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ψ(r, θ, φ) = R(r)







1
0

ia cos θ
iaeiφ sin θ







Normalize
∫

d3rψ†ψ = 1 =

∫

4πr2dr(|R|2(1 + a2))

⇒

∫ ∞

0

r2|R|2dr = [4π(1 + a2)]−1

(a.)

Lz = −i
∂

∂φ
⇒ Lzψ = R







0
0
0

iaeiφ sin θ






6∝ψ

so ψ is not an eigenstate of Lz.
(b.)

〈Lz〉 =

∫

d3rψ†Lzψ =

∫

2πr2d cos θ|R|2a2 sin2 θ

∫ 1

−1

d cos θ(1 − cos2 θ) = 2 −
2

3
=

4

3
⇒ 〈Lz〉 =

8π

3
a2 ·

1

4π(1 + a2)

⇒ 〈Lz〉 =
2a2

3(1 + a2)

In H-atom , v/c ∼ α ⇒ 〈Lz〉 = O(v2/c2). This is a relativistic effect - spin–orbit interac-
tion.

(c.)

Sz =
1

2
h̄







+1 0 0 0
0 −1 0 0
0 0 +1 0
0 0 0 −1







⇒ Szψ =
1

2
h̄R







1
0

ia cos θ
−iaeiφ sin θ







(Lz + Sz)ψ = R







1
0

ia cos θ
iaeiφ sin θ






=

1

2
ψ ⇒ Jz = +

1

2

1



2. (a) Operating with γν∂ν from the left on the Dirac equation we have

γν∂ν (iγµ∂µ −m)ψ(x) =

i
1

2
(γνγµ + γµγν) ∂ν∂µψ −mγν∂νψ =

iηµν∂ν∂µψ + im2ψ =

i
(

∂µ∂µ +m2
)

Iψ = 0

where I is the 4 × 4 identity matrix.
(b)

γµ∂µψ + imψ = 0 , (∂ψ†)γµ†

− imψ† = 0

⇒(∂ψ†)γ0γµγ0 − imψ† = 0

⇒(∂µψ̄)γµ − imψ̄ = 0

(c)
• ∂µ(ψ̄γµψ) = (∂µψ̄)γµψ + ψ̄γµ(∂µψ)

= (imψ̄)ψ + ψ̄(−imψ) = 0

• ∂µ(ψ̄γµγ5ψ) = (∂µψ̄)γµγ5ψ + ψ̄γµγ5(∂µψ)

= (imψ̄)γ5ψ − ψ̄γ5(γµ∂µψ) = 2imψ̄γ5ψ

3.

ūf ( 6 pf −m)γµui = ūfγ
µ( 6 pi −m)ui = 0 (Dirac eq.)

⇒ 2mūfγ
µui = ūf ( 6 pfγ

µ + γµ 6 pi)ui

6 pfγ
µ + γµ 6 pi = γνγµpfν

+ γµγνpiν

γµγν + γνγµ = 2gµν

γµγν − γνγµ = −2iσµν

Hence
γµγν = gµν − iσµν ; γνγµ = gµν + iσµν

⇒ 6 pfγ
µ + γµ 6 pi = gµν(pf + pi)ν + iσµν(pf − pi)ν = (pf + pi)

µ + iσµν(pf − pi)ν

⇒ ūfγ
µUi =

1

2m
ūf [(pf + pi)

µ + iσµν(pf − pi)ν ]ui
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4. We consider an electron in a constant magentic field ~B = (0, 0, B) with B > 0.
(a.)
The vector potential

Aµ = (0, 0, Bx, 0)

(b.)

(i∂0 −m)φ = ~σ · (~p− e ~A)χ

(i∂0 +m)χ = ~σ · (~p− e ~A)φ

where, as usual, ~p = −i∇.
(c.) Assuming a solution of the form

φ(x) = φ(~x)e−iEt, χ(x) = χ(~x)e−iEt

Inserting into the equations from (b.) these equations become

(E −m)φ(~x) = ~σ · (~p− e ~A)χ(~x)

(E +m)χ(~x) = ~σ · (~p− e ~A)φ(~x)

Substituting χ(~x) from the second equation into the first and repeating the steps that
we too in class when deriving the gyromagnetic factor from the Dirac equation, we get

(E2 −m2)φ(~x) = [(~p− e ~A)2 − e~σ · ~B]φ(~x)

= [~p2 + e2B2x2 − 2epyBx− eσzB]φ(~x)

Since px, py commute with x, we can seach for solutions of the form

φ(~x) = ei(pyy+pzz)f(x)

where py and pz are c-numbers and f(x), as φ(~x), is a two component spinor. The equation
for f(x) becomes

