Properties of Lorentz transformations

Lorentz transformations are transformations that preserve the scalar product
and the length of Lorentz four vectors, just like the rotations that preserve the
length of three vectors in three dimensional spatial space. The only difference
is that in three dimensions we are in Euclidean space with its Euclidean metric,
whereas Lorentz transformations operate in Minkowski spacetime with its

Minkowski metric. The length of four vectors in Minkowski space is given by
N X XY

which is invariant under Lorentz transformations, i.e. there no change in its
size and shape. The invariance implies the existence of a symmetry, which is

generated by a group, the Lorentz group.



Assume X* — X’ under some Lorentz transformation, i.e.
XH — X" = N\, XY
Hence

N XEXY = 1 XX = 0, NN 5 XOXP = 105X XP

= npy/\“a/\y,b’ = Nap (1)
or in matrix notation
NTgh =1

where 7 is the 4x4 Minkowski metric and A is the 4x4 matrix of Lorentz

transformations. The identity in eq. (1) defines the Lorentz transformations.

= (DetA)? = 1 = DetA = +1
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The physical transformations correspond to those that can be continuously
connected to the identity, for which DetA = +1.

@ DetA = 4+1 — Proper Lorentz tranformations

@ DetA = —1 — Imroper Lorentz tranformations

We can look at the 00 component of the identity 7, A", A"g = 1ag

77u1//\u0/\l/0 =41

= (M%) =D (No)* =+1
= (A% =1+ (Noy*>1

We have that as,

(N2 >1= A% > +1 orthochronos LT

or A% < —1 non orthochronos LT
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An example of a nonorthochronos Lorentz transformation is given by
reflections:

-1 0 0 0
U U
0 0 -1 0

The Lorentz transformations that are continuously connected to the identity

are proper and orthochronos i.e.
o 1. DetA =1+ proper

@ 2. A% >1+¢« orthochronos
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Examples:

°
1 000 1 0 0 O
1 0 -1 0
A, = 0 00 and A, =
0010 0 0 -1 0
0 001 0 0 0 1

@ rotations:

p = (F0
0 R

where R are 3x3 rotation matrices in the three spatial dimensions. We
have that DetA = DetR = £1 and DetR = +1 for proper rotations.
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@ boosts: For a boost along the x—axis

N, =

coshn
—sinhn
0
0

—sinh 7

cosh

0
0

0
0
1
0

= O O O

we have DetA = cosh®n — sinh®1 =1 and A% = coshn > 1.

@ time inversion:

-1 000
0 100
0 010
0 001
DetA = —1 and A% = —1. An improper non—orthochronos Lorentz

transformation.
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o full inversion:

-1 0 0 0
0 -1 0 0
0 0 -1 0

DetA = +1 and A% = —1. A proper non—orthochronos LT.
All Lorentz Transformations (LT) are generated by the above transformations.
The proper orthochronos LT correspond to rotations and boosts. These are the
physical LT that can be continuously connected to the identity LT, i.e. we can
write them in infinitesimal form. The proper orthochronos LT form a group.
We can parametrise these transformations in terms of six parameters, similar to

the 6 parameter in 2D rotation

6 parameters = 3 angles + 3 boosts
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Write an infinitesimal proper orthochronos Lorentz tranformation in the form
Ny, =60, + W, (3)
6", — identity transformation; wt, —  a 4x4 infinitesimal matrix
o, =4+1forpu=v ; o, = 0forpu#v

Next, we expand eq. (1) to first order in the infinitesimal parameters in w,,.

77/11/(‘5“04 + w“a)(é’/g + wyﬁ) = TNagp
open brackets
Nt 0" g + Mt 6" g + M0 " g + Mt aw” 3 = Nap
= Nap + Waa + Wap + O(W?) = Nugp

4

Wga + wWag =0
— The tensor of infinitesimal transformations is antisymmetric.
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rotations: rotation group in two dimensions

cc.)59 sin 6 o 10 10 01 for small (4)
—sinf cosf 01 -10

The number of degrees of freedom in a 4x4 antisymmetric matrix?

for general n: % = @
4.3
forn=4— — = 6 — 3 rotation angles + 3 boosts
0 al an as
—dail 0 b3 —b2
= Wy = (5)

—dy — b3 0 b1
—as b2 - b1 0
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