
from the previous lecture ...

Aim: Extract the algebraic properties of the Lorentz group

In quantum mechanics operators are unitary,

U−1
QM = U

†
QM ⇒ U

†
QMUQM = I

U = e
iO → U†U = e

−iO†

e
iO = I

exponentiation is a good way to represent unitary operators if O is hermitian

if AB 6= BA

e
A
e
B = e

A+B+ 1
2
[A,B] (1)



Suppose we have the exponential representation of a unitary group

e
iαaXa ,

where Xa are hermitian generators and form a vector space; αa are infinisetimal

numbers; and summation over repeated indices is implied. In general,

e
iαaXA

e
iβbXb 6= e

i(αaXa+βbXb)

but as the elements

e
iγaXa

form a group, we must have

e
iαaXA

e
iβbXb = e

iδaXa (2)

for some δa, where summation over repeated indices is implied.
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Groups and Lie algebras: the bedrock of particle physics.

we expand the exponents in eq. (2) up to quadratic order in α and β

(

I + iαaXa +
(iαaXa)

2

2

)(

I + iβbXb +
(iβbXb)

2

2

)

= I + iαaXa + iβbXb −
(αaXa)

2

2
− αaXaβbXb −

(βbXb)
2

2
( complete the square of αaXaβbXb)

= I + iαaXa + iβbXb +

−
(αaXa)

2

2
−

αaXaβbXb

2
−

βbXbαaXa

2
−

(βbXb)
2

2

−
αaXaβbXb

2
+

βbXbαaXa

2

= I + i(αaXa + βbXb) +
(i(αaXa + βbXb))

2

2
−

[αaXa, βbXb]

2
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We get that

e
iαaXA

e
iβbXb = e

iαaXa+iβbXb−
1
2
[αaXa,βbXB ] (3)

or noting the group property eq. (2) we have

iδaXa = iαaXa + iβbXb −
1

2
[αaXa, βbXB ]

= iαaXa + iβbXb −
1

2
αaβb[Xa,XB ]

Hence, we must have

[Xa,Xb] = ifabcXc for some fabc

fabc → the structure constants summarising the group multiplication law.

in the case of proper orthochronous Lorentz transformations ωµν = −ωνµ.

In four spacetime dimensions that corresponds to 3 boosts +3 rotations.

→ Λ = e

i
2
ωµνJ

µν

where Jµν are generators of the Lorentz algebra.
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To first order in ωµν

Λ ∼ I −
i

2
ωµνJ

µν (4)

A representation of the Lorentz group transforms as

φi →
[

e

i
2
ωµνJ

µν

R

]i

j
φj = U(Λ)φ , j =, 1 . . . , n

J
µν
R are the generators in the R–representation of the Lorentz group as n × n

matrices. As µ, ν = 0, · · · , 3 we have 16 Jµν matrices, but on six of those are

independent as Jµν = −Jνµ.
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elementary particles transform in representations of the Lorentz group.

scalars → Higgs boson

fermions → matter

vectors → force mediators

The generators of the Lorentz group satisfy the Lie algebra.

[Jµν , Jρσ] = i(ηνρJµσ − ηµρJνσ − ηνσJµρ + ηµσJνρ)

which is the Lie algebra of SO(1, 3). We define the operators

Ki = Ji0 = −J0i i = 1, 2, 3

Ji =
1

2

∑

j ,k

ǫijkJjk

where ǫ123 = +1, ǫ213 = −1, ǫ112 = 0, etc ... To first order in the infinitesimal

parameters the Lorentz rotations and boosts are given by

Λ = I + i~a · ~K − i~b · ~J
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The second rank tensor ωµν is given in terms of the ai and bi .

For example, in the case of rotations: A = I + i~α · ~J.

Hence, the generators of the Lorentz group are:

~J → generators of rotations

~K → generators of boost

satisfy the commutation relations

[Ji , Jj ] = iǫijkJk

[Ji ,Kj ] = iǫijkKk

[Ki ,Kj ] = −iǫijkJk
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We define the combinations:

~J+ =
1

2

(

~J + i ~K
)

~J− =
1

2

(

~J − i ~K
)

Note that the generators ~J+ and ~J− are not hermitians as,

~J
†
+ = ~J−

~J
†
− = ~J+

The commutation relations of ~J+ and ~J− are

[

J+i , J+j

]

=
1

4
[Ji + iKi , Jj + iKj ] =

1

4
(Jk + iKk + iKk + Jk) = iǫijkJ

+
k
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Similarly,

[

J+i , J+j

]

= iǫijkJ
+
k

[

J−i , J−j

]

= iǫijkJ
−
k

[

J+i , J−j

]

= 0

The J+i and J−i generate two disjoint generators of an SU(2) algebra,

SU(2)× SU(2)†.

Each representation of the Lorentz group is labelled by the indecis of the two

disjoint SU(2) algebras (j1, j2).

Each representation has (2j1 + 1)⊗ (2j2 + 1) components.

As ~J = ~J+ + ~J− spin is given by j1 + j2.
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examples: (j1, j2) spin components

a (0,0) 0 1 singlet

b (12 , 0)
1
2 2 Weyl spinor

c (0, 12)
1
2 2 Weyl spinor

d (12 , 0) + (0, 12)
1
2 4 Dirac spinor

e (12 ,
1
2) 1,0 4 vector
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