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Quark Mass Determination Redution tehniques ResultsOutline1 Quark Mass DeterminationWhy preise quark masses?From hadron prodution to quark masses: sum rulesStatus2 Redution tehniquesBasis: Integration-by-PartsLaporta algorithmGröbner basesCombined tehniques3 ResultsThird moment of the vauum polarization at four loopsReonstrution of the full energy dependeneCharm and bottom quark masses from R(s)m and αs from lattie QCDConlusion



Quark Mass Determination Redution tehniques ResultsWhy preise quark masses?Preise preditions require preise knowledgeof the theory's parameters.In QCD: strong oupling αs and masses of the 6 quarks u,d ,s, ,b,there: fous on m and mbAppliations:Weak deay rates of heavy mesons, e. g. Γ(B/d → ℓνK ) ∝ m5bQuarkonium spektrosopyDeay rates and branhing ratios of light Higgs: Γ(H → bb̄) ∝ m2bGUT preditions for mt/mb (Yukawa uni�ation at MGUT )
. . .



Quark Mass Determination Redution tehniques ResultsFrom hadron prodution to quark masses IInformation about quark masses is found in the threshold regionof the ross setion for hadron prodution from e+e−.
J/ψ ψ ,

▲  BES (2001)
❍   MD-1
▼  CLEO
■   BES (2006)
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2 3 4 5 6 7 8 9 10Resonane behaviour is not aessible by perturbative QCD
→ sum rules [Shifman, Vainshtein, Zakharov℄



Quark Mass Determination Redution tehniques ResultsFrom hadron prodution to quark masses IIProess: e−e+

γ∗ qq̄ + higher order orretionsOptial theorem: total prodution ross setion R(s)Optial theorem: ∝ imaginary part of forward sattering amplitudeOptial theorem: ∝ (Vauum Polarization Π(q2))
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2
∼ R(s) = 12π Im(Π(q2 = s + iε)

)

∼ ImVauum Polarization: Correlator of eletromagneti urrents jµ = ψ̄γµ ψ

(qµqν −gµνq2)Π(q2) = i ∫ dx e iqx〈0|Tjµ(x)jν (0)|0〉R-Ratio: R(s) =
σ(e+e− → hadrons)
σ(e+e− → µ+µ−)LO



Quark Mass Determination Redution tehniques ResultsFrom hadron prodution to quark masses IIIThe onnetion between R(s) and Π(q2) leads to aDispersion Relation: Π(q2)−Π(0) =
q212π2 ∫ ds R(s)s(s−q2)Expansion for small q2 on both sides:

M
thn =

12π2n!

( ∂
∂q2 )n Π(q2)∣∣

∣q2=0 =
94Q2q (4m2)−nCn

M
expn =

∫ ∞0 ds R(s)sn+1
M

thn = M
expn ⇒m =

12(9Q2qCn4M expn ) 12n



Quark Mass Determination Redution tehniques ResultsFeatures of the sum rule approahAdvantages and disadvantages of Cn for di�erent n?
J/ψ ψ ,

▲  BES (2001)
❍   MD-1
▼  CLEO
■   BES (2006)
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2 3 4 5 6 7 8 9 10Long distane e�ets average out for small nlarger n suppresses ontinuum region(no data; no m dependene)redues in�uene of experimental errorgrowing long distane e�etsinreasingly di�ult to alulate



Quark Mass Determination Redution tehniques ResultsWhat do we have to alulate?At four loops 700 Feynman integrals ontributeSinglet ontributions ome into play:
Perform Taylor expansion in the external momentum q2redues the number of sales:propagator-type integrals (q2,m2) → tadpoles (m2)(light quarks are treated as massless)Express integrals in terms of master integrals



Quark Mass Determination Redution tehniques ResultsStatus of urrent orrelators in the low energy limitAt three loops, i. e. O(α2s )�rst 8 moments [Chetyrkin, Kühn, Steinhauser (1996)℄moments up to n = 30 for- vetor urrent [Boughezal, Czakon, Shutzmeier (2006)℄- all diagonal urrents (inluding singlet) [Maier, PM, Marquard, (2007)℄At four loops, i. e. O(α3s )�rst physial moment of the vetor urrent (non-singlet)[Chetyrkin, Kühn, Sturm; Boughezal, Czakon, Shutzmeier (2006)℄all orders result for nz−1l at O(αzs ) [Grozin, Sturm (2005)℄moments up to n = 30 for n2f [Czakon, Shutzmeier (2007)℄seond (inluding singlet) and third moments for all diagonal urrents[Maier, PM, Marquard (2008/2009)℄



Quark Mass Determination Redution tehniques ResultsIntegration-by-PartsTadpole integrals are mapped to six topologiesAll appearing integrals an be expressed as linear ombination of 13master integrals with rational oe�ients in the spae-time dimension d .[Shröder, Vuorinen (2005)℄Basi tool: Integration-by-Parts identities (IBP) [Chetyrkin, Tkahov (1981)℄0=

