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Motivation General Relativity: Covariance & Equivalence Principle
— fundamental geometrical principle

Quantum Mechanics:  No Such Principle
Axiomatic formulation ... P ~ |¥|?

However Quantum + Gravity Theory
not known

Main effort: quantize GR; quantize space-time: e.g. superstring theory

The main successes of string theory:

1) Viable perturbative approach to quantum gravity

2) Unification of gravity, gauge & matter structures
1.e. construction of phenomenologically realistic models
— relevant for experimental observation

State of the art: MSSM from string theory
(AEF, Nanopoulos, Yuan, NPB 335 (1990) 347)
(Cleaver, AEF, Nanopoulos, PLB 455 (1999) 135)
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Adaptation of Hamilton—Jacobi theory
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Hamilton's equations of motion ¢ = — , p= ———
Op J0q

. 0K : 0K

The solution is the Classical Hamilton—Jacobi Equation

0S 0S
H(q,p) — K(Q,P) = H(q,pza—q) + =0 = CHJE

1 (S~
stationary case > 2m(8q0> + V(g — E = 0

(q,p) — (@, P) via canonical transformations

0s
g, p are independent. Solve. Then p = e
q



Quantum mechanics: [¢,p] = ith — ¢, p — not independent

Assume H — K e W(Q) = V(Q)— E = 0 always exists

But g, p not independent. P = By

Equivalence postulate:

Consider the transformations on

_ 05, ~ 5,

(q, Solq), p = aq) — (4, 5@ ,p = -=)

Such that
W) — W(@ =0
exist for all W (q)
—> QHJE

—— Schrodinger equation



Implies: Covariance of HJE

95y
But: 2/}77, (8(]0) + Vig) — F =0
Is not covariant under ¢ —  Q(q).

Further: W (q) = 0 is a fixed state under ¢ — ¢(q).

Assume: ! (%‘20)2 + Wi + Qg = 0
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The most general transformations
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b
Cocycle Condition: (q% q¢°) = <g_gc) {(qaﬂlb) — (¢5 qb)]

= Theorem (¢%; ¢©) invariant under Mobius transformations v(q%)

In 1D: (¢%;¢°) ~ {q%4q°} Uniquely
2 2
Schwarzian derivative  {h(z): z(y)} = (g‘—g) (h(z):y} — (%) (z:y).
Ah+ B

Ulg) = 1hlg);q} =

{Oh+D’Q}

Invariant under Mobius transformations



2 2 i
|dentity (%) = % ({625805 q} — {50; q})

Make the following identifications

62 iQSO
Wiq) = —R{e b5q}=V(qg —FE
52
Qlg) = m{soéq}

The Modified Hamilton—Jacobi Equation becomes

2 2
: (%io) +V(q) - E+6—{So g} =0

in the limit 5 — 0 we get back the CSHJE and S(c)l = limg_,( Sp



From the properties of the SD {; }

is a potential of the 2"—order diff. Eq.

52 o2
—————5+V(g —E|¥Y(@=0 =
1 i i
The general solution U(q) = (A&LﬁSO + Be_ﬁso)
/
SO
128 72

&nd €+ hO :eZOéw_FZ.g w = ﬂ
w — ¢ 9



Generalizations:

Cocycle condition — D-dimensional E&M metrics
invariant under D—dimensional
Mobiiis (conformal) trans.

Quadratic identity:

—— —

Sy .
W2(VSy) - (VSy) = D) AR <2VR VSO+ASO>,

B:GO‘SO R R
or
32(}360‘5) O°R OR-0S
2 2
: - —— — 2 +
a”(0S) - (05) S 7 a( i 0 S) :
or

D%(Re®®) 9°R «
2 _
a“(0S —eA)- (0S5 —eA) = raS TR R

DH = M — qeAl

9 - (R2(6’5 _ eA)) |



Relativistic case in 1 + 1 dimensions: Start with KG equation:

1
(—h2EA + m2* — E%y = 0,  with ¢ = Reh™.
— (VS +m*® — B AR =0, RQHIE
V- (R?VSy) =0. continuity equation
with Q) = %A—}f , and p=VJ9y

—  E?=p? +m?d +2mQel .

