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1. The Dirac spinor for the hydrogen ground state (with spin up) is given by

ψ(r, θ, φ) = R(r)







1
0

ia cos θ
iaeiφ sin θ






.

For the normalisation we calculate:

1 =

∫

d3rψ†ψ =

∫

4πr2dr |R|2(1 + a2)

⇒ N2 :=

∫ ∞

0

r2|R|2dr = [4π(1 + a2)]−1 .

(a) (h̄ = 1 here and in part (b))

Lz = −i
∂

∂φ
⇒ Lzψ = R







0
0
0

iaeiφ sin θ






6∝ ψ ,

so ψ is NOT an eigenstate of Lz.

(b)

〈Lz〉 =

∫

d3rψ†Lzψ = 2π

∫

r2dr d cos θ |R|2a2 sin2 θ .

Now

∫

1

−1

d cos θ(1 − cos2 θ) = 2 −
2

3
=

4

3
⇒ 〈Lz〉 =

8π

3
a2

1

4π(1 + a2)

⇒ 〈Lz〉 =
2a2

3(1 + a2)
.

In the H-atom, v/c ∼ α ⇒ 〈Lz〉 = O(v2/c2) is a relativistic effect which is due to
the spin-orbit interaction. In the non-relativistic limit a→ 0, and the four-component
Dirac spinors for the spin-up and spin-down states reduce to (decoupled) solutions of
the Schroedinger equation multiplied by the two-component Pauli-spinors.
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(c)

Sz =
1

2
h̄Σz =

1

2
h̄







+1 0 0 0
0 −1 0 0
0 0 +1 0
0 0 0 −1







⇒ Szψ =
1

2
h̄ R







1
0

ia cos θ
−iaeiφ sin θ






,

hence Jzψ = (Lz + Sz)ψ =
1

2
h̄ R







1
0

ia cos θ
iaeiφ sin θ






=

1

2
h̄ ψ ⇒ Jz = +

h̄

2
.
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2. The Dirac equation reads (iγµ∂µ −m)ψ = 0 , hence

γµ∂µψ + imψ = 0 ⇒ (∂µψ
†)γµ† − imψ† = 0 .

In addition we need to remember that ψ̄ := ψ†γ0 and γµ † = γ0γµγ0 . Then

(∂µψ
†)γ0γµγ0 − imψ† = 0

and, multiplying with γ0 from the right,

(∂µψ̄)γµ − imψ̄ = 0 .

Using this we get

∂µ(ψ̄γµψ) = (∂µψ̄)γµψ + ψ̄γµ(∂µψ) = (imψ̄)ψ + ψ̄(−imψ) = 0 .

Similarly, and with {γ5, γµ} = 0, we get

∂µ(ψ̄γµγ5ψ) = (∂µψ̄)γµγ5ψ + ψ̄γµγ5(∂µψ) = (imψ̄)γ5ψ − ψ̄γ5(γµ∂µψ) = 2imψ̄γ5ψ .

Hence the axial-vector current is not conserved for m 6= 0.

3. From the Dirac equation for the spinors ūf = ū(pf ) and ui = u(pi) we have

0 = ūf ( 6 pf −m)γµui = ūfγ
µ( 6 pi −m)ui

⇒ 2mūfγ
µui = ūf ( 6 pfγ

µ + γµ 6 pi)ui , (⋆)

where
6 pfγ

µ + γµ 6 pi = γνγµpfν + γµγνpiν .

Now
γµγν + γνγµ = 2gµν ,

γµγν − γνγµ = −2iσµν

⇒ γµγν = gµν − iσµν and γνγµ = gµν + iσµν .

So we get

6 pfγ
µ + γµ 6 pi = gµν(pf + pi)ν + iσµν(pf − pi)ν = (pf + pi)

µ + iσµν(pf − pi)ν ,

and finally have derived from (⋆) the Gordon decomposition

ūfγ
µui =

1

2m
ūf [(pf + pi)

µ + iσµν(pf − pi)ν ] ui .

Note: In the non-relativistic limit, the Gordon decomposition separates the electron’s
interactions with the electromagnetic field Aµ into a part steming from its charge, −e,
and into a part due to its magnetic moment, −e/(2m).
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