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Motivation General Relativity: Covariance & Equivalence Principle
— fundamental geometrical principle

Quantum Mechanics:  No Such Principle
Axiomatic formulation ... P ~ |W|?

However Quantum + Gravity Theory
not known

Main effort: quantize GR; quantize space-time: e.g. superstring theory

The main successes of string theory:

1) Viable perturbative approach to quantum gravity

2) Unification of gravity, gauge & matter structures
i.e. construction of phenomenologically realistic models
—  relevant for experimental observation

State of the art:  MSSM from string theory
(AEF, Nanopoulos, Yuan, NPB 335 (1990) 347)
(Cleaver, AEF, Nanopoulos, PLB 455 (1999) 135)
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Adaptation of Hamilton—Jacobi theory

Hamilton's equations of motion

H(q.p) — K(@Q.P)=0 = Q

_on . oH
- 9p T T g
oK . 0K
“op =P =

The solution is the Classical Hamilton—-Jacobi Equation

H(q,p) — K(Q,P) = H(q,p=

. 1 /95
stationary case >
2m \ Oq

05

dq

)

0S
— = HJE
+8t 0 = CHJ

)2+v<q>—E—o

(q,p) — (@, P) via canonical transformations

05

g, p are independent. Solve. Then p = —

dq
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Quantum mechanics: [¢,p|] = i¢h — ¢, p — not independent

Assume H — K e W(Q) = V(Q)— E = 0 always exists

But g, p not independent. p = %—g.

Equivalence postulate:

Consider the transformations on

0S o~ 0S
(g, 5(@),p =22 — (q, 5@, p = =)

dq
Such that
W(g) — W@ =0
exist for all W (q)
—> QHJE

——  Schrodinger equation



Implies: Covariance of HJE

2
But: Qin (%S;O) + Vig) — E =0

Is not covariant under ¢ —  (q).

Further: W (q) = 0is a fixed state under ¢ — ¢(q).

Assume: : (%20)2 + Wi(g) + Q@ = 0

2m

~\ —2
The most general transformations W (§) = (%) Wiq)+ (q;q),
q
0 - (20) ) - @
q) = g q q;4),

with So(q) = Solq) under q — q = q(q)
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b
Cocycle Condition: (q%q°) = (g_gc> {(qa;qb) — (g5 qb)}

= Theorem (q%; ¢°) invariant under Mobius transformations (g%)

In 1D: (¢%¢°) ~ {q¢%q"} Uniquely
Schwarzian derivative  {h(x);z(y)} = (%)Q{h(x),y} — (a_y) {z;y}.
Ulg) = {haha) = (e oia)

Invariant under Mobius transformations



2 2 25
|dentity (%—?) = % ({62503 qa} — {50; C]}>

Make the following identifications

125()
Wiq) = ——{e qp=Vig) - E

ﬁQ

Qla) = . —150:q}

The Modified Hamilton—Jacobi Equation becomes

52

2
1(85O 7 sia) =0

) Vi) - B

OM: W(g) = Vig) - F

~

0 = Sy = £%ImG # AG+B



From the properties of the SD {; }

is a potential of the 2"%—order diff. Eq.

2 5)2
(f_mé’_qQ+v<Q)E> U(g) =0 = 3 =h

1 i i
The general solution U(q) = (Ae+ﬁ50 1+ Be_ﬁSO)
/
SO
and e+227§0 — eZOé Wt ZE w = ﬂ



The equivalence transformation
W(g) = V(g — E — W(@ =0

always exists

We have to find qg — ¢ take q = %

- 2m 9>

2 82 2
then ( g + Vig) — E) Ug) = 0 — azw(cj) = 0

where 33 = (d—g)%wq)



Generalizations:

Under (g, Sola). p = ) — (4", Sila") . p" = Gt ),

05"(q") _ aq 0q;
Y= L = here J' = —-
V|2 vl v TJ?}TJU
with ( U\p) ‘p ‘2 :p Tp :p . P
P ptp p'p

Cocycle condition — (¢%;¢°) = (pc\pb) {(qa’;qb) —(¢% %) .

invariant under D—dimensional Mobitis (conformal) trans.



Quadratic identity:

a*(VSy) - (VSy) =

—— —

A(Re®0) AR VR-V5S
s, 7 (2 -+ ASQ> :

or

82(R60‘S) O°R OR-0S

2 2

0S5) - = —— — 2 +
a”(09) - (05) s Oz( 0 S) :

or

D?(Re™)  9°R «
2 _
a“(0S —eA)- (05 —eA) = raS T R

DH = Ot — ae AF

J - (R2(8S - eA)) |



Phase space duality & Legendre transformations

intimate connection between p — ¢ duality & the equivalence postulate

Hamilton's E ) oH ' on
amilton's S. = = — T 5
invariant under p — —(q

breaks down once V' (q) is specified e.g. %pQ + Vg — F =0

Aim Formulation with manifest p — ¢ duality

recall p = %—‘g define q = %—g
OT 0S5
S =p— — T T = qg— — S
ik 0S
Stationary Case: Sp) = p@ — 1y : Ty = q—O — 50
Op dq




Invariant under Mobius transformations:

Aqg+ B
Cq+ D’

p — py = p (Cq+D)?’p , p=AD-BC

¢ — ¢ =

Ty — T{(®") = Tolp) + p HACG +2BCq+ BD)p.

