Solution Sheet 5, M181

1. Use partial fractions to sketch the function

2?2 — Tz + 10
fa)=——7—""
Find the stationary points of f(x).
Partial Fractions
2 _7 10 C
ot Ax + B +
z—1 r—1

we need to find A, B, C.
2> —7r+10=(Az+ B)(z —1)+C  forall x
Choose z values to give easy equations

r=1 = (=4
r=0 = 10=-B+C = B=(C-10 == B=-6
r—o00 = rrr=A2" = A=1
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27 10 4

z—1 rz—1

We see that f(z) has a singularity at x = 1, and that at large z it tends asymptotically
to the line y = = — 6.

Zeroes

We can find the zeroes of f(x) more easily from the original form: it has zeroes at

??—7x4+10=0 = (r—=5)(z—2)=0 = zr=2andz=>5

Stationary Points

flz) = x—6+xi1
, B 4

f(.?)) = 1- (.%'—1)2
" _ 8

f (.73) - (.%'—1)3

Stationary points are at

fl(r)=0 = 1-— 5=0= (z-12=4 = z=1+2

4
CES)
There is a local maximum at (z,y) = (—1,—9) and a local minimum at (z,y) = (3, —1)

No points of inflexion, because f”(z) # 0 for any finite z.
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2. Find the steepest point on the curve y = . What is the gradient at this

et +4
point?
o 2e”

y= et +4

, 2e%(e” +4) —2e%e”  8e”

vy = (eac + 4)2 o (eac + 4)2

b 8e(4—e”)
V2 Terap

Steepest point, is the maximum of 3/, so it is where

Y'=0 = =4 = z=In4



Steepest point is at (z,y) = (In4,1), the gradient is

1
'(In4) = =
y'(In4) 5

3.(i) Use integration by parts to find [ ze3® dx

In this question we use integration by parts to find the solution.
/uv' dr = uv — /u'v dx (1)

To do the integral in 3(i) use v' = e3* (because it is easy to integrate) and u = z
(because it is easy to differentiate)

U=z v =c¢
1
u' = v = e
3
I = /:ce?’mdx
1 3z
= —ged® — e—dx
3 3
1
= [ = Zge° e 4+ C

3.(ii) Use integration by parts to find /.732 cosh 3z dx

Use integration by parts. Using the notation in equation 1, take v" = cosh(3z) (easy
to integrate) and u = x> (easy to differentiate). This time we need to use integration by
parts twice.

u=2x* v = cosh(3z)

1
u=2r v= 3 sinh(3z)

I = /x2 cosh(3z) dz
51 . L.
= 7' sinh(3z) — /ng sinh(3z) dz
1 21 2
= x2§ sinh(3z) — 373 cosh(3z) + / 9 cosh(3z) dzx

1 2 2
= 1 = £E2§ sinh(3z) — ¥ cosh(3x) + 37 sinh(3z) + C




4. Fvaluate the integrals

1
a6 1= d
W (@+3)(x+5)

This is a rational function, so start by finding a partial fractions expansion.

1 A N B Alx+5)+B(z+3) (A+B)r+(5A+3B)
(z+3)(z+5) (z+3) (z+5)  (z+3)(x+5) (z+3)(z+5)
This gives us the simultaneous equations
A+B =0
5A+3B =

The solutions are A = % and B = _71 So

1 1 -1
/(a:+3)(:c+5) de = /(2(56+3)+2($+5)> dm
= %ln(x+3)—%ln(az+5)+0

. . (z+1)
) 1= @+3)(z+5)

This is a ratio of two polynomials, so start by finding a partial fractions expansion.

