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Muon g-2: The Basics Motivation

The Standard Model (SM): An Incomplete Theory

aµ is one of the most precisely measured quantities in particle physics,
accurate to 0.54ppm.

aSMµ < aexpµ by approximately 3 standard deviations.

Any deviation could herald the existence of as-yet-unknown new
physics beyond the SM.

Experiment will be four times more
accurate after the completion of
Muon g-2 experiment at Fermilab!

By improving the precision of aµ, we can determine whether the SM
is an incomplete theory!!
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Muon g-2: The Basics Motivation

The Anomalous Magnetic Moment

A charged elementary particle generates an angular momentum, ~µ

~µ = g
e

2m
~s

In 1928, Dirac predicted that g = 2 for spin-1/2 particles.

However, due to radiative corrections

al =
(g − 2)

2
where (l = e, µ, τ)

In 1948, Schwinger calculated the leading order (LO) contribution as

aQED,LOl =
α

2π
.
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Muon g-2: The Basics Motivation

Contributions from the SM

aµ =
(g − 2)

2
= aQEDµ + aEWµ + ahadµ + aNewPhysics?µ

aQEDµ = (11658471.808± 0.015)× 10−10
[Kinoshita et al.]

aEWµ = (15.4± 0.2)× 10−10
[Czarnecki et al., Knecht et al.]

ahadµ = (695.6± 4.9)× 10−10
[HLMNT 2012]

aSMµ = aQEDµ + aEWµ + ahadµ = (11659182.8± 4.9)× 10−10

aexpµ = (11659208.9± 6.3)× 10−10
[arXiv:1001.2898]

∴ aexpµ − aSMµ = (26.1± 8.0)× 10−10

corresponding to a 3.3σ discrepancy.
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Muon g-2: The Basics The Hadronic LOVP Contribution

The Hadronic Contribution

Uncertainties from the hadronic sector completely dominate ∆aSMµ !

Of these, ahad, VP LO
µ has the largest uncertainty.

The internal hadronic “blob” contains the contributions from all the
possible hadronic states!!
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Muon g-2: The Basics The Hadronic LOVP Contribution

Calculating ahadµ

By means of unitarity,

σe+e−→hadrons(s) =
(4πα

s

)
ImΠγ

had(s)

Using analyticity, we get the dispersion integral

aµ =
α

π

∫ ∞
0

ds

s

1

π
ImΠγ

had(s)K(s)

and ahad,LOV Pµ =
(αmµ

3π

)2 ∫ ∞
sth

ds
Rdatahad (s)K(s)

s2

where Rhad(s) ≡ σ0
e+e−→hadrons/

4πα2

3s
and K(s) =

m2
µ

3s
(0.4 ... 1).

Integration limits go from s = 4m2
π →∞ as K(s) = 0.4→ 1.
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Computing ahad,V P LO
µ Data Processing

Combining Data Sets

Large number of available data sets for a given hadronic channel.

We must make sure that for each data set we,

correctly remove the photon VP effects.
calculate accurate errors considering our VP corrections
account for any final state radiative (FSR) corrections.
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Computing ahad,V P LO
µ Data Combination

How do we use data from different experiments in a given
channel to compute its contribution to ahadµ ?

Combine the data in a given channel before integrating.

Re-bin the data points into energy clusters.

Rm =

[∑
k

N(k,m)∑
i=1

R
(k,m)
i

(dR̃
(k,m)
i )2

][∑
k

N(k,m)∑
i=1

1

(dR̃
(k,m)
i )2

]−1

Em =

[∑
k

N(k,m)∑
i=1

E
(k,m)
i

(dR̃
(k,m)
i )2

][∑
k

N(k,m)∑
i=1

1

(dR̃
(k,m)
i )2

]−1

N (k,m) = total no. of data points within cluster m.

