <> L terms. This

is a crucial result for modern particle physics.
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