In1 4 1 D: R = — — Q:%{So;q},

\/3767
—
—

(%) +m?c® — 2+2{SO q; =0

215(y 9
{e n ;C]}Z—( 202—1;7—)

2% . -
ehol = ew‘—;}”f%, where w = P /¢




Use Jacobi theorem to define time

4 =9% _ 9 (94,950 _ (4
t to_aE o (9E'qudx(9x o qudx

2 m 00 4

S p _ pc n mU
— q — (E/CQ—mCQ&EQ) = E(l_%g—%c4) tc;ke E&EC << 17

— modified disperssion relations



For KGE ¢ = sin(kq) ¢ p = cos(kq)

k.2
4 (cos?(kq) + (f% + K%) sin?(kq) + £o Sin(2kq))2
(3 — 602 + 301 + 605 + 60505 + 303

4
h—ﬂ;Q@ —

—A(=1 + 01 + 20303 + 03) cos(2kq)
(14 0] — 605 + 054 202(—1 + £3)) cos(4kq)
80y sin(2kq) + 80205 sin(2kq) + 8¢5 sin(2kq)

+409 sin(4kq) — 45%62 sin(4kq) — 45% sin(4kq))

—> Modified dispersion relations, but not necessarily superluminal



Quantum potential as a curvature term:

Using the property of the Schwarzian derivative

{So; 4} = - (%—?)2 {g; S0},

We can rewrite the Quantum Stationary Hamilton Jacobi Equation as

1 (95)° )
e (G0) 4+ Vi) - E =0,

where

\/1— {qSO}
Flanders: J. Diff. Geom. 1970, 575 — {; } — a curvature term

In higher dimensions Q(q) ~ A%Q) > curvature of (q)




Length Scale

For WY(¢") = 0)

5z =0 = Y1 =q" ; o= const
= duality implies a length scale
— 6%38 — emgg%jﬁg,
po = Z—§§ = =* 27(%0_%8‘)2
Max|pg| = %&) —  Rely # 0 —  ultraviolet cutoff
limp_yopp = 0 = Rely = )y = \/71:3

fy = Ap ——  choice consistent with the classical limit

Q" = 154804 = —hz(g{fn@z\qo—l@m\“'
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Equivalence postulate — ¢ — ¢ = w =

A

Y

Consistency = ¢ = " /4 is continuous on U {0}

—>  Energy quantisation
Taking m ~ 100GeV;
Rely = A\p = 10739m;
¢’ ~93Ly,
— Q| ~ 1072V,

For ¢ ~ 1m |Q| ~ 10~V



The multiparticle case:

2 A\1R 2 A\oR
57 (V150)° + 535 (V250)* = B — o Sh™ — i = 0.
2=V1 - (R*V18)) + 7=V - (R?Va5)) = 0.

miri+mory . m1 my

setr = r;y — 719, Tem. = T g o= Ty
1 2 L 2 _ _ h2 A7°c.m.R L h_QM _
2(m1+m2) (vTc.m.S()) + 2 <VS0> L 2(m1+m2) R 2u R — 07

Viem  (B*Vie0n S0) + 4V - (R?VS)) =0,

m1+m2

The centre of mass motion

~

1 2 hz A7°c.m.R
2(m1+m2)(vrc°m'so> B 2(mi+mgy) R

: v7“c.m. ) (R2v'fc.m.50) = (.

(m1+ma)

= 0,

—> m is commulative i.e. m ~ ) . m;



conclusions :

The equivalence postulate — Sg # const & h # 0
U(g) = —= (Ae+ 790 4+ Be—%SO)
Vst
Relyp = Ap — fundamental length scale

Qlg) = £{Snq}  and Qlg) = ﬁ%ﬁé"{)

Intrinsic curvature terms of elementary particles

So # Ag+ B = Q(q) # 0 Always

—> Intrinsic energy of elementary particles which is never vanishing

QOutlook

EP and phase space duality <+ T'—duality

EP — axiomatic approach to quantum gravity