∫ ddk1 . . .ddkℓ
∂

∂kµi {kµj ,pµj }Da11 Da22 . . .Danngive relations between integrals with di�erent propagator powers.Usage: generate and solve a system of equations → Laporta algorithmonstrut reursion relations → Gröbner bases



Quark Mass Determination Redution tehniques ResultsA Simple two-loop exampleConsider the two-loop tadpole with two massive and one massless line:J(x ,y ,z) = x y z =

∫ dk1dk2 1
(k21 +m2)x(k22 )y ((k1 + k2)2 +m2)z

⇒ 0 =
∫ dk1dk2 ∂

∂kµ2 kµ2 I (x ,y ,z)
= (d −2y − z)J(x ,y ,z)+ z J(x−1,y ,z +1)+ z J(x ,y −1,z +1)For x = y = z = 1 : J(1,1,1) =

1d −3J(1,0,2)Diagrammatially: =
1d −3



Quark Mass Determination Redution tehniques ResultsLaporta algorithm�Standard� method to solve IBPs: Laporta algorithm [Laporta (2000)℄de�ne ordering of integralsgenerate IBPs for all permutations of propagator powersand salar produts up to the required sums of powerssolve systematially for the most di�ult integralsby a Gauss elimination-like algorithmGenerally very powerful, but:system of equations is overdetermined by O(3−5)ompliated intermediate expressionsexpensive simpli�ations needed at eah stepbad ombinatoris for large propagator powersmost of the solved integrals are not needed in the alulation



Quark Mass Determination Redution tehniques ResultsLimitations of the Laporta algorithmIn our ase: eah q2 derivative adds two propagator powers andIn our ase: one irreduible salar produt to the integrands.For C3: 4.5 ·106 integrals neededup to 12 additional propagator powers (�dots�)up to 8 irreduible salar produtsdistributed on 10 indies (∼ 1013 permutations)
⇒ naïve approah fails beause of ombinatorisIn priniple the problems an be avoided by using reursion relations.alulate exatly what is neededsize of expressions is limited by the number of master integrals(�bakwards substitution�)Systemati approah: Gröbner bases



Quark Mass Determination Redution tehniques ResultsGröbner basesConsider multivariate polynomials and onditions of the formb1 = 0, . . . , bn = 0How to �nd out, if a polynomial p is zero, i. e. a representationp = f1b1 + · · ·+ fnbnwith polynomial oe�ients fi exists?
→ Divide out the elements of the basisIf we have a Gröbner basis, the remainder is unique.Gröbner bases an be onstruted by the Buhberger algorithm.Guaranteed to terminate after a �nite number of steps,but not on real omputers.



Quark Mass Determination Redution tehniques ResultsGröbner bases for Feynman integralsFor Feynman integrals:onsider algebra of shift and multipliation operatorsIBP identities are polynomials in these operatorsonstrut a Gröbner basis from the IBP identitiestake an integral and divide out the elements of the basis
→ remainder is the desired redution to master integrals.Example: J(a,b) = (S+1 )a−1(S+2 )b−1J(1,1)Example: (S+1 )a−1(S+2 )b−1 = f1b1 + f2b2+RExample: ⇒ J(a,b) = (f1b1 + f2b2 +R)J(1,1) = R J(1,1)



Quark Mass Determination Redution tehniques ResultsS-BasesProblem: Buhberger algorithm is too slow even for simple problemsBetter: S-bases (modi�ed Buhberger algorithm)Better: [Smirnov & Smirnov℄muh faster, but not guaranteed to stopstrongly dependent on ordering of the integralssometimes doesn't �nd a basis even after many triespubli implementation in Mathematia available:FIRE [A.V. Smirnov℄Unfortunately, there is no solution to this problem in sight.
→ Has to be ombined with other methods.
→ FIRE has a Laporta part for that reason;
→ a C++ implementation is in development.



Quark Mass Determination Redution tehniques ResultsSelf energy redutionS-Bases tend to fail for integrals with self energy insertions.These integrals have the highest propagator powers (here: +2).
→ most di�ult for Laporta algorithm.Idea: Apply tensor redution to self energy subgraphs to removeIdee: salar produts and redue the self energies to master integrals.

= 2-loop SE × 1-loop SE × onneting propagator
× salar produts between self energiesM1M2 ? Treat self energy master integrals als objets,whih depend only on their external momentum.
→ e�etive one-loop integral!Very e�ient, but limited to speial topologies.



