
MATH 431 — May 2019: Solutions

All problems are similar to homework problems or material covered in the lectures.

1.
a. The Lagrangian is a function of the coordinates, velocities and possibly of time.

Under q → q + δq = q + ǫh, where ǫ is an infinitesimal constant, we have δL = d
dt

(ǫΛ).

But δL =
∂L

∂q
δq +

∂L

∂q̇
δq̇ =

∂L

∂q
δq +

∂L

∂q̇

d

dt
δq

From the Euler-Lagrange EOM we have
∂L

∂q
=

d

dt

∂L

∂q̇
and therefore δL =

d

dt

(
∂L

∂q̇
δq

)

.

⇒
d

dt

(
∂L

∂q̇
δq − ǫΛ

)

= 0

With the definition of Q as

ǫQ =
∂L

∂q̇
δq − ǫΛ

we note that Q is a constant of the motion.
b. With δq = ǫq̇ and L = L(q, q̇),

δL =
∂L

∂q
ǫq̇ +

∂L

∂q̇
ǫq̈ = ǫ

dL

dt
⇒ Λ = L

We also note that q at time t′ = t + ǫ is given by

q(t + ǫ) = q + ǫq̇ = q + δq.

Hence, the symmetry correspond to invariance under time translation.

ǫQ =
∂L

∂q̇
ǫq̇ − ǫL ⇒ Q = q̇

∂L

∂q̇
− L = H

i.e. the conversed current coincides with the Hamiltonian. The derivation shows that
when the Langrangian does not depend explicitely on time, i.e.

∂L
∂t

= 0, corresponds to
time translation invariance, and consevation of the total energy H. In energy conserving
systems time is a cyclic coordinate and the Lagrangian does not depend explicitely on the
time coordinate, but only via the implicit dependence of the coordinates and velocities on
time. Hence for such systems we have L = L(q, q̇).
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ds2 = dθ2 + sin2 θdφ2

2a.

gµν =

(
1 0
0 sin2 θ

)

, gµν =

(
1 0
0 1

sin2 θ

)

b.

θµ → θµ + ǫζµ(θ, φ)

We want to find functions

A(θ, φ) = ζ1(θ, φ)

and B(θ, φ) = ζ2(θ, φ)

such that ds2 remains invariant under the transformations.

θ → θ + ǫA(θ, φ)

φ → φ + ǫB(θ, φ)

sin θ → sin(θ + ǫA) ≈ sin θ + ǫA cos θ

sin2 θ → sin2 θ + 2ǫA sin θ cos θ + O(ǫ2)

Keeping terms to first order in ǫ

dθ → (1 + ǫ
∂A

∂θ
)dθ + ǫ

∂A

∂φ
dφ

dφ → ǫ
∂B

∂θ
dθ + (1 + ǫ

∂B

∂φ
)dφ

dθ2 → (1 + 2ǫ
∂A

∂θ
)dθ2 + 2ǫ

∂A

∂φ
dθdφ

dφ2 → (1 + 2ǫ
∂B

∂φ
)dφ2 + 2ǫ

∂B

∂θ
dθdφ

sin2 θdφ2 → sin2 θ(1 + 2ǫ
∂B

∂φ
)dφ2 + sin2 θ2ǫ

∂B

∂θ
dθdφ + 2ǫA sin θ cos θdφ2

we demand that ds2 remains invariant.

dθ2 + sin θdφ2 → dθ2 + sin θdφ2 + · · · · · · · · · · · · · · ·
︸ ︷︷ ︸

terms that vanish

demanding that the additional terms vanish we obtain the following constraints

dθ2 :
∂A

∂θ
= 0 ⇒ A = A(φ) = f ′(φ) =

df

dφ

dφ2 : sin2 θ
∂B

∂φ
+ A sin θ cos θ = 0 ⇒

∂B

∂φ
= −

df

dφ

cos θ

sin θ
⇒ B = −f(φ)

cos θ

sin θ
+ g(θ)

dθdφ :
∂A

∂φ
+ sin2 θ

∂B

∂θ
= 0 ⇒ f ′′ + sin2 θ

(
f(φ)

sin2 θ
+ g′(θ)

)

= 0
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3. (a) Two-particle states are defined by

|p1,p2〉 = a†(p1)a
†(p2)|0〉 ,

with |p1,p2〉 = |p2,p1〉 as [a†(p1), a
†(p2)] = 0.

We also know that

[a(p1), a
†(p2)] = (2π)32p0

1
δ(p1 − p2) .

