MATHI191: Problem Solution Sheet 3

1. Consider the following triangle: 3

Here R = /32 + 42 = /25 = 5, and ¢ = tan~1(4/3) = 0.9273 to 4 decimal places.
Now
3=>5cos¢ and 4 = 5sin ¢,

SO
3cosf +4sinf = 5cosfcoso+ 5sinfsinp
= b5cos(f — ¢)
The equation therefore becomes

cos(f — ¢) = %

We solve this for § — ¢: the general solution is
0 — ¢ ==+1.1593 + 2n=w n € Z.
Since ¢ = 0.9273, this gives

2.0866 4+ 2nm nez
—0.2320 + 2n7 n € 7.

0 =0.9273 + 1.1593 + 2nw = {
(It’s a good idea to check your solutions. For example, for the first type of solution
you can work out cos(2.0866) = —0.4932 and sin(2.0866) = 0.8699 on your calcula-
tor, and then verify that (—0.4932 x 3) + (0.8699 x 4) = 2. (You won’t necessarily
get exactly 2, because of rounding everything to 4 decimal places.)



2. a)
xerOS&:Qcos% =2
. . T
y:Tsm0:2st =2.

So (z,y) = (\/ia \/5)

b)
x=rcosf =cosm=—1.
y=rsinf =sin 7 = 0.

So (z,y) = (=1,0).

c)
r=+va2+y2=v1+3=2.
tanf = 2 = V3.
x

Since z > 0, § = tan~*(v/3) = 7/3. So (r,0) = (2,7/3).

d)

r=+va2+y2=vVIi+1=v2

tanf = ¥_ —1.
T

Since x < 0,
f=tan"t (=1)+ 7= —24—%: :%T
So
3
(r.6) = (V2,5)
3.
cos(0.1) — 1
0.1) = ————— = —0.49958347
(and f(—0.1) has the same value, since f(z) is even).
cos(0.01) — 1
0.01) = —————— = —0.4999958
J(001) (0.01)2

(and f(—0.01) has the same value).



It seems reasonable to guess that lim,_,o f(z) = —1/2 (and this is in fact the case).

In degrees: f(0.1) = f(—0.1) = f(0.01) = f(—0.01) = —0.000152309 to 9 decimal

places. Note that
2

T
% 1802 —0.0001523087099...
ca) limg 22 -2=1-2=—1.
1 mark
b)
2 - J—
o Z g @ DERD) 2
z—1 x—1 rz—1 r—1 e
2 marks

c) When z is very close to 1, 22 — 2 is very close to —1 and x — 1 is close to 0. So
(22 —2)/(z—1) is a large number and the limit does not exist. We only say that
the limit exists if the limit is a number. However 22 — 2 < 0 for z close to 1, so
that (22 —2)/(z —1) <O0forz —1>0and (z> —2)/(z—1) >0forz —1<0.

So we can write

ooz —2 R )
lim = —o00, lim = 400,
z—1+ . —1 z—1— z—1
d)
z? -2 . 1—(2/2?)
im —— = lim ————=—
r—+oo (aj — 1)2 rtotoo (1 - (1/35))2
1—(2/22
= pim A
1/z2—0 (1 — (1/x))?
)
. sinbz . bsinbx
lim = lim
z—0 €T z—0 5z
=5 lim S8 _ 5y S0Y g
50—0 Hx y—0 y

f) When = > 0 we have f(x) = T = 1; while when x < 0 we have f(z) = =% = —1.
So
lim f(z)= lim 1=1,

rx—1+4 rx—1+4+
lim f(z)= lim —1=-1.
z—1— r—1—

Since 1 # —1, lim,_,o f(x) does not exist.