[−
d2

dx2
+ (py − eBx)2 − eBσz]f(x) = (E2 −m2 − p2

z)f(x)

f(x) can be taken to be an eigenfunction of σz with eigenvalues σ = ±1, σzf = σf . Then

[−
d2

dx2
+

1

2
(2e2B2)(x−

py

eB
)2]f(x) = (E2 −m2 − p2

z + eBσ)f(x)

This is formally identical to the Schrödinger equation of an harmonic oscillator with fre-
quency 2|e|B. The energy levels are therefore given by

E2 −m2 − p2
z + eBσ = (n+

1

2
)2|e|B
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or
E = [m2 + p2

z + (2n+ 1 + σ)|e|B]
1

2

Observe that there is a continuous degeneracy in px and py, as well as a discrete degeneracy

E(n, pz, σ = +1) = E(n+ 1, pz, σ = −1).

In the nonrelativistic limit pz << m2, (2n+ 1)|e|B << m2 the nonrelativistic limit there-
fore gives

E(n, pz, σ) ≃ m+
p2

z

2m
+

(

n+
1 + σ

2

)

ωB

with ωB = |e|B/m. These are the Landau levels of nonrelativistic quantum mechanics.
4.

γ5† =(iγ0γ1γ2γ3)†

= − iγ3†γ2†γ1†γ0†

= − i(γ0γ3γ0)(γ0γ2γ0)(γ0γ1γ0)γ0

= − iγ0γ3γ2γ1 = iγ0γ2γ3γ1 = −iγ0γ2γ1γ3 = iγ0γ1γ2γ3 = γ5.

For the second part, it’s best to do for each µ in turn:

γ5γ0 =iγ0γ1γ2γ3γ0 = −iγ0γ1γ2γ0γ3 = iγ0γ1γ0γ2γ3

= − iγ0γ0γ1γ2γ3 = −γ0γ5 ⇒ {γ5, γ0} = 0,

γ5γ1 =iγ0γ1γ2γ3γ1 = −iγ0γ1γ2γ1γ3 = iγ0γ1γ1γ2γ3

= − iγ1γ0γ1γ2γ3 = −γ1γ5 ⇒ {γ5, γ1} = 0.

It is clear that the other two calculations will be similar.

5. N.B. Of course the question was wrong–should have said (γ0)2 = 1, (γi)2 = −1,
i = 1, 2, 3.

γ0γ1γ2 = − γ0γ1γ2γ3γ3 = iγ5γ3

γ0γ1γ3 = − γ0γ1γ2γ2γ3 = γ0γ1γ2γ3γ2 = −iγ5γ2.

6.

{γµ, γν} = 2ηµν14 ⇒ γµγν + γνγµ = 2ηµν14,

where 14 is the 4-dimensional identity matrix, usually not written explicitly. Taking
the trace, and using tr(AB) = tr(BA), tr14 = 4, we get

tr[γµγν ] = 4ηµν .

Now

γµγνγργσ = − γνγµγργσ + 2ηµνγργσ

=γνγργµγσ − 2ηµργνγσ + 2ηµνγργσ

= − γνγργσγµ + 2ηµσγνγρ − 2ηµργνγσ + 2ηµνγργσ

⇒ γµγνγργσ + γνγργσγµ =2ηµσγνγρ − 2ηµργνγσ + 2ηµνγργσ.
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Taking the trace and using

tr[γνγργσγµ] = tr[γµγνγργσ],

together with tr[γµγν = 4ηµν , we find

tr[γµγνγργσ] = 4[ηµνηρσ − ηµρηνσ + ηµσηνρ]

7.

The number operator is

N :=
1

(2π)3

∫

d3p′

2p′0
a†(p′)a(p′) .

With this [N, a†(p)] =

[

1

(2π)3

∫

d3p′

2p′0
a†(p′)a(p′), a†(p)

]

=
1

(2π)3

∫

d3p′

2p′0
[a†(p′)a(p′), a†(p)]

=
1

(2π)3

∫

d3p′

2p′0
{

a†(p′)[a(p′), a†(p)] + [a†(p′), a†(p)]a(p′)
}

=
1

(2π)3

∫

d3p′

2p′0
a†(p′)2p′0(2π)3δ(p− p′)

= a†(p) .

So we have

Na†(p) − a†(p)N = a†(p)

⇒ Na†(p) = a†(p)(N + 1) ,

and N |p1 . . .pn〉 = Na†(p1) . . . a
†(pn)|0〉

= a†(p1)(N + 1)a†(p2) . . . a
†(pn)|0〉

= a†(p1)a
†(p2)(N + 2) . . . a†(pn)|0〉

= . . . = a†(p1) . . . a
†(pn)(N + n)|0〉

= n a†(p1) . . . a
†(pn)|0〉 (as a(p)|0〉 = 0 and so N |0〉 = 0)

= n|p1 . . .pn〉 .
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