requiring local phase invariance — the electromagnetic field

Maxwell's equations (eg = g = ¢ = 1)

V-E = pem (1)
VxE = —%—f (2)
V-B = 0 (3)
VxB = jem+‘2—'f (4)

L



-

Define Jéfm = (pem7.jem)

0, 0" AF — O*(9,A") = 9,(0"AF — I*AY)
= o F"* = JB
where we defined the electromagnetic field strength tensor

Fu = (0uA, — 0,AL) = —Fuu

0 E E; Es
— E1 0 - B3 B2
—E, Bs 0 -B
—E -B, B 0

hence F,, =
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The elecromagentic field strength tensor and hence Maxwell's equations are

invariant under the gauge transformations
Al AT = AR Oy

where  is a scalar function.

Fiv s FY = 9H(A” 4 87y) — 8" (A" + 8"0x)
O Y R O
= QMA” — 9AR = FI

= we can always choose 0,A" =0 (Lorentz gauge) (5)
f A =F£0 — (A" +0"X)=0 — 8,0 =—f
= in free space  (J* =0) we have 0,0"A* =0

—  massless KGE for each component of A*
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— A is the wave function of the photon
— A is a four vector — photon has spin 1

Plane—wave solutions :

AH — 6ue—i(wt—k-r)

where

e = polarization four vector

Kkt = (w,k) — wave 4-vector

From the wave equation for A

— k-k=0 = w2=k® & E2=p22 (for m=0)
From the Lorentz gauge condition

-k
w

o
my

A" =0 = e k=0 = € =
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= " =€+ akt s equivalent € for any a = costant

= choose g =0 = e,J(“zE-l?zO
= for k=(0,0,k;) — € =(0,1,0,0) , ¢ =(0,0,1,0)

(0,1,+/,0)
V2

2 polarization states e’,é, L= < circular polarization

Electromagentic interactions

We introduce electromagnetic interactions via the minimal substitution in the

equations of motion

E—SE—eV ,p—p—eA
where e is the electric charge.
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relativistically : pt — pt —eA* | OF — O* + jeA¥

The KG equation becomes

(0 + ieA,) (0" + ieA")p + m*p = 0
(0u0" + m*)p = —ie[A, 0" + B, (A'9)] + e* A A D

We saw that the minimal coupling prescription and the gauge condition

At — AP 4 OFx are the same as the local phase invariance
d(x) = e p(x) = local U(1) symmetry
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The conserved current is now

¢
The second term provides the coupling of the scalar field to the
electromagnetic field

S =i(¢70" ) — ¢0"¢") — 2eA*(x)¢" (x)(x)



The Schrodinger equation:

ihd1p = Hy
is linear in Ihm —  linear in E
since P, = ihd, & P?>=E>-P

P2 = m?, the KGE is quadratic in 2
Dirac wanted to find a relativistically covariant equation which is linear in ik

ot"

i.e. linear in energy — linear in the Hamiltonian

— linear in the generator of time translations

— linear in time + relativistically covariant = linear in —ihV

3
ot
—ihV — the quantum generator of spatial translations
=} F E DA
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relativistically E?

int

cot
we have to get rid of the VN

— B2+ m2ct

= E=+

=+ p%+ m?c? (7, t)

p2c? + mict