Quark Mass Determination Redution tehniques ResultsCombination of redution tehniquesThe redution tehniques have omplementary strengths.Strategy:use self energy formalism where it is appliable
→ two dots less for Laportakeep the system for Laporta algorithm as small as possible:don't generate all equations, but adapt to the needed integralsuse Gröbner bases in ombination with self energy formalismif something is missing (and for heks)A sophistiated ombination of redution tehniquesan handle problems whih are di�ult for Laporta alone.



Quark Mass Determination Redution tehniques ResultsResultsFirst three moments of the vauum polarization up to O(α3s )(with nl light quark �avours)C v1 =1.06666+2.55473(αs
π

)

+(0.50988+0.66227nl)(αs
π

)2
+(1.87882−2.79472nl +0.09610n2l )(αs

π

)3
,C v2 =0.45714+1.10955(αs

π

)

+(1.41227+0.45491nl)(αs
π

)2
+(−6.23488+0.96156nl−0.01594n2l )(αs

π

)3
,C v3 =0.27089+0.51939(αs

π

)

+(0.35222+0.42886nl)(αs
π

)2
+(−8.30971+1.94219nl −0.03959n2l )(αs

π

)3
+ orrelators of the salar j s = ψ̄ψ , pseudosalar jp = ψ̄γ5ψand axial vetor jaµ = ψ̄γµ γ5ψ urrents



Quark Mass Determination Redution tehniques ResultsThird moment of the vauum polarizationCn = C (0)n +
(αs

π

)C (1)n +
(αs

π

)2C (2)n +
(αs

π

)3C (3)n + . . .C (3)n = CFT2F n2ℓ C (3)
ℓℓ,n +CFT2F n2hC (3)hh,n +CFT2FnℓnhC (3)

ℓh,n
+CFTF nℓ

(CAC (3)
ℓNA,n +CFC (3)

ℓA,n)+C (3)n0f ,n +CFTFnh (CAC (3)hNA,n +CFC (3)hA,n)C (3),vll ,3 =+
3155664227249228003125 −

256405 ζ3,C (3),vhh,3 =+
5687713842712609717120 −

61849645491556755200 ζ3,C (3),vlh,3 =+
6036146547729393280000 −

176531104 4 +
8648541472 ζ4− 5766916117418240 ζ3,C (3),vlNA,3 =−

14751492117883376452412825600000 −
852981777414400 4+

151093790314745600 ζ4− 5612580094016193152000 ζ3,C (3),vlA,3 =+
9838129469222234389396480000 +

852981738707200 4+
2197235129317203200 ζ4− 2899554081009721676032000 ζ3,C (3),vhNA,3 =−

4548804584190836295854170457175040000 −
71101968371117670400 4+

10684880913837451136000 ζ4
+
4448315 ζ5− 43875740175477222611433642256087040000 ζ3,C (3),vhA,3 =−
23271152633087532489610816000 −

1687012534339916800 4 +
28686438427126611200 ζ4− 37783731705480761471872000 ζ3,4 = 24a4 + log4 2−6ζ2 log2 2; an = Lin(1/2)



Quark Mass Determination Redution tehniques ResultsPadé approximations IWhat if we want more moments?Diret alulation not reasonable at the moment.Full q2 dependene of orrelators?Needed e. g. for ontour improved perturbation theory.Padé approximations: [Broadhurst, Fleisher, Tarasov '93; Baikov, Broadhurst '95;Chetyrkin, Kühn, Steinhauser '96; Hoang, Mateu, Zerbarjad '08; Masjuan, Peris '08℄use pm,n(x) =
a0 + a1x + a2x2 + · · ·+ amxm1+b1x +b2x2 + · · ·+bnxnto approximate Π(x = q24m2 ). Fix a1,bj by p(k)m,n(x0) = Π(k)(x0).Input:low energy expansionthreshold expansionhigh energy expansion



Quark Mass Determination Redution tehniques ResultsPadé approximations IIProblem 1: Padé approximations annot predit logarithms log( q24m2 )Problem 1: → subtrat an appropriate funtion
Π(q2) = Πreg (q2)+ Πlog (q2)Problem 2: Branh ut above thresholdProblem 2: → onformal mapping to the unit irleq24m2 =

4ω
(1+ ω)2

−∞ 0 ∞4 m2 -1 0 1Re(q2)

Im(q2)

Re(ω)

Im(ω)



Quark Mass Determination Redution tehniques ResultsPadé approximations: ResultsPadé approximations below and above threshold
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Quark Mass Determination Redution tehniques ResultsPadé approximations: Error estimationExploit the freedom of hoosing numerator / denominator degree of theapproximation and the freedom in the hoie of the subtration funtionto estimate errors.