Transformations: q— q" =wv(q) defined by S7(q¢") = S0(q)

( Sp scalar function under v )

ondorder diff. eq. with the Legendre transformation:

0° WP\
(&5%+U(SO)>(\/Z_?> = (

1 q/// 3 q// 2
where USo) =3la. S 73 (—,

Associate a




We can derive this eq. in several ways

rewritten as

or

053

05y 0q

ZeY 99 1
gq = paSQ
9 9 dq , g _
95, = o508 Pz = Y
0cayp  Og /P
0 _ 0 -
N U(SO>
o1y
Solq) = \/_ Py 7 — T



manifest p<«< q — Sgp < 1y duality with

0D\ 0
6—58 + U(So)) ( \/]_?> =0 (5’T02 + V(T0)> (

Involutive Legendre transformation < duality

Jq 4 = op
ik 095

— Y _T Th = g220 _
pap 0 0 = ¢ 9 S0



Self—dual states
States with

pqg = ¥ = const

are simultaneous solutions of the two pictures with

So = — 1y + const
So(q) = vInygeq To(p) = v Inypp
So + Iy = pg = v
where YoYpY = e
self-dual states
+h
self-dual states W‘Sd —wl =0 75d =

21



Energy quantization:
Probability: = (I, ') continuous ; ¥ € L*(R)

— quantization, bound states

What are the conditions on the trivializing transformations?

I O
(05) (0
4m
we have {w,q} = —ﬁ(V(q)—E)

= w # const ; w € C*R) and w" differentiable on R

In addition from the properties of {,} — {w,q_l} — q4{w,q}

= w # const ; w € CXR) and w" differentiable on R

N

where R = R U {00}



Equivalence postulate == continuity of (/") and (wD/,w/)

Theorem:

)
P2 >0 for q < q_

\P42r>0 for g > q+

then the ratio w = ¢D/¢ is continuous on R

iff the Schrédinger equation admits an L*(R) solution



Potential Well: Vig) = -
Vo olgdl > L
_ V2mE V2m(Vy—E)
ko= Y50 K = .
q < L Ul = coskg Ul = sinkg
g > L U3 = i s = el

take (1,1): W, U/ continuous = k tankl = K

2

cos(2kL) — e 2K(a+L) ¢ <« [
sin(2k L) tan(kq) gl < L
e2B(a—L) _ ¢os(2k L) q > L

1
|k sin(2kL)]

N\

= w =

\



limi? = +00 —> Fyp(k tankL = K) are admissible solutions
q—>
take (1,2) : W, U’ continuous = Kk tan(kl) = — K
(
cos(2kL) — *latL) g« [
1
= w= ' <
w Tesin(2k )] § sin(2kL)tan(kq) gl < L
e 2K(a—L) _ cos(2kL) ¢ > L
\
P 1
lim — = F —-cot(2kL) = w(—o0) # w(+00)
qg—+ P k

(k= *(cot 2kL) = 0 is not compatible with ktan(kL) = —K)

=  Enp(k tankL = — K) are not admissible solutions



Time parameterisation

0S

Bohmian mechanics: p = 9 = mq = Trajectory representation
Jacobi time : t = %

In classical mechanics: Jacobi time = Mechanical time

q diE 6 ] 8381
t—ty=m _/ dr——0,5f = .
40 8:13381 OF OF

In Quantum HJ Theory: Jacobi time #* Mechanical time

o8 9 my\ [4 1 —0rQ
T 0 qm _ ('Y )
= =5E aE/ dw0:8 ( 2 ) /qo d‘r@ Vo)

dq (dt> Lo 0S4
-

— " T\ T~ 05V 7 o



Floyd: Use Jacobi theorem to define time —  trajectories

Compact space < Energy quantisation

= Floyd time is ill defined for the QHJT

No Trajectories in EPoQM




Quantum potential as a curvature term:

Using the property of the Schwarzian derivative

{S0; 4} = — (%)2 {q: S0},

We can rewrite the Quantum Stationary Hamilton Jacobi Equation as

1 (9S)? )
& () +vig - E=0

where

\/1— {qSO}
Flanders: J. Diff.Geom. 1970, 575 — {; } — a curvature term

In higher dimensions Q(q) ~ A};@ > curvature of R(q)




Length Scale

For WV(¢") = 0)

2
%T\g:o = W1 =¢q" = const
= duality implies a length scale
2i Q) 0.7
=5 +il
—  eh70 = ew‘—qo_z.go,
q-—Q
_ 05 _ hLo+Lo)
PO= 50 T it
Max|pg| = % —  Rely # 0 — ultraviolet cutoff
0
limpopp = 0 = Rely = Ay = hc—g

oy = Ap ——  choice consistent with the classical limit



0 _ m2rc0 0y _ _ MRef)® 1
v %{SoaCI} - <2m ) [V —ilp|*

Consistency = ¢' = /¢ is continuouson R = R U {oo}
Taking m ~ 100GeV;

Rely = \p =~ 107m;

¢" ~ 93Ly,

— Q| ~ 1072V



Temperature fluctuations [ g« !{2]
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conclusions :

The equivalence postulate — Sg # const <& h # 0

W(g) = — (Ae+%50 4 Be—%so)
S0

Rely = Ap — fundamental length scale

()(q) Intrinsic curvature terms of elementary particles # 0 Always

CoCyCle Condition: Invariant under Mobius transformations in

RP” = RP” U {o0} — Compact Space

Decompactification limit <~ Q(q) — 0 <« classical limit

Phase—space duality  wvs T'—duality






