from the previous lecture ...

we require:

U(N2, a2)U(A1, a1) = U(A2A1, Ara1 + a2) (1)

where U(), a) is given by
UN,a)=1+id-J—if-K+ia"P, (2)

Here, aj, ;i and a* are infinitesimal parameters. Hence, (2) is an expansion of
U(A, a) to first order in the infinitesimal parameters. Inserting (2) into (1) and
keeping terms to second order in the inifinitesimal parameters, we derive the
commutation relations. Alternatively, we can use the differential form of the
operators P* and L*” that we presented in the previous lecture to find the
commutation relations between the operators. We saw that the linear

momentum generators commute among themselved whereas L*” satisfy



[Luv, Lpol = iMvplue — inpploe — iMvoLup + iMuplye (3)
which are the commutation relations of the SO(1, 3) Lie algebra. The most
general representation of the generators of the SO(1,3) algebra that obeys eq.
(3) is given by

Jw = Ly + S

where S, obeys eq. (3) and commutes with L.

[uvs Pp] = —inpup Py + i Py (4)
In terms of J; and K; the commutation relations become
[J,‘, PJ] = iE,'J'kPk
[Ki, Pj] = iHoj; where
[Ji,H]=0 , [Pi,H] =0 , [KiH]=IiP;
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A more elegant form of the commutation relations is obtained by defining the
Pauli-Lubanski vector

1
W, = —Eewy,\J"”PA

(5)

We note the appearance of the antisymmetric tensor in four dimensions €, ..\,
which generalises the antisymmetric tensor in three dimensions ¢;;.. Before
proceeding to examine the Pauli-Lubasnki vectort, we digress to discuss the

generalisation of the antisymmetric tensor in any number of dimensions.



antisymmetric tensor in 3D: €ijk ij, k=123

€123 = +1 €132 = —1
€31 = +1 €213 = —1
€312 = +1 €321 = —1
I-6. €123 = €even permutations — €odd permutations
dy 4dp as
For a 3 x 3 matrix A=|b b b3
G @ G



DetA = E e,-jka,-bjck
ijk
= €1p3a1boc3 + €132a1b300 + €213a2b01 63
+ep31arbzcy + €310a3b100 + €321a3b2¢1

= al(b2C3 — b3C2) — 32(b1C3 — b3C1) + 33(b1C2 — b2C1)
useful identities : €ijk€ilm = (5j/5km — 5jm5kl)

e,-j/e,-jk = 25//(

facilitates vector calculus calculations in 3D.
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Generalises to nD

Cuvp - o €123.n = +1 = €e.p. = —€o.p.
a1 - din
For a n x n matrix A= :
anl ann
DetA = E €jjk ... @1id2j - anp
i ke
in 4D €ppor
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Returning to the Pauli—Lubanski vector eq. (5) we have

W, P
Wo

Wi

—

w

1 1
—§ew,,AJ*“’PAP" = +56WAC,J‘“’PAP” =0

=

1 , -
—Eeo,-ij’JPk = —JPk=—-J.P

1 , 1 , 1 ,
—Ee;jkOJJkPO — EeUOkJJOPk - 5e,-oijOJPk

1 : 1 : 1 ,
Eeo,-jkﬂk P° — EeOUkJJOPk - Eeo;ijJOPk

PoJ; + G;J'kPJ'Kk

Poj—l—ﬁXR

For P=10 , Po=m = W =+mJ=+mS
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The commutation relations become:

[lev Wp] = i(77up W}L — Nup Wu)
[W,uv Pl/] =0

(W, W] = i€pmpe WPP?



A Casimir operator is one that commutes with all the generators of the group
Eigenvalues of the Casimir operators are labels of 1—particle states.
The Casimir operator C commutes with the Hamiltonian

H=Py=[C,H =0
Py = ih% <> translation in time

Hence, the eigenvalues of the Casimir operator are constants in time —
constants of the motion.



single particle states: ¥(x) = |P, S)

P represents the momentum vector
S stands for other quantum numbers

P,,P" is the first Casimir operator of the Poincare group

PMP“\:B, S) = mg\ﬁ, S) — mg rest mass of the particle

The rest mass of the particle is a Poincare invariant.

The second Casimir operator of the Poincare group is given by W, W*.

We saw that W, is a Lorentz four vector. Hence, W, W*" is a Lorentz scalar,
and commutes with J,,,,, the generators of the Lorentz group.

From the explicit form of W, it also follows that

[W,,P]=0

by using the asymmetry of €, and the symmetry of P, = i0,.

MATH431 Lecture 2 2020-2021 Semester 2 10/11



it follows that
[Wu WH P"]1 =0

Since, W, W*# is a Lorentz invariant, we can compute it in a convenient frame.

If m # 0 it is convenient to choose the rest frame of the particle. In this frame

P* =(m,0,0,0).
1
WH = _Eeuupojyppo L= _geﬂ’/ﬂojup R gEOWPJup
= W% =0
Wi = %Eoﬁkjjk = gEUijk = mJi

Therefore, on a one particle state with mass m and spin j we have
~W,WH = m?J " = m?*J?

~W,W¥|P,S) = m*j(j + 1)|P,S) (m #0)
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