Quark Mass Determination Redution tehniques ResultsPadé approximations: Predition of higher momentsnl = 3 nl = 4 nl = 5C (3),v1 366.1748 308.0188 252.8399C (3),v2 381.5091 330.5835 282.0129C (3),v3 385.2331 338.7065 294.2224C (3),v4 383.073(11) 339.913(10) 298.576(9)C (3),v5 378.688(32) 338.233(32) 299.433(27)C (3),v6 373.536(61) 335.320(63) 298.622(54)C (3),v7 368.23(9) 331.90(10) 296.99(9)C (3),v8 363.03(13) 328.33(14) 294.94(12)C (3),v9 358.06(17) 324.78(18) 292.72(16)C (3),v10 353.35(20) 321.31(22) 290.44(19)K (3),v0 17(11) 17(29) 16(10)D(3),v2 2.0(42) 1.2(83) 1.4(21)



Quark Mass Determination Redution tehniques ResultsResults for mn exp αs µ np total m(3GeV)1 0.009 0.009 0.002 0.001 0.013 0.9862 0.006 0.014 0.005 0.000 0.016 0.9763 0.005 0.015 0.007 0.002 0.017 0.9784 0.003 0.009 0.031 0.007 0.033 1.004Error soures:experimental (exp)unertainty of αsrenormalisation sale dependene (µ)non-perturbative e�ets (np);Operator produt expansion:
Π(q2) = Πperturbative(q2)+Cψψ̄〈ψψ̄〉+CG2〈G 2〉+ . . .



Quark Mass Determination Redution tehniques ResultsResults for m : Comparison
HPQCD + Karlsruhe 08

Kuehn, Steinhauser, Sturm 07

Buchmueller, Flaecher 05

Hoang, Manohar 05

Hoang, Jamin 04

deDivitiis et al. 03

Rolf, Sint 02

Becirevic, Lubicz, Martinelli 02

Kuehn, Steinhauser 01

QWG 2004

PDG 2006

mc(3 GeV) (GeV)

   lattice + pQCD

   low-moment sum rules, NNNLO

   B decays αs
2β0

   B decays αs
2β0

   NNLO moments

   lattice quenched

   lattice (ALPHA) quenched

   lattice quenched

   low-moment sum rules, NNLO

0.8 0.9 1 1.1 1.2 1.3 1.4



Quark Mass Determination Redution tehniques ResultsBottom threshold
❍   CLEO (1985)/1.28

▼  BABAR (2009)
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10.6 10.7 10.8 10.9 11 11.1 11.2 11.3Barbar data from 2009 signi�antly redued the errorompared to mb determinations from CLEO data.



Quark Mass Determination Redution tehniques ResultsResults for mb
n exp αs µ total mb(10GeV) mb(mb)1 0.014 0.007 0.002 0.016 3.597 4.1512 0.010 0.012 0.003 0.016 3.610 4.1633 0.008 0.014 0.006 0.018 3.619 4.1724 0.006 0.015 0.020 0.026 3.631 4.183Note the disussion about mb from sum rules vs. mb from semi-leptoniB deays.



Quark Mass Determination Redution tehniques ResultsResults for mb: Comparison
Kuehn, Steinhauser, Sturm 07

Kuehn, Steinhauser, Sturm 07

Pineda, Signer 06

Della Morte et al. 06

Buchmueller, Flaecher 05

Mc Neile, Michael, Thompson 04

deDivitiis et al. 03

Penin, Steinhauser 02

Pineda 01

Kuehn, Steinhauser 01

Hoang 00

QWG 2004

PDG 2006

mb(mb) (GeV)

   update MMM 08

   low-moment sum rules, NNNLO

   Υ sum rules, NNLL (not complete)

   lattice (ALPHA) quenched

   B decays αs
2β0

   lattice (UKCD)

   lattice quenched

   Υ(1S), NNNLO

   Υ(1S), NNLO

   low-moment sum rules, NNLO

   Υ sum rules, NNLO

4.1 4.2 4.3 4.4 4.5 4.6 4.7



Quark Mass Determination Redution tehniques Results
αs and m from lattie QCDInstead of experimental data for R(s) one an uselattie QCD simulations to determine αs and m .Pseudosalar urrent orrelator is best suited. [HPQCD & Karlsruhe℄(really?)Experimental input: m2

π , 2m2K −m2
π , mη , mϒ

αs(MZ ) = 0.1174(12)nie agreement withother determinations m(3GeV) = 0.986(10)GeVperfet agreement withdeterminations from R(s)Correlators of non-diagonal urrents are of interestfor future appliations.



Quark Mass Determination Redution tehniques ResultsConlusionCurrent orrelators in ombination with R(s) or lattie data allow forpreise determinations of quark massesA ombination of redution tehniques for Feynman integrals led tothe alulation of the seond and third moment of urrentorrelators at four loopsFull energy dependene an be reonstruted by PadéapproximationsResults led to the most preise values for the harm and bottomquark masses up to dateDon't rely only on C1,higher moments are ruial for onsisteny heks
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