Hence

〈p′
1,p

′
2|p1,p2〉 = 〈0|a(p′

1)a(p′
2)a

†(p1)a
†(p2)|0〉

= 〈0|a(p′
1
){a†(p1)a(p′

2
) + (2π)32p0

1
δ(p1 − p′

2
)}a†(p2)|0〉

= 〈0|a(p′
1
)a†(p1){a

†(p2)a(p′
2
) + (2π)32p0

1
δ(p2 − p′

2
)}|0〉

+ (2π)32p0

1
δ(p1 − p′

2
)〈0|a(p′

1
)a†(p2)|0〉

= (2π)32p0

2δ(p2 − p′
2)〈0|{a

†(p1)a(p′
1) + (2π)32p0

1δ(p1 − p′
1)}|0〉

+ (2π)32p0

1
δ(p1 − p′

2
)〈0|{a†(p2)a(p′

1
) + (2π)32p0

2
δ(p2 − p′

1
)}|0〉

= (2π)6(2p0

1)(2p0

2){δ(p1 − p′
1)δ(p2 − p′

2) + δ(p1 − p′
2)δ(p2 − p′

1)} .

(b) The number operator is

N :=
1

(2π)3

∫
d3p′

2p′0
a†(p′)a(p′) .

With this [N, a†(p)] =

[
1

(2π)3

∫
d3p′

2p′0
a†(p′)a(p′), a†(p)

]

=
1

(2π)3

∫
d3p′

2p′0
[a†(p′)a(p′), a†(p)]

=
1

(2π)3

∫
d3p′

2p′0
{
a†(p′)[a(p′), a†(p)] + [a†(p′), a†(p)]a(p′)

}

=
1

(2π)3

∫
d3p′

2p′0
a†(p′)2p′0(2π)3δ(p− p′)

= a†(p) .

So we have

Na†(p) − a†(p)N = a†(p)

⇒ Na†(p) = a†(p)(N + 1) ,

and N |p1 . . .pn〉 = Na†(p1) . . . a†(pn)|0〉

= a†(p1)(N + 1)a†(p2) . . . a†(pn)|0〉

= a†(p1)a
†(p2)(N + 2) . . . a†(pn)|0〉

= . . . = a†(p1) . . . a†(pn)(N + n)|0〉

= n a†(p1) . . . a†(pn)|0〉 (as a(p)|0〉 = 0 and so N |0〉 = 0)

= n|p1 . . .pn〉 .
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4(a).
γ5† =(iγ0γ1γ2γ3)†

= − iγ3†γ2†γ1†γ0†

= − i(γ0γ3γ0)(γ0γ2γ0)(γ0γ1γ0)γ0

= − iγ0γ3γ2γ1 = iγ0γ2γ3γ1 = −iγ0γ2γ1γ3 = iγ0γ1γ2γ3 = γ5.

(γ5)2 = − γ0γ1γ2γ3γ0γ1γ2γ3 = (−1)(−1)3γ1γ2γ3(γ0)2γ1γ2γ3 = γ1γ2γ3γ1γ2γ3

=(−1)2γ2γ3(γ1)2γ2γ3 = (−1)γ2γ3γ2γ3

=(−1)(−1)γ3(γ2)2γ3 = −(γ3)2 = 1.

(b)
γ1γ2γ3 =(γ0)2γ1γ2γ3 = −iγ0(iγ0γ1γ2γ3) = −iγ0γ5

γ0γ2γ3 =γ0(γ1)2γ2γ3 = −γ1γ0γ1γ2γ3 = iγ1γ5.

(c)
{γµ, γν} = 2ηµν14 ⇒ γµγν + γνγµ = 2ηµν14,

where 14 is the 4-dimensional identity matrix, usually not written explicitly. Taking
the trace, and using tr(AB) = tr(BA), tr14 = 4, we get

tr[γµγν ] = 4ηµν .
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5. (a) The electromagnetic field strength tensor is given by

Fµν = ∂µAν − ∂νAµ ,

and the electromagnetic Lagrangian is

Le.m. = −
1

4
FµνFµν

= −
1

4
(∂µAν − ∂νAµ)(∂µAν − ∂νAµ)

= −
1

4
ηµαηνβ(∂αAβ − ∂βAα)(∂µAν − ∂νAµ) .

The Euler-Lagrange equations of motion for this Lagrangian are obtained from

∂

∂xν

(
∂L

∂(∂νAµ)

)

−
∂L

∂Aµ

= 0 .

Now
∂L

∂Aµ

= 0 ⇒
∂

∂xν

(
∂L

∂(∂νAµ)

)

= 0 .

Hence calculate

∂L

∂(∂δAǫ)
= −

1

4
ηαµηβν

[
(δδ

αδǫ
β − δδ

βδǫ
α)(∂µAν − ∂νAµ)

+ (∂αAβ − ∂βAα)(δδ
µδǫ

ν − δδ
νδǫ

µ)
]

= −
1

4

[
(ηδµηǫν − ηǫµηδν)(∂µAν − ∂νAµ)

+ (∂αAβ − ∂βAα)(ηαδηβǫ − ηαǫηβδ)
]

= −
1

4
4

[
∂δAǫ − ∂ǫAδ

]

= − F δǫ .

