
Solution Sheet 5, M181
1. Use partial fra
tions to sket
h the fun
tionf(x) = x2 � 7x+ 10x� 1 :Find the stationary points of f(x).Partial Fra
tions

x2 � 7x+ 10x� 1 = Ax+B + Cx� 1we need to �nd A;B;C.x2 � 7x+ 10 = (Ax+B)(x� 1) + C for all xChoose x values to give easy equationsx = 1 ) C = 4x = 0 ) 10 = �B + C ) B = C � 10 ) B = �6x!1 ) x2 = Ax2 ) A = 1so f(x) = x2 � 7x+ 10x� 1 = x� 6 + 4x� 1We see that f(x) has a singularity at x = 1, and that at large x it tends asymptoti
allyto the line y = x� 6.ZeroesWe 
an �nd the zeroes of f(x) more easily from the original form: it has zeroes atx2 � 7x+ 10 = 0 ) (x� 5)(x� 2) = 0 ) x = 2 and x = 5
Stationary Points f(x) = x� 6 + 4x� 1f 0(x) = 1� 4(x� 1)2f 00(x) = 8(x� 1)3Stationary points are atf 0(x) = 0 ) 1� 4(x� 1)2 = 0 ) (x� 1)2 = 4 ) x = 1� 2There is a lo
al maximum at (x; y) = (�1;�9) and a lo
al minimum at (x; y) = (3;�1)No points of in
exion, be
ause f 00(x) 6= 0 for any �nite x.



2. Find the steepest point on the 
urve y = 2exex + 4 : What is the gradient at thispoint?
y = 2exex + 4y0 = 2ex(ex + 4)� 2exex(ex + 4)2 = 8ex(ex + 4)2y00 = 8ex(4� ex)(ex + 4)3Steepest point, is the maximum of y0, so it is wherey00 = 0 ) ex = 4 ) x = ln 4



Steepest point is at (x; y) = (ln 4; 1), the gradient is
y0(ln 4) = 12

3.(i) Use integration by parts to �nd R xe3x dxIn this question we use integration by parts to �nd the solution.Z uv0 dx = uv � Z u0v dx (1)
To do the integral in 3(i) use v0 = e3x (be
ause it is easy to integrate) and u = x(be
ause it is easy to di�erentiate) u = x v0 = e3xu0 = 1 v = 13e3x

I = Z xe3x dx= 13xe3x � Z e3x3 dx) I = 13xe3x � 19e3x + C
3.(ii) Use integration by parts to �nd Z x2 
osh 3x dxUse integration by parts. Using the notation in equation 1, take v0 = 
osh(3x) (easyto integrate) and u = x2 (easy to di�erentiate). This time we need to use integration byparts twi
e. u = x2 v0 = 
osh(3x)u0 = 2x v = 13 sinh(3x)

I = Z x2 
osh(3x) dx= x213 sinh(3x)� Z 2x13 sinh(3x) dx= x213 sinh(3x)� 23x13 
osh(3x) + Z 29 
osh(3x) dx) I = x213 sinh(3x)� 29x 
osh(3x) + 227 sinh(3x) + C



4. Evaluate the integrals4(i) I = Z 1(x+ 3)(x+ 5) dxThis is a rational fun
tion, so start by �nding a partial fra
tions expansion.1(x+ 3)(x+ 5) = A(x+ 3) + B(x+ 5) = A(x+ 5) +B(x+ 3)(x+ 3)(x+ 5) = (A+B)x+ (5A+ 3B)(x+ 3)(x+ 5)This gives us the simultaneous equationsA+B = 05A+ 3B = 1The solutions are A = 12 and B = �12 . SoZ 1(x+ 3)(x+ 5) dx = Z  12(x+ 3) + �12(x+ 5)! dx
= 12 ln(x+ 3)� 12 ln(x+ 5) + C

4.(ii) I = Z (x+ 1)(x+ 3)(x+ 5) dxThis is a ratio of two polynomials, so start by �nding a partial fra
tions expansion.(x+ 1)(x+ 3)(x+ 5) = A(x+ 3) + B(x+ 5) ) (x+ 1) = A(x+ 5) +B(x+ 3)(multiplying by (x+3)(x+5) on both sides). The above equation is true for any x. Thistime we'll solve it by 
hoosing 
lever x-values.x = �3 ) �2 = 2A ) A = �1x = �5 ) �4 = �2B ) B = 2
Z (x+ 1)(x+ 3)(x+ 5) dx = Z  �1(x+ 3) + 2(x+ 5)! dx= � ln(x+ 3) + 2 ln(x+ 5) + C

