
from the previous lecture ...

The Dirac equation i~
1

c

∂

∂t
Ψ(~x , t) = (−i~~α · ~∇+ βmc)Ψ(~x , t)

Setting ~ = c = 1 ⇒ (iγµ∂µ −m)Ψ = (i /∂ −m)Ψ = 0

spin ↑ spin ↓ particles spin ↑ spin ↓ anti–particles

Showed: exist an operator ~S such that ~J = ~L+ ~S is a constant of the motion,

magnetic moment µ =
e

m
~S = ge(

e

2m
)~S

ge = 2 (experiment ⇒ 2.0023193...) (0.0023193...) are QFT corrections.



Dirac density and current

To give a probabilistic interpretation of the Dirac wave function ψ we have to

construct a conserved current jµ.

We have : ( iγµ ∂µ −m )ψ = 0 (1)

ψ†(−iγµ† ~∂µ −m ) = 0

using γµ† = γ0γµγ0

⇒ ψ†(−iγ0γµγ0 ~∂µ −m) = 0 / · γ0

⇒ ψ†γ0(−iγµ ~∂µ −m) = 0

We define the Dirac adjoint ψ̄ = ψ†γ0.
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⇒ ψ̄(iγµ ~∂µ +m) = 0 (2)

Taking ψ̄ · 1 + 2 · ψ =⇒ i ψ̄γµ~∂µψ + i ψ̄γµ ~∂µψ = i∂µ(ψ̄γ
µψ) = 0

so jµ = ψ̄γµψ ⇒ ∂µj
µ = 0 ⇒ jµ is our conserved current.

Then : ρ = j0 = ψ̄γ0ψ = ψ†(γ0)2ψ = ψ†ψ =
4
∑

α=1

|ψα|2 ≥ 0

j j = ψ̄γjψ = ψ†γ0γjψ = ψ†αjψ

→ ρ is positive definite but we still get negative energy

the negative energy solutions correspond to antiparticles.

The Dirac field describes a multi–state solution, i.e. it is a quantum field.
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Solutions of the Dirac equation

ψ = (ψ1, ψ2, ψ3, ψ4) Each component obeys the Klein–Gordon equation.

ψ = u(E , ~p)e−ip·x = u(E , ~p)e−i(Et−~p·~x) → positive energy plane wave solution

(iγµ∂µ −m)ψ = (γµpµ −m)u = 0, writing u =

(

φ

χ

)

=













φ1

φ2

χ1

χ2













(γ0E − ~γ · ~p −m)

(

φ

χ

)

=

[(

I 0

0 −I

)

E −
(

0 σj

−σj 0

)

pj −m

(

I 0

0 I

)]

(

φ

χ

)

=

(

E −m −~σ · ~p
~σ · ~p −E −m

)

(

φ

χ

)

= 0
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⇒ (E −m) φ = ~σ · ~p χ
~σ · ~p φ = (E +m) χ

⇒ χ =
~σ · ~p
E +m

φ

Recall that ~S =
1

2
~Σ =

1

2

(

~σ 0

0 ~σ

)

⇒ Sz =
1

2













1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 −1













Hence φ = N

(

1

0

)

for spin up along z–axis

φ = N

(

0

1

)

for spin down along z–axis
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~σ·~p
(

1

0

)

=

(

0 1

1 0

)

(

1

0

)

px+

(

0 −i

i 0

)

(

1

0

)

py+

(

1 0

0 −1

)

(

1

0

)

pz =

(

pz

px + ipy

)

Similarly : ~σ · ~p
(

0

1

)

=

(

px − ipy

−pz

)

=⇒ u↑ = N













1

0
pz

E+m
px+ipy
E+m













u↓ = N













0

1
px−ipy
E+m
−pz
E+m













Normalisation is calculated from ρ = ψ†ψ = u†u = 2E

2E is the relativistic particle density per unit volume

This gives N2
[

1 +
p2x+p2y+p2z
(E+m)2

]

= 2E

MATH431 Lecture 20 2020–2021 Semester 2 6 / 9



Using ~p 2 = E 2 −m2 gives

N2

[

1 +
(E −m)(E +m)

(E +m)2

]

= 2E

⇒ N2

(

2E

E +m

)

= 2E ⇒ N =
√
E +m

For a particle in the rest frame pµ = (m, 0, 0, 0) ⇒ ~p = 0 we get

=⇒ u↑ = N













1

0

0

0













u↓ = N













0

1

0

0













In the non–relativistic limit u↑ → spin up u↓ → spin down fields.
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For anti–particles of 4–momentum (E , ~p) we need a solution with

pµ → (−E ,−~p)
ψ = v(E , ~p)eipµx

µ

= v(E , ~p)ei(Et−~p·~x)

Dirac Equation : (iγµ∂µ −m)ψ = (−γµpµ −m)v(E , ~p) =
[(

−I 0

0 I

)

E +

(

0 σj

−σj 0

)

pj −m

(

I 0

0 I

)]

v(E , ~p) =

(

−E −m ~σ · ~p
−~σ · ~p E −m

)

(

φ

χ

)

= 0

⇒ ~σ · ~pχ = (E +m)φ ⇒ φ =
~σ · ~p
E +m

χ

~σ · ~pφ = (E −m)χ

Like the 4–momentum, spin is reversed
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=⇒ v↓ = N













px−ipy
E+m
−pz
E+m

0

1













v↑ = N













pz
E+m
px+ipy
E+m

1

0












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