So
∂

∂xδ

(
∂L

∂(∂δAǫ)

)

= −
∂

∂xδ
F δǫ = 0 ,

which are the Maxwell equations in the absence of sources.

(b)
Aµ → Ãµ = Aµ + ∂µΛ .

Now
F̃µν = ∂µÃν − ∂νÃµ = ∂µ(Aν + ∂νΛ) − ∂ν(Aµ + ∂µΛ)

= ∂µAν − ∂νAµ + ∂µ∂νΛ − ∂ν∂µΛ

= ∂µAν − ∂νAµ = Fµν
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as the derivatives of the scalar function Λ commute. With Fµν also Le.m. is invariant
under the transformation.

(c) The Lagrangian for a massive photon without sources is given by

−
1

4
FµνFµν + m2AµAµ .

As before the first term is invariant under the transformation considered above. How-
ever, the second term transforms as

m2AµAµ → m2ÃµÃµ = m2AµAµ + m2(∂µΛ∂µΛ + ∂µΛAµ + Aµ∂µΛ) .

The extra terms do not vanish, so the mass term would not be invariant under the
transformation, i.e. break the invariance. Insisting on the invariance therefore forbids
the mass term, i.e. m2 = 0 and the photon has to remain massless.

6a. To show that orbital angular momentum is a constant of the motion we have to show
that it commutes with the Hamiltonian, i.e.

[

L̂i, Ĥ
]

= 0,

where the L̂i’s are the components of the angular momentum operator in the x, y
and z directions. For a free particle the Hamiltonian is given by H = ~p2/(2m) and

the orbital angular momentum is given by ~L = ~r × ~p. Hence, for example, for Lz (we
drop the hats from now on) we have

[Lz, p
2] = [xpy − ypz, p

2

x + p2

y + p2

z]

= [x, p2

x]py − [y, p2

y]px

= (px[x, px] + [x, px]px)py − (py[y, py] + [y, py]py)px

= (2ih̄pxpy − 2ih̄pypx) = 0

where we used the commutation relations [xi, pj ] = ih̄δij . Similar results are obtained
for Lx and Ly. Hence, the orbital angular momentum commutes with the Hamiltonian
and is a contant of the motion.

6b. Similarly to show that the orbital angular momentum is not a constant of the mo-
tion for a Dirac particle, we have to show that it does not commute with the Dirac
Hamiltonian,

H = ~α · ~p + βm = αipi + βm

where summation over i is assumed.

[Lz, H] = [x, H]py − [y, H]px = ih̄(αxpy − αypx) = ih̄(~α × ~p)z
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hence
[~L, H] = ih̄~α × ~p 6= 0

and consequently orbital angular momentum does not commute with the Hamiltonian
and is not a constant of the motion.

6c. The total angular momentum for a Dirac particle is

~J = ~L + ~S

where ~L is the orbital angular momentum and ~S is the spin angular momentum. we
saw in part b that [~L, H] = ih̄~α × ~p hence we need to find ~S such that

[~S, H] = −ih̄~α × ~p

We take
~S =

1

2
~Σ

with

Σj =

(
σj 0
0 σj

)

where σj are the Pauli matrices and the 0 entries are 2 × 2 zero matrices. It is easy to
verify that

[
1

2
~Σ, H] = −ih̄~α × ~p

and therefore [ ~J, H] = 0 and the total angular momentum ~J is a constant of the motion.

7(a). 2 diagonal generators.

λ3 =





1 0 0
0 −1 0
0 0 0



 , λ8 =





1 0 0
0 1 0
0 0 −2





7b. D = 8

λ1 =





0 1 0
1 0 0
0 0 0



 , λ2 =





0 −i 0
i 0 0
0 0 0





λ4 =





0 0 1
0 0 0
1 0 0



 , λ5 =





0 0 −i
0 0 0
i 0 0





λ6 =





0 0 0
0 0 1
0 1 0



 , λ7 =





0 0 0
0 0 −i
0 i 0





7c.
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3 = (2, 1/3) + (1,−2/3)

under the maximal subgroup SU(2) × U(1)
7d.

(1/2, 1/3)

(0, −2/3)

(−1/2, 1/3)

7e.
3 × 3̄ = {(2, 1/3) + (1,−2/3)} × {(2,−1/3) + (1, 2/3)} =

8 + 1 = {(2, +1) + (3, 0) + (1, 0) + (2,−1)}+ (1, 0)

7f.

3 × 3 = {(2, 1/3) + (1,−2/3)} × {(2, 1/3) + (1,−2/3)} =

6 + 3̄ = {(3, 2/3) + (2,−1/3) + (1,−4/3)}+ {(2,−1/3) + (1, 2/3)}
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