4.(iii) I = Z (4� 3x)4 dxTo do this integral use the substitution u = 4� 3x so du = �3 dxI = �13 Z u4du= �13 15u5 + C) I = � 115(4� 3x)5 + C



4.(iv) Z sin(5x) 
os(2x) dxTo integrate this fun
tion we use the trigonometri
 identity.2 sin(a) 
os(b) = sin(a+ b) + sin(a� b)This allows us to write the integrand in terms of integrands that we know how to integrate.
Z sin(5x) 
os(2x) dx = 12 Z (sin(7x) + sin(3x)) dx= � 114 
os(7x)� 16 
os(3x) + C

4.(v) I = Z 1(x� 2)4 dxTo do this integral use the substitution u = x� 2 so du = dx
I = Z 1u4du= �13 1u3 + C= � 13 1(x� 2)3 + C

(It's �ne if you just did this in a single step, without any substitution.)
Z 1�1 1(x� 2)4 dx = "� 13 1(x� 2)3#1�1 = � 13 1(�1) �  � 13 1(�27)! = 2681 = 0:32099
4.(vi) Z �0 
os2(x) dxTo integrate this fun
tion we use the trig identity. 
os(2x) = 2 
os2(x)� 1Z 
os2(x) dx = 12 Z (1 + 
os(2x)) dx= 12x+ 14 sin(2x) + C

Z �0 
os2(x) dx = �12x+ 14 sin(2x)��0 = 12� + 14 sin(2�)� 0 = �2



5. Use the substitution x = 3 
oshu to show thatZ dxpx2 � 9 = 
osh�1 x3 + C :
(Note that 
osh2 x� sinh2 x = 1.)Use the suggested substitutionx = 3 
osh(u) ) dx = 3 sinh(u)du.

I = Z 3 sinh(u)duq9 
osh2(u)� 9= Z 3 sinh(u)duq9 sinh2(u)= Z du = u+ C = 
osh�1(x=3) + C
where C is the integration 
onstant. (We used sinh2 x = 
osh2 x� 1.)

6. Use the substitution x = 3 tan � to �ndZ 30 dxx2 + 9 :
Use the suggested substitutionx = 3 tan(�); ) dx = 3 se
2(�)d�with se
(x) = 1= 
os(x). When we make the substitution, we have to 
hange the limits,to be the limits on � instead of x. Don't forget !x = 0 ) � = 0x = 3 ) tan(�) = 1 ) � = �4so 0 � x � 3 ! 0 � � � �4 I = Z 30 dxx2 + 9= Z �=40 3 se
2(�)9 tan2(�) + 9d�= Z �=40 3 se
2(�)(9 se
2(�))d�= Z �=40 13d� = " �3 #�=40) I = �12 = 0:2618



We used the relation 1 + tan2(�) = se
2(�). (Proof:
1 + tan2 � = 1 + sin2 �
os2 � = 
os2 � + sin2 �
os2 � = 1
os2 � � se
2 �)

A lot of people wrote I = 13 tan�1(1) = 15 wrong!as the answer; let's look to see whether this is sensible. Below is a sket
h of the integrand:the fun
tion 1=(x2 + 9) has the value 1=9 at x = 0 and 1=18 at x = 3, so we 
an see thatthe area under the 
urve must satisfy 16 < I < 13 :The 
orre
t answer, 0.26, is 
omfortably inside these bounds, 15 is mu
h too big. Thewrong answer, 15, is what you get if you use degrees instead of radians. This integralillustrates the fa
t that it really is important to use radians when doing 
al
ulus.
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7. Evaluate the integrals(i) Z 80 x� 15 dx:
This is an improper integral, as the integrand is in�nite at x = 0, so to be safe weshould de�ne it by a limiting pro
ess.I = Z 80 x� 15 dx = lim�!0 Z 8� x� 15 dx

= lim�!0 �54x4=5�8�= lim�!0 54 �84=5 � (�)4=5�) I = 5484=5 = 5 22=5 = 6:598



7.(ii) Z 11 dxx3Again. we'll do this as a limit, to see whether the answer is really de�ned.
I = Z 11 dxx3 = limU!1 Z U1 dxx3= limU!1 ��12 1x2 �U0= limU!1�� 12U2 + 12�) I = 12be
ause 1=U2 vanishes as U !1.