Use adaptive clustering algorithm to produce target clusters.
→ too small a cluster = precise data overwhelmed
→ too large a cluster = data missed about resonance peaks
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Computing ahad,V P LO
µ Minimisation

Fitting The Data

Use a non-linear non-linear χ2-function [HLMNT, 2012]

χ2(Rm, fk) =

Nexp∑
k=1

(
1− fk
dfk

)2

+

{
Nclu∑
m=1

N(k,m)∑
i=1

(
R

(k,m)
i − fkRm
dR̃

(k,m)
i

)2}
w/o cov. mat

+

{
Nclu∑
m=1

N(k,m)∑
i=1

N(k,n)∑
j=1

(
R

(k,m)
i − fkRm

)
C−1(mi, nj)

(
R

(k,n)
j − fkRn

)}

where Nclu, Nexp are total number of clusters, experiments.

Treat the statistical/systematic errors according to experimental data.

Input covariance matrices where provided (last term!).
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Computing ahad,V P LO
µ Minimisation

Goodness-of-Fit

Minimise χ2(Rm, fk) to give

Fitted values R̄m and f̄k.

Minimised global χ2
min

Covariance matrix V (m,n) that defines the correlation of errors
between the clusters.

V (m,n) = (dRm)(dRn)ρcorr(m,n)

→ Determine a ‘goodness’ of our overall fit from

χ2
min

d.o.f.
=

χ2
min

Ntot −Nclu −Nexp
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Computing ahad,V P LO
µ Minimisation

Local χ2
m [HLMNT, 2012]

Channels Global χ2/dof Global inf err Local inf err Global - Local
2π 1.3971 3.0560 3.0896 −0.0336
3π 2.5669 1.1865 0.8045 +0.3820
4π(2n) 1.2922 1.1915 1.2593 −0.0678
4π 1.6926 0.4902 0.4738 +0.0164

K+K− 1.8423 0.5910 0.4781 +0.1129

K0
SK

0
L 0.8055 0.1602 0.1627 −0.0025

6π(2n) 4.0304 0.3945 0.2383 +0.1562
5π(1n) 1.3831 0.0903 0.0857 +0.0046
kkππ N/A 1.3234 1.3225 +0.0009
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Computing ahad,V P LO
µ Integration

Using the Trapezoid Rule

Between two arbitrary energies Ea and Eb

I =

∫ E2
a

E2
b

ds

s
Rhad(s)K(s) = 2

∫ E2
a

E2
b

dE

E2
E Rhad(E2)K(E2) = Ī with error ± ∆Ī

Then, suppose that Em < Ea < Em+1 which is less than En−1 < Eb < En and estimate using
linear interpolation,

Ī = 2

(
Em+1 − Ea

2Ea
R̄aKa +

Em+2 − Ea

2Em+1
R̄m+1Km+1

)
+ 2

(
n−2∑
l=m+2

El+1 − El−1

2El
R̄lKl

)

+ 2

(
Eb − En−2

2En−1
R̄n−1Kn−1 +

Eb − En−1

2Eb
R̄bKb

)

We find the integral error ∆Ī via the inflated covariance matrix Ṽ .

(∆Ī)2 =
n∑

p=m

n∑
q=m

∂Ī

∂R̄p
Ṽ (p, q)

∂Ī

∂R̄q

where we must be careful that the border terms are well defined.

Alex Keshavarzi (UoL) Calculating ahad,V Pµ May 20, 2015 13 / 17



Updating the Current Value for ahad,V P LO
µ Results

e+e− → π+π−, [HLMNT, 2012]

→ Most important channel (> 70%)
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Updating the Current Value for ahad,V P LO
µ Results

e+e− → K+K−, [PhysRevD.88.032013 ]

159 New Points (14 sets, 364 points in total)
→ Improved precision in tails and around resonance.

Systematic covariance matrix required.

First analysis indicates definite reconsideration of data treatment to improve fit.
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Figure : BABAR plot vs. New/Old fit
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Updating the Current Value for ahad,V P LO
µ The Future...

Conclusions

Improving accuracy of aµ provides stringent test of the SM and the
possibly of new physics.

Hadronic leading-order VP sector provides largest uncertainty.

Using unitarity and analyticity, we can calculate ahadµ via a dispersion
relation.

Combine data sets through locally inflated target clusters.

Employ a χ2-function to minimise and fit data.

Once integrated, we can produce a new value for ahadµ and compare.

Imminent emergence of new data promises for exciting years to
come...
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Updating the Current Value for ahad,V P LO
µ The Future...

Thank You
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