MATHI191: Problem Solution Sheet 4

It is a slightly unfortunate fact that the convention is to write “lim = 4o00” or
“lim = —o0” in cases where the limit does not exist. If the limit exists it has to be a
number, not +oo. In this question (in contrast to Sheet 3, where I was asking if limits

exist) I was asking for a, where a could be any number, or could be +0o or —oo, such
that lim,_, 4o f(2) = a, and similarly for lim,_, ., f(x).

l.a) fa)=2®-32>+2x—1=231—-3z" ' +272 —273) when  # 0. So

lim f(z)= lim 21 -3z '+22-27%) = lim %= +oo,
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and similarly

lim f(z)= lim 2= —o0.
b)
. R A R | .
L fle)= lim =m0 = lim o =5 = lim = +too,
and similarly
lim f(z)= lim z= —oc0.
¢)
. . 322 — 22+ 3
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T i 522 — 2z +3 o bl —22724327% 0 0
im f(z)= lim ————— = lim = =0.
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e) A possible solution is: f(xz) = cosz can be 1 for arbitrarily large positive x
and can also be —1 for arbitrarily large positive . So lim,_, 4. cosx cannot
even be evaluated. The limit does not exist and we cannot even say “lim =
400” or “lim = —o0” because cosz is always between —1 and +1. Similarly,
lim,_, _ o cos z does not exist and cannot even be evaluated as +oo or —oo.

f) Since —1 < cosx < 1 for all values of x, we have

-1 cosT 1

ol = @ T el

Hence, by the sandwich rule, lim, ., f(z) = 0.
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2. a) We use the fact that %x” = na" . Thus d%x?’ = 322, Lg? = 2, =T =1,

d o _
and @2 =0. So

a
dz

d
d—(x3+2w2—3x+2):3x2—|—4x—3.
X

b) Let f(x) = #*sinx, and set u = z* and v = sinz, so f(x) = uv. Now u’' = 42°

and v/ = cosz, so

4

f'(x) = w' +u'v=2*cosz + 42 sin .

¢) Let f(x) = 2y/x + cosx = 22/ + cos . Then

1 1
flx)=2 272 —sinz = — —sinz.
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d) Let y = 2= = (1 +2)"%/2 Let u =142, so y = u~*/2 Then % =1 and

Vitx -
Z—Z = —%u‘3/27 SO
dy L 30 1 -3
= =_c 1=-=(1 2,
dr ~ 2" 1+
e) Let f(z) = 4% and set u = sinz and v = 22, so f(z) = *. Now v’ = cosx

and v’ = 2z, so

vu' —uv’  z?cosx —2xsinz  zcosx — 2sinz

! _ _ _
f ((E) - U2 - 334 - 333
f) Let y = cos(z? + 1). Write u = 22 + 1, so y = cos u. Now W — _giny and
Yy Y du
% =2z, so
dy . . 2
= =— 2= —2 1).
Ir sin(u) - 2z xsin(z® + 1)
g) Let y = m = (2+32)"2. Write u =2+ 32,50 y = u~2. Now % = —2¢ 3
and % =3, so
dy —3 -3 —6
— =-2 -:3=-6(2+3 =—"—.
dx b (2+32) (24 32)3

3. In each part, we use the formula for the equation of the tangent to the graph of
y = f(x) at (z,y) = (zo, f(z0)), which is:

y = f(zo) + f'(z0)(z — z0).
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1.

SO

In this case, f(z) = 2% and 29 = 3, f(z0) = 9. We have f/(r) = 2z, so
f'(z9) =2 x 3 =6. Thus the equation of the tangent is

y:9+6($73)3

or
y =6z —9.

In this case, f(z) = 23 and 29 = —1, f(zg) = —1. We have f'(z) = 322, so

f'(z0) = 3((=1)?) = 3. Thus the equation of the tangent is

y=—-143x—-(-1)=-1+3(xz+1),
or
y =3z + 2.

2

In this case f(x) = z®cosz and zo = 0, f(zg) = 0. To calculate f'(z), set

u=2% and v = cos, so f(x) = uv. Then v/ = 2z and v' = —sinx, so
f(z) = uv' +u'v = 2*(—sinz) + 2rcosx = 2xcosx — x° sin .
Hence f’(zg) = 0cos0 — 02sin0 = 0, and so the equation of the tangent is
y=0+4+0(z—0) or y=0.

In this case f(z) = 2% and 29 = 7, f(z¢) = 0. To calculate f’(z), set u = sinx

-z

and v = x, so f(x) = %. Then v’ = cosz and v' = 1, so

, vu' —uv’  wcosx —sinx
v T
Hence f'(rg) = T 1500 = ’;;0 = ’71, and so the equation of the tangent is

1
yzofi(ziﬂ'%

™
or
y=1-— L
m
The relevant row of Pascal’s triangle is
1 4 6 4 1,

(a+b)* = a* +4a®b + 6a%b* + 4ab® + b*.



A+a)* =1 +4- 132 +6-1%2% +4- 123 + 2* = 1 + 4o + 622 + 423 + 2.
b)
(1+22)* = 114+4-13(22) +6-1%(22) 2 +4-1(22)*+(22)* = 1+8z+242%+322°+162".
c)
(1—2)* = 1*44-13(—2) +6-1%(—2)> +4-1(—z)3 + (—2)* = 1 -4z 462> — 423 424

n

(using that (—z)™ is ™ if n is even, and —a™ if n is odd).



