
All problems are similar to homework problems

Solution to Problem 1

ψ(r, θ, φ) = R(r)
(

10ia cos θiaeiφ sin θ
)

Normalize
∫

d3rψ†ψ = 1 =

∫

4πr2dr(|R|2(1 + a2))

⇒
∫ ∞

0

r2|R|2dr = [4π(1 + a2)]−1

(a.)

Lz = −i ∂
∂φ

⇒ Lzψ = R







0
0
0

iaeiφ sin θ






6∝ψ

so ψ is not an eigenstate of Lz.

(b.)

〈Lz〉 =
∫

d3rψ†Lzψ =

∫

2πr2d cos θ|R|2a2 sin2 θ
∫ 1

−1

d cos θ(1− cos2 θ) = 2− 2

3
=

4

3
⇒ 〈Lz〉 =

8π

3
a2 · 1

4π(1 + a2)

⇒ 〈Lz〉 =
2a2

3(1 + a2)

In H-atom , v/c ∼ α⇒ 〈Lz〉 = O(v2/c2). This is a relativistic effect - spin–orbit interaction.

(c.)

Sz =
1

2
h̄







+1 0 0 0
0 −1 0 0
0 0 +1 0
0 0 0 −1







⇒ Szψ =
1

2
h̄R







1
0

ia cos θ
−iaeiφ sin θ







(Lz + Sz)ψ = R







1
0

ia cos θ
iaeiφ sin θ






=

1

2
ψ ⇒ Jz = +

1

2
(1)

2. 2a. 3 diagonal generators.

λ3 =







1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0






, λ8 =







1 0 0 0
0 1 0 0
0 0 −2 0
0 0 0 0






, λ15 =







1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3







1



2b. D = 15. Three diagonal generators of part (2a) plus:

λ1 =







0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0






, λ2 =







0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0







λ4 =







0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0






, λ5 =







0 0 −i 0
0 0 0 0
i 0 0 0
0 0 0 0







λ6 =







0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0






, λ7 =







0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0







λ9 =







0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0






, λ10 =







0 0 0 −i
0 0 0 0
0 0 0 0
i 0 0 0







λ11 =







0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0






, λ12 =







0 0 0 0
0 0 0 −i
0 0 0 0
0 i 0 0







λ13 =







0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0






, λ14 =







0 0 0 0
0 0 0 0
0 0 0 −i
0 0 i 0







(2)

2c.

4 = (3, 1/3) + (1,−1)

under the maximal subgroup SU(3)× U(1)

2d.

SU(4) decomposes as SU(3) × U(1) under the Standard Model, where SU(3) corresponds to
the gauge symmetry of the strong interactions and the U(1) can be indentified as baryon minus
lepton number. The fundamental representation decomposes as a triplet and a singlet of SU(3)
with the triplet corresponding to a quark, with baryon number 1/3, and the singlet to a lepton,
with lepton number −1.

2e.

4× 4̄ = {(3, 1/3) + (1,−1)} × {(3̄,−1/3) + (1,+1)} =
15 + 1 = {(3,+4/3) + (8, 0) + (1, 0) + (3̄,−4/3)}+ (1, 0) (3)

2f.

4× 4 = {(3, 1/3) + (1,−1)} × {(3, 1/3) + (1,−1)} =
6 + 10 = {(6, 2/3) + (3,−2/3) + (1,−2)}+ {(3̄, 2/3) + (3,−2/3)} (4)

3a. The SU(2)× U(1)Y charges of the electroweak Higgs doublet φ.

φ : T =
1

2
; T3 = ±1

2
; Y = 1

2



(3b.)

The electric charge is given by:

Qe.m.(φ+) = T3 +
1

2
Y = 1

2
+ 1

2
= +1

Qe.m.(φ0) = T3 +
1

2
Y = − 1

2
+ 1

2
= 0

(5)

(3c.) The Lagrangian density for the Higgs field include the kinetic and potential terms

∣

∣

∣

∣

(

∂µ − ig ~T · ~Wµ − ig′
Y

2
Bµ

)

φ

∣

∣

∣

∣

2

− V (φ)

where the potential is given by

µ2φ†φ+ λ
(

φ†φ
)2

(3d.) The relevant term for the gauge boson masses

∣

∣

∣

∣

(

g ~T · ~Wµ + g′
Y

2
Bµ

)

φ

∣

∣

∣

∣

2

=

∣

∣

∣

∣

(

g
~τ

2
· ~Wµ + g′

Y

2
Bµ

)

φ

∣

∣

∣

∣

2

=

1

4

∣

∣

∣

∣

(

g

2

[(

0 1
1 0

)

W 1
µ +

(

0 −i
i 0

)

W 2
µ +

(

1 0
0 −1

)

W 3
µ

]

+
g′

2

(

1 0
0 1

)

Bµ

)

φ

∣

∣

∣

∣

2

=

1

4

∣

∣

∣

∣

[

g

(

W 3
µ W 2

µ − iW 1
µ

W 2
µ + iW 1

µ −W 3
µ

)

+ g′
(

Bµ 0
0 Bµ

)]

1√
2

(

0
v

)∣

∣

∣

∣

2

=

1

8

∣

∣

∣

∣

(

gW 3
µ + g′Bµ g(W 2

µ − iW 1
µ)

g(W 2
µ + iW 1

µ) −gW 3
µ + g′Bµ

)(

0
v

)∣

∣

∣

∣

2

=

1

8
v2
(

g
(

W 2
µ + iW 1

µ

)

,
(

−gW 3
µ + g′Bµ

))

(

g
(

W 2
µ − iW 1

µ

)

−gW 3
µ + g′Bµ

)

=

1

4
g2v2Wµ+Wµ− +

1

8
v2(g2 + g′2)

(

−gW 3
µ + g′Bµ

)2

(

√

g2 + g′2
)2

=

(

1

2
gv

)2

Wµ+Wµ− +
1

2
v2
(

g2 + g′2
)

4

(

−gW 3
µ + g′Bµ

√

g2 + g′2

)2

=

M2

W± Wµ+Wµ− +
1

2
M2

ZZ
2 (6)

reading off from the last two lines we have

MW± =
gv

2
; MZ =

1

2
v
(

g2 + g′2
)

1

2

hence
MW

MZ

=
g

(g2 + g′2)
1

2

= cos θW

3


