The Dirac equation

1o s _
/hz a\ll(x, t) = (—ihd -V + fmc)V¥(X, t)

(1)
1
The wave function WV = v

3

is a 4—component vector

(not a four spacetime vector)
Py

spin 1 spin | particles spin 1 spin | anti—particles
consequences:

1 The Dirac equation predicts the existence of anti—particles
2 Time and space derivatives are linear

Q>



Setting h=c=1 = (iv"0,— mWV = (i — m)V =0

Defining identity

together with

709y =" 1=10,1,2,3

{7, =AM A =2

are the two properties that define the Dirac y—matrices

representation v =
E— 0 —bh
where o} are the Pauli matrices
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Solutions of the Dirac equation —

4—component objects — spinors (not 4—vectors)

Y1
V2
¢ =
(G
V4
Each component obeys the KGE by construction
EP=H>=pF+m* = E?Iy=

(P> + m?) I
] = = = E DA
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How do we prove that the Dirac equation correspond to spin 1/2 particles?
Show: exist an operator S such that J = L+ S is a constant of the motion,

and  $s) = s(s+ 1)|s) = %I|s) (h=1)
Note: [ = 7 x P is not a constant of the motion:

H = pBm+ad-p=p3m+ap;
[ = LJi+Lj+Lk
e.g. L, = (xpy — ypx)

[L;,H] = [x,H] py — [y, H] px = iaxpy — iaypx = i(d x p), (h=1)

o & = = z wace



in general: [Z, H] =iadaxp#0
= we need [g, H] =—iadxp

This s true if §=2¥ with ;= (% °
2 0 o

[S;, aipi + Bm] = —i(d x P);

s (00
o)
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we want :
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A 0 o 0 o A
[, il = ”O‘kw< A> (a,- 0>_<0i 0)( A)

0 0j0; — 0i0; . 0 20'k .
_ = = —2ioy
0j0; — 0;0; 0 200, 0

1({0; 0O
Defining S; = = o) we get the desired result
2\0 o
Then : e-liiriey - 3 i —
en: —Z(X—I— y T z)—Z = spm—i
Furthermore : [Li,S5)] = O
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H — H—eV
where e is the electric charge.

In an electromagnetic field we make the usual minimal substitutions

)

B — P—eA
In the Dirac equation we obtain

H—eV = a-(p—eA)+pm
Note: We no longer get the KG equation when squaring

(B2 — eA)? + m? — Z(ajakijk + ajarAjpk)
ik
=} =3 E DA
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(H—eV) = > aja(pj— eAj)(px — eAr) + m’
J,k



i 0 i 0 0
For j # k: ajoy = 0 9 k) = 77k = i€k 7!
- oj 0 Ok 0 0 0j0k 0 gl

= iejk/Z/

where we used [0, 05] = 2iejrok
{O’,‘,O’j} = 25U

= O';O'j:5ij+f€,'1'k0'k

PiAF = (—iVjAOF = A(—iVif) — i(ViAF = (AP — i(VAK))F

— —

Ejk/Z/VJ'Ak = Z/E/jijAk = Z/(ﬁ X /ﬁ)/ =B
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we get : —e Z(ajakijk + ajaAipk)

7k

= —e Z(OthékAij + ajakAkpj) — ey -B
7k

= —e Z(ajak + o )Ajpk — eY -B=—ex B
ik

Hence: (H—eV)? = (B—eAP+m?—eX B
1
5 Aot B\

1 -
NR limit =~ m+-——(F—eA)?’ - —X B
2m
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This correspond to a magnetic moment

€ = e

S= ge(_)§

N:m 2m

where g, = 2 (experiment = 2.0023193...) where the (0.0023193...)
are quantum field theory corrections.

Great success of Dirac equation.

(g-2) of the muon is of great contemporary interest and substantial

experimental effort to measure it.
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