(x&;;)m):(xia*(xia vl Al Al

(multiplying by (z + 3)(z +5) on both sides). The above equation is true for any z. This
time we’ll solve it by choosing clever z-values.

r=—-3 = -2=24= A=-1

(z+1) -
/(x+3)+(xl+5) de = /((a:+13)+(:v—2|—5)> de

= —In(z+3)+2In(z+5)+C

a.Gi))  I= / (4 — 32)* dr

To do this integral use the substitution u =4 — 3z so du = —3 dzx

—1
I = —/u4du
3
—11 .
= — W +C
5 5u+
1
=1 = ——4-32)°+C
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4.(iv) /sin(5:c) cos(2z) dx
To integrate this function we use the trigonometric identity.
2sin(a) cos(b) = sin(a + b) + sin(a — b)

This allows us to write the integrand in terms of integrands that we know how to integrate.

/sin(5x) cos(2z) dr = %/(sin(h‘) + sin(3z)) dz

1 1
= — 11 cos(7x) — G cos(3z) +C

4.(v) I:/(x_l2)4 dx

To do this integral use the substitution u = x — 2 so du = dz

I = —du

L) = 20 39009
(=27)) 81

W=

/_tﬁlzwd"”: H <x—12>3111=—%ﬁ—(—

4.(vi) / cos®(z) dx
0
To integrate this function we use the trig identity. cos(2z) = 2 cos?(z) — 1
9 1
/cos (x) dz = 5 /(1 + cos(2z)) dx

1 1
= 3¢ + 1 sin(2z) + C

™ 1 1 1 1
/0 cos?(z) dr = [51’ + 1 sin(2x)]0 =57 + 1 sin(27) — 0 =

Hm 3



5. Use the substitution x = 3 coshu to show that

XL X
=cosh™' = +C .
Jiz—9 3

(Note that cosh® z — sinh®z = 1.)

Use the suggested substitution
z =3cosh(u) = dzr = 3sinh(u)du.

3sinh(u

I = /
\/9(:osh2
B /3smh
\/981nh2

= /duzu—i—C’: cosh™'(z/3) +C

where C is the integration constant. (We used sinh? z = cosh®z — 1.)

6. Use the substitution x = 3tanf to find

/3 dz
o z2+9

Use the suggested substitution
r = 3tan(f); = dz = 3sec’(A)dh

with sec(z) = 1/ cos(z). When we make the substitution, we have to change the limits,
to be the limits on @ instead of x. Don’t forget !

r=0 = 606=0
r=3 = tan(0)=1:>0=%

so0<r<3 — 0<Z60<7%

I _ /3 dz
o z2+9

w/4 2
_ / 3sec®(0) 50
o 9tan?(0) +9

/4 2
_ / 3sec?(6) o
0 (

(9 sec?

™
I = I —02618
- 12




We used the relation 1 + tan?() = sec?(6). (Proof:

sin® 6 _ cos? 6 + sin? 6 1

cos2 0 cos2 0 cos2 0

1 +tan®0 =1+ = sec? )

A lot of people wrote
1
I= gtan_l(l) =15 wrong!

as the answer; let’s look to see whether this is sensible. Below is a sketch of the integrand:
the function 1/(z? 4+ 9) has the value 1/9 at z = 0 and 1/18 at = = 3, so we can see that

the area under the curve must satisfy
1 1
- <I<c.
6 3

The correct answer, 0.26, is comfortably inside these bounds, 15 is much too big. The
wrong answer, 15, is what you get if you use degrees instead of radians. This integral
illustrates the fact that it really is important to use radians when doing calculus.

0.12;
J—
0.1}
0. 08¢
0.06¢
0.04;

0.02¢

7. Evaluate the integrals

(i) /08 x5 dz.

This is an improper integral, as the integrand is infinite at z = 0, so to be safe we
should define it by a limiting process.

8 1 8 1
I:/ z7 s dr = lim/ 75 dx
0

a—0 Jq
8
= lim §$4/5
a—0 o
e D a5 4/5
= lim 7 (8" — (o))
5
= | = Z58%5=59%5—-6508

4




7.(ii) /1 e

3

Again. we’ll do this as a limit, to see whether the answer is really defined.

o dx
I:/ a
1 x3

because 1/U? vanishes as